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ABSTRACT

We perform direct numerical simulations and analyze the ring-to-ring energy transfer in the three-dimensional hydrodynamic turbulence
rendered anisotropic by rapid rotation. The rotation rate is taken to be so high that the Zeman scale is well beyond the Kolmogorov dissipation
scale. Our main result is that, while the anisotropic transfer of energy is equatorward in the case of the decaying rotating turbulence, in the
case of the forced rotating turbulence, the transfer is equatorward only for the scales larger than the forcing scale and poleward for the
smaller scales. We also discuss in detail how our results are at odds with the corresponding results for the analogous magnetohydrodynamic
turbulence.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5109856., s

I. INTRODUCTION
Rotating1–3 turbulent fluid is a common occurrence in geophysical, astrophysical, and engineering flows. The scale-to-scale
energy transfer in the rotating hydrodynamic turbulence gives rise
to dual cascade of the kinetic energy: an inverse cascade among
the relatively smaller wavenumbers, and a forward cascade in the
comparatively higher wavenumber region. The energy transfer and
the frequently accompanying inverse cascade in the rotating turbulence have been explored in quite some detail.4–30 The inverse
cascade can be credited with the formation of the coherent structures, which is one of the most prominent features of the rotating turbulence.31–39 In the presence of the rotation, the Coriolis
force redistributes the kinetic energy and the initial three dimensional isotropic system becomes anisotropic. With the increase in
the rotation rate, the three dimensional (3D) turbulence progressively starts showing signatures that mimic the features of the twodimensional turbulence; in other words, the rotating turbulence is
quasi-two-dimensionalized.40–43
The energy transfer between different scales is a defining
feature of any kind of turbulent flow. This exchange of energy
in the system occurs owing to the nonlinear interactions among
different scales. In 3D (nonrotating) isotropic homogeneous
turbulence, the nonlinear terms in the Navier–Stokes equations

Phys. Fluids 31, 085117 (2019); doi: 10.1063/1.5109856
Published under license by AIP Publishing

are solely responsible for the transfer of energy from the larger
scales (where energy is usually injected into the system) to the
small scales (where energy is dissipated into heat by the viscous
term). This is essentially the backbone picture of Kolmogorov’s phenomenological model of turbulence.44 Over the last 50 years, the
nature of the energy transfer in 3D turbulence—including the question whether the transfer is local or nonlocal in nature—has been
extensively investigated theoretically,45–49 experimentally,50–52 and
numerically.53–69
The case of the rapidly rotating 3D turbulence is, however,
much more involved not only because of the introduction of another
time scale in the problem but also because the system is predominantly anisotropic. Thus, in order to understand the system, an
understanding of the anisotropic properties of the energy transfer
is paramount. Lamriben et al.17 have experimentally measured the
anisotropic behavior of energy transfer in decaying rotating turbulence and have found the anisotropy of the energy transfer to
be mostly driven by the angular dependence of the flux density
function. Delache et al.27 have decomposed the spectral space into
rings (the intersections of shells and sectors)70,71 and have studied the energy transfers inside the rings, i.e., the angular dependence of energy transfer. They have reported that the energy transfer is predominantly negative at the larger scales and positive at
the smaller scales in each ring. The anisotropic energy transfer

31, 085117-1

Physics of Fluids

has been studied analytically (using eddy damped quasi normal
Markovian72–74 ) by Cambon and Jacquin4 and by Waleffe,75 who has
studied the behavior of the energy transfer using instability assumption for the resonance triads. In both the papers, it has been reported
that the transfer of energy is from the polar region to the equatorial
region.
In this context, it is worth pointing out that there are strong
similarities between the rotating turbulence and the magnetohydrodynamic (MHD) turbulence. Specifically, in both systems, the
respective external forces—the Coriolis force due to the rotation
and the Lorentz force due to the magnetic field—affect only the
dynamics. The behavior of the energy transfer in the MHD turbulence has thoroughly been examined in the scientific community.70,71,76–93 For example, Teaca et al.70 have studied the energy
transfer between rings numerically. They have reported that the
energy transfers between u to u and b to b (where u is the velocity field and b is the magnetic field) are from the equatorial region
to the polar region, whereas the transfer of the energy for u to b is
from the polar to the equatorial region. Similarly, Reddy et al.71 have
shown that the rings with higher polar angles transfer energy to the
ones with lower polar angles. Knaepen and Moreau94 also support
this conclusion. The mechanism behind the energy transfer’s direction may be argued to depend on the Joule dissipation in the MHD
turbulence. In quasistatic MHD94–96 turbulence, the Joule dissipation of energy along the direction of the magnetic field is relatively
higher, and it is zero along the equator. Thus, the energy should be
transferred from the equator to the poles due to the inherent nonlinear interactions in order to balance the Joule dissipation rate so that
a steady state is maintained. However, this direction of energy transfer is not unanimously accepted: the results reported by Oughton
et al.97 show that the energy is transferred from the polar region
to the equatorial region, and Galtier and Chandran98 also have
reported that the energy transfer happens preferentially toward the
modes perpendicular to the magnetic field.
Given the conflicting views on the direction of the anisotropic
energy transfer in the MHD turbulence and the MHD turbulence’s analogy with the rotating 3D turbulence, it is only natural
that we should ask what the true nature of the anisotropic energy
transfer in the rotating turbulence is. The question becomes even
more pertinent in light of the fact that, to the best of our knowledge, a comparative investigation of the ring-to-ring energy transfer
—an ideal tool to quantify the anisotropic features of the energy
transfer—in the rotating turbulence has not been undertaken to
date.
To this end, in this paper, we have performed direct numerical simulation of 5123 grid resolution for the decaying as well as
the forced rotating turbulent fluids and investigated the anisotropic
nature of the transfer of energy. As the main result, we established
that the energy is transferred from the polar region to the equatorial
region in the case of decaying rotating turbulence. However, for the
case of forced rotating turbulence, we have observed two different
types of energy transfers: (a) in wavenumber-region |k| < kf (where
k is the wave vector and kf is the forcing wavenumber), the energy is
transferred from the equatorial region to the polar region, and (b) in
region |k| > kf , the energy is transferred from the poles toward the
equator.
For the convenience of the readers, after discussing the system
and the technical details of its numerical simulations in Sec. II, we

Phys. Fluids 31, 085117 (2019); doi: 10.1063/1.5109856
Published under license by AIP Publishing

ARTICLE

scitation.org/journal/phf

present the necessary mathematical tools needed to understand the
anisotropic energy transfer in Sec. III. Subsequently, we elaborately
present our results in Secs. IV A–IV C, before concluding in Sec. V.
II. THE SYSTEM AND ITS SIMULATION
The governing equations of a forced incompressible fluid flow
in the rotating reference frame are
∂u
+ (u ⋅ ∇)u = −∇p − 2Ω × u + ν∇2 u + f,
∂t
∇ ⋅ u = 0.

(1a)
(1b)

Here, u is the velocity field, Ω = Ωẑ is the angular velocity of
the rotating frame, p is the pressure field that includes contributions from the centrifugal acceleration, ν is the kinematic viscosity,
−2Ω × u is the Coriolis acceleration, and f is the externally applied
force field.
We have used the pseudospectral code Tarang99,100 to simulate the aforementioned equations with periodic boundary conditions on all the sides. We solve nondimensionalized equations by
expressing length, velocity, and time in the units of L0 /(2π), U 0 , and
U 0 /(L0 /(2π)), respectively; here L0 (in SI units) and U 0 (in SI units)
are, respectively, the length scale and the velocity scale of the system.
In Eq. (1a), ν = νSI /(U 0 L0 ) is the nondimensional viscosity, while Ω
= ΩSI L0 /U 0 is the nondimensional angular velocity of the flow. Here,
SI stands for the SI system of units that has implicitly been used in
writing Eqs. (1a) and (1b).
In our simulations, we have used the fourth-order Runge–Kutta
method for time stepping and the Courant–Friedrich–Lewy (CFL)
condition to optimize the choice of the time step (Δt) and the 2/3rule for dealiasing. The simulations have been performed with a
grid-resolution of 5123 and rotation rates Ω = 16 and Ω = 32. We
have used a random forcing scheme that supplies constant energy
and no kinetic helicity to the flow. In the Fourier-space, the forcing
function is taken as
f(k) =

𝜖in u(k)
,
nf [u(k)u∗ (k)]

(2)

where nf is total number of modes inside the forcing wavenumber
band, 𝜖in is the energy injection rate, and the phase of f(k) is chosen
randomly at every time step.
For the simulation of the rapidly rotating forced turbulence,
we use the previously simulated steady-state data of the threedimensional homogeneous and isotropic fully developed turbulence
as an initial condition. We impart rotation rate Ω = 32. This simulation runs up to t = 56. While simulating for the decaying rotating
turbulence, we first carry out a simulation of the forced rotating
turbulence up to t = 6 and then turn off the forcing. The resulting
rapidly rotating decaying turbulence is, thus, allowed to evolve, and
the subsequent simulation runs for another 50 time units, where we
have reset t = 0 such that it coincides with the event of the turning off
of the forcing. Most of our results are, however, reported using data
at t = 4 because at later times, the qualitative results do not change
and the numerical values of the quantities related to the velocity field
become too small to facilitate any meaning conclusions. Nonetheless, wherever possible and meaningful, we do discuss the data corresponding to t = 50 rather than the one for t = 4. We tabulate all the
relevant parameters used in the simulations in Table I.
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TABLE I. Parameters of the simulation: The values of the forcing wavenumber band,
k f ; the rotation rate, Ω; the kinematic viscosity, ν; the final simulation run time, t f ; the
Rossby number, RoL ∶= urms /2ΩL; the Reynolds number, ReL ∶= urms L/ν; the Zeman
1/2
wavenumber101 kΩ ∶= (Ω3 /𝜖) ; and the Kolmogorov dissipation wavenumber,
1/4
(𝜖/ν3 ) ,

kη :=
are given in the table. Here, urms is the rms. velocity of the field
and L is the integral length scale. (See Appendix A for details.) In the case of forced
rotating turbulence, the system is forced in the wavenumber band k f ∈ (40, 41).

Forced
Decay
Decay

Ω

ν

tf

urms

L

RoL

ReL

kΩ

kη

32
16
16

10− 3
10− 3
10− 3

56
4
50

0.85
0.75
0.51

2.04
1.45
2.76

0.007
0.016
0.006

1736
1088
1403

286
416
1871

141
69
32

III. CHARACTERIZING ANISOTROPIC ENERGY
DISTRIBUTION
As mentioned earlier, the rotation in 3D turbulent flow makes
the flow anisotropic owing to the presence of the Coriolis force. In
order to quantify this anisotropy in the distribution of energy in the
Fourier modes, we need certain useful mathematical measures. In
this section, we define and describe them. However, before that let
us go through the ring-decomposition70,71 of the Fourier space.
A shell with shell index i in Fourier space—where each point is
specified by a vector k—can be defined as a set, shell(i),
shell(i) ∶= {k : ki−1 ≤ ∣k∣ < ki },

(3)

where i ∈ N, and ki−1 and ki are the radii of (i − 1)th and ith concentric spheres in the Fourier space. The shells essentially partition the
Fourier space into nonoverlapping concentric annular regions such
that their union is the entire Fourier space under consideration.
The direction of the angular velocity in our system is taken
along the z-direction without any loss of generality. Let angle θ
∈ [0, π] be the angle between the wave vector k and the z-axis. A
sector with sector index j in Fourier space is denoted by sector(j)
and can be defined as the set,

scitation.org/journal/phf

sector(j) ∶= {k : θj−1 ≤ arccos(

k∥
) < θj },
∣k∣

(4)

where k∥ is the component of the wave vector along the direction of
the angular velocity and θj is the angle between the z-axis and the
corresponding wave vector. The set of all the sectors is another way
of partitioning the Fourier space. In other words, a sector is essentially the volume between two cones sharing the origin as vertices
and the z-axis as their symmetry axes.
Any ring is the intersection between a shell and a sector. In
general, a ring of index (i, j) may be defined as
ring(i, j) ∶= {k : k ∈ shell(i) ∩ sector(j)},

(5)

where i, j ∈ N. For example, in Figs. 1(a) and 1(b), the red-colored
region has shell index 5 and sector index 4, so its ring index is (5, 4),
and it can be denoted as ring(5,4). In this paper, we work exclusively
with the rings lying inside the angular range from θ = 0 to θ = π/2
due to θ → π − θ symmetry.
The kinetic energy spectrum of ring(m, α) in Fourier space may
be defined as
E(m,α) (k, θ) =

1
Aα

∑
km−1 <∣k′ ∣≤km
θα−1 <θ≤θα

1
∣u(k′ )2 ∣,
2
;

(6)

where Aα ∶= |cos(θα ) − cos(θα−1 )| is the normalizing constant that
compensate the uneven distribution of modes inside the sectors—a
sector consisting of points near the equator contains relatively more
modes.
It is insightful to study the energy transfer in detail by computing the mode-to-mode energy transfer in a triad (k, p, q),78,102
where k = p + q. In Fourier space, the mode-to-mode energy transfer, which is the rate of energy transfer from the velocity mode u(p)
to the velocity mode u(k) via the velocity mode u(q) acting as a
mediator, is given by
S(k∣p∣q) ≡ Im[(k ⋅ u(q))(u(p) ⋅ u∗ (k))].

(7)

FIG. 1. Partitioning the Fourier space. Figure presents the schematic diagrams for (a) 3D view of ring-decomposition, (b) cross-sectional view of shells, sectors, and rings on
a vertical plane passing through the rotation axis, and (c) conical energy flux, Π(θ). The giver/donor modes (G) inside the cone with semivertical angle θ are illustrated to be
transferring energy to the receiver modes (R) outside the cone. In the figure, the cone is seen to be consisting of two sectors. We note that the violet shell is shell(6); yellow
and cyan sectors are sector (1) and sector (2), respectively; and the red and the olive green rings are ring(5, 4) and ring(5, 6), respectively.
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The amount of net energy transfer from the modes inside the sphere
of radius k∗ to the modes outside the sphere in Fourier space is
obtained as
Π(k∗ ) = ∑ ∑ S(k∣p∣q).
(8)
∣k∣>k∗ ∣p∣≤k∗

The sign of this kinetic energy flux, Π(k∗ ), indicates whether the
transfer of energy is toward the smaller wavenumbers (inverse cascade of kinetic energy) or larger wavenumbers (forward cascade of
kinetic energy).
Sometimes it is useful to study the shell-to-shell energy transfer
rate,
Tnm = ∑
(9)
∑ S(k∣p∣q),
k∈shell(n) p∈shell(m)

from the velocity modes inside shell(m) to the velocity modes inside
shell(n). The shell-to-shell energy transfer provides the information
whether the energy transfer is local or nonlocal in nature. However,
the shell-to-shell energy transfer does not provide the information
about anisotropic energy transfer in the system. In order to quantify
the anisotropic behavior of the energy transfer, one should use the
ring decomposition of the Fourier space and compute the conical
energy flux71 and the ring-to-ring energy transfer.70
The conical energy flux, Π(θ), is the rate of transfer of energy
from the giver/donor modes (say, G) inside the cone of semivertical
angle θ to the receiver modes (say, R) outside the cone [see Fig. 1(c);
colored yellow and cyan]. The functional form of the conical energy
flux is given by
Π(θ) = ∑ ∑ S(k∣p∣q).
(10)
k∈R p∈G

In conical energy transfer, we lose the information about the local or
the nonlocal behavior of the transfer of energy between sectors. In
order to examine the local or the nonlocal nature of the energy transfer between the different rings, and also to know about the angular
dependent dynamics of the system due to rotation, one needs to
investigate the ring-to-ring energy transfer.
The ring-to-ring energy transfer is the rate of transfer of energy
from all the velocity modes inside ring(m, β), say, to all the velocity modes inside ring(n, α), say. The mathematical form of the
normalized ring-to-ring energy transfer is
T(n,α) =
(m,β)

1
Aα Aβ

∑

∑

S(k∣p∣q).

(11)

k∈ring(n,α) p∈ring(m,β)

IV. RESULTS
Now, we are fully equipped to discuss in detail our main results
using our numerical simulations.
A. Ring energy spectrum
Using Eq. (6), we compute the ring energy spectrum for which
we decompose the Fourier space into 256 shells of equal widths and
each shell into 20 thin equispaced rings from θ = 0 to θ = π/2.
The contour plot of 3D vorticity field, the ring energy spectrum, and the contour plot of ring energy spectrum for forced
rotating turbulence at time frame t = 0 are shown in the first
row of Fig. 2, i.e., Figs. 2(a)–2(c), respectively. We observe that
the vorticity field is random in nature and the system is isotropic.
In Figs. 2(d)–2(f), we plot the same quantities for the forced
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rotating turbulence for Ω = 32 at time frame t = 56 and observe
formation of columnar structures in the system. Moreover, the ring
energy spectrum shows that the forced rotating turbulent system
is anisotropic at smaller wavenumbers and nearly isotropic at the
higher wavenumber region.103
In the case of decaying rotating turbulence at time frame t = 0
[Figs. 2(g)–2(i)], we already observe (somewhat incoherent) columnar structures and mild anisotropy. This is because of the particular
initial condition chosen for simulating the decaying rotating turbulence as mentioned earlier in Sec. II. As time progresses, the decaying
rotating turbulent system becomes more and more anisotropic, and
more coherent columnar structures come into being. These facts
are quantitatively illustrated in Figs. 2(j)–2(l). The density and the
contour plots elucidate that as time progresses, the kinetic energy
is stronger near the equatorial17,27 region than in the polar region,
which is a clear indication of the strong anisotropy induced in the
system.
These may be contrasted with the results obtained in the MHD
turbulence—either decaying or forced—where the system becomes
anisotropic in such a manner that the kinetic energy is comparatively
more in the equatorial region.71,90,104 In these MHD systems, a uniform external magnetic field is applied along the z-axis just like the
angular velocity in the case of the rotating turbulence.
B. Shell to shell energy transfer
Although, as we mentioned earlier, the shell-to-shell energy
transfer is not designed to capture the anisotropy in the energy distribution in the system, below we discuss the transfer as obtained in
our numerical simulations so as to compare our results with the ones
existing in the literature. This discussion also makes one realize why
the ring-to-ring and the conical energy fluxes are pertinent for the
study at our disposal.
First, we partition the Fourier space into 40 concentric spherical shells. Recall that the inner and the outer radii of shell(n) are kn−1
and kn , respectively. In this case, kn ∈ {2, 4, 8, . . . , 128, 256}. We have
used logarithmic binning for the shells lying in the inertial range in
order to capture the local transfer of energy as has been argued by
Kolmogorov about the energy transfer, albeit in the inertial range
of homogeneous isotropic turbulence. To this end, we have chosen
kn /kn−1 ≈ 1.08 for the kn ’s between 8 and 128. Subsequently, we compute the shell-to-shell energy transfer by using Eq. (9) and plot the
results in Fig. 3. We adopt the convention that, given two shells, one
is donor that transfers energy to the other, defined to be receiver. In
the plots, the x-axis represents the shell index, n, of the receiver shell
and the y-axis represents the shell index, m, of the donor shell.
From Fig. 3(a), we observe that the most dominant transfer is
local, occurring among (n − 1)th, nth, and (n + 1)th shells for any
n. Here, any nth shell receives energy from (n − 1)th shell and gives
energy to (n + 1)th shell, establishing that the energy transfer is local
and forward in decaying rotating turbulence.
In contrast, in Fig. 3(b), it appears that the most dominant
transfers occur locally near the forcing shell, shell(24). One can see
that shell(24) is transferring energy to shell(23) and also to shell(25),
thereby signaling the inverse and the forward cascades for k < kf
and k > kf , respectively. However, whether these cascades are present
beyond the immediate neighborhood of kf is not very clear from the
figure. Thus, a more detailed analysis is done by studying the two
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FIG. 2. Flow structure and distribution of ring energy E (m,α) (k, θ) in rotating turbulence. The contour plot of 3D vorticity field, the ring energy spectrum, and the contour plot
of ring energy spectrum are, respectively, shown in figures (a)–(c) at time frame t = 0 and in figures (d)–(f) at time frame t = 56 for the forced rotating turbulence with rotation
rate Ω = 32. Similarly, the contour plot of 3D vorticity field, the ring energy spectrum, and the contour plot of ring energy spectrum are, respectively, depicted in figures (g)–(i)
at time frame t = 0 and in figures (j)–(l) at time frame t = 4 for the decaying rotating turbulence with rotation rate Ω = 16.

wavenumber regions—k < kf and k > kf —separately. In Figs. 3(c)
and 3(d), in line with the results reported by Mininni et al.,16 we
note a superposition of inverse and forward cascades of energy in
the wavenumber region k < kf and forward energy transfer for k > kf .
We can also observe a hint of nonlocality, albeit weak, in the energy
transfers.
Again, it is insightful to once again note the similarity with the
analogous system, viz., the MHD turbulence: It is well known that
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the kinetic energy transfer is local and forward in the decaying MHD
turbulence80,83 as well as in the forced71,81,85,86 MHD turbulence for
the scales smaller than the forcing scale.
The shell-to-shell energy transfer tells us about how the energy
content of one shell is transferred to another shell. Since, by construction, the energy content of each shell is the sum of the energies in all the modes inside the shell, the information about the
distribution of energy over the azimuthal and the polar angles
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FIG. 3. Inverse and forward cascades. Shell-to-shell energy transfer rate Tnm (quantified by the colorbars) for (a) decaying rotating turbulence with Ω = 16 at time frame
t = 50 and (b) forced rotating turbulence with Ω = 32 at time frame t = 56. The subplots (c) and (d) depict the shell-to-shell energy transfers in the two nonoverlapping
wavenumber regions—k < k f and k > k f , respectively—for the forced rotating turbulence. The forcing shell number is 24. Here, m and n denote the donor and the receiver
shells, respectively.

is missing. Consequently, the study of the energy distribution
among shells is not going to divulge the anisotropic nature of
the rotating turbulence. Therefore, we now proceed to investigate the evolution of the energy distribution among sectors and
rings.
C. Ring-to-ring energy transfer
We partition the northern hemisphere of radius |k| = 256 into
20 sectors such that for ith sector, sector(i), the polar angles of the
inner and the outer conical boundaries are (i − 1)π/40 and iπ/40,
respectively. We can now easily compute the conical energy flux
by using Eq. (10) for both the decaying and the forced rotating
turbulences.
The results have been compactly illustrated in Fig. 4. We
observe from Fig. 4 that, for both the decaying and the forced

FIG. 4. Conical flux is almost monotonic for the decaying rotating turbulence
but distinctly nonmonotonic for the forced counterpart. Plots of normalized conical energy flux, Π(θ)/max(|Π(θ)|), for rapidly rotating decaying turbulence (for Ω
= 16 and at t = 4) and forced turbulence (for Ω = 32 and at t = 56) vs polar
angle in radian. The solid black curve with circles and the solid cyan curve with
diamonds, respectively, correspond to the decaying and the forced cases. Furthermore, the blue dotted curve with solid down-triangles and blue dashed curve with
up-triangles correspond to the wavenumber ranges k > k f and k < k f , respectively,
the same forced system.
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rotating turbulences, the net energy transferred through any
conical boundary of a sector is equatorward. However, if we exclusively focus on the inverse cascade regime, i.e., k < kf in the forced
case, the transfer is poleward as Π(θ) < 0; the forward cascade in the
higher wavenumber region is equatorward as it should be in order
for the aforementioned net energy transfer to be equatorward. It is
also interesting to note that while the rate of energy transfer in the
decaying case increases mostly monotonically with the polar angle,
the rate first increases and then decreases near the equator in the
forced case. However, why the rate of energy transfer is not monotonic in the forced case unlike the decaying case is not immediately
clear and requires further investigation.
While the kinetic energy flux concerns itself with the shell
decomposition of the Fourier space, the conical energy flux deals
with the sector decomposition of the same. Thus, just like the kinetic
energy flux as given by Eq. (8), the conical energy flux provides a
coarse-grained information about transfer of energy. Evidently, the
most detailed information is hidden in the ring-to-ring energy transfer, which quantifies how the parts of a sector in a given shell or
how the parts of a shell in a given sector participate in the energy
transfer. In short, the ring-to-ring energy transfer that quantifies the
anisotropic energy transfer between the rings would uncover the
minute details about the energy transfer (e.g., whether the transfer
is local within a shell) in the rotating turbulence.
To this end, we use 20 shells constructed in the same manner
as described in Subsection IV B and 20 sectors as described in the
beginning of this subsection so that we have 400 rings partitioning the northern hemisphere of the Fourier space. Subsequently, we
compute ring-to-ring energy transfer by using Eq. (11) and plot the
results in Fig. 5. We adopt the convention that, given two rings, one
is donor that transfers energy to the other, defined to be receiver. In
the plots, the x-axis represents the sector index, α, of the receiver
ring and the y-axis represents the sector index, β, of the donor
ring.
Although we have done analysis with all 20 shells, for illustrative purpose and concreteness, in Fig. 5(a), we work with a
particular shell, shell(10). We observe that the energy is transferred
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FIG. 5. The local energy transfer is equatorward in the decaying case and is poleward in the forced case for k < kf and equatorward for k > kf . The normalized ring-to-ring
(m,β)
energy transfer, T̄(n,α) , has been quantified by the colorbars. The x-axis represents the sector index, α, of the receiver ring and the y-axis represents the sector index, β, of
the donor ring. The upper row exhibits the transfer among various rings inside (a) shell(10) for the decaying rotating turbulence, (b) shell(10) for the forced rotating turbulence,
and (c) shell(16) for the forced rotating turbulence. Shell(12) corresponds to the forcing scale. The lower panel illustrates the ring-to-ring energy transfer in (d) the decaying
rotating turbulence from shell(10) to shell(9), (e) the forced rotating turbulence from shell(10) to shell(9), and (f) the forced rotating turbulence from shell(16) to shell(15).

from ring(10, α) to ring(10, α + 1) in the decaying case, i.e., the
transfer is equatorward.
For the forced case, where now kf corresponds to shell(12),
(10,α)
(n,α)
T̄(10,α−1) > 0, implying poleward transfer [Fig. 5(b)], and T̄(n,α+1) > 0
for n > 12 [e.g., n = 16 in Fig. 5(c)], validating that the transfer is
equatorward for the higher wavenumber region. The transfers in all
the cases, including the case of decaying rotating turbulence, are predominantly local, i.e., the transfers happen mostly among the nearest
neighboring rings in a given shell.
One could now ask since the shell-to-shell energy transfer is
local and so is the ring-to-ring transfer in a given shell, what the
property of energy transfer between rings of two adjacent shells is.
It is not obvious a priori if the transfer is local. To answer this
question, in Figs. 5(d)–5(f), we depict the energy transfer between
rings lying inside two adjacent shells: We plot the normalized ringto-ring energy transfer between ring(9, α) and ring(10, β) for the
decaying rotating turbulence and the forced rotating turbulence and
also between ring(15, α) and ring(16, β) for the forced case. From
the close inspection of the figures, it is clear that the most dominant transfers in the forward cascade in the decaying case and the
inverse and the forward energy cascades in the forced case are local.
(n,β)
The energy transfer rate, T̄(m,α) , is the maximum when |n − m| = 1
and α = β.
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In passing, we remark that the details of the ring-to-ring
energy transfer has been explored in the case of the forced MHD
turbulence70,71 as well, and it has been reported that—quite contrary
to what we observe for the rotating hydrodynamic turbulence—the
transfer of kinetic energy is poleward in the wavenumber regime,
k > kf . Considering the close analogy between the two turbulent systems, one under the influence of uniform magnetic field and the
other undergoing rotation, the aforementioned difference in their
properties is an intriguing point to ponder upon.
V. DISCUSSIONS AND CONCLUSION
We have studied the energy transfer in the rapidly rotating
[RoL ∼ O(10−2 ) − O(10−3 )] decaying and forced fully developed
turbulence [ReL ∼ O(103 )] by performing numerical simulations
in cubic periodic boxes. There is emergence of anisotropy in the
system due to rotation, and this has been our primary focus in
this paper. We have systematically investigated and characterized
this anisotropy in detail through the ring-to-ring energy transfer, and we have compared the effects of the rapid rotation on
the anisotropic energy transfers in forced turbulence and decaying
turbulence.
For the decaying case, we find that the energy transfer
between shells is local and forward, i.e., low to high wavenumbers.
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Furthermore, the transfer of energy between different rings inside
a single shell is local and equatorward. The conical energy flux in
the decaying rotating turbulence increases monotonically with the
sectors’ indices, i.e., the flux is maximum at the equator. Also, the
most dominant transfer of energy occurs between the rings in the
same sector of two adjacent shells. Some of these numerical results
are in line with the analytical predictions of Cambon and Jacquin4
and Waleffe.75
The forced rotating turbulence is rather more interesting
because of the presence of a forcing wavenumber kf . We find the
well-known forward cascade of energy in the wavenumber range
k > kf but a coexistence of the inverse and the forward cascades of
energy in the k < kf wavenumber region. These cascades are dominantly local in nature. The conical energy flux becomes more and
more strong up to the polar angle 3π/8 (approximately) and then
becomes weaker as the equator is reached. The ring-to-ring energy
transfer reveals a poleward transfer of energy in the wavenumber
region k < kf and an equatorward transfer of energy in the wavenumber region k > kf . Additionally, here also we find that the transfer
of energy occurs predominantly between the rings belonging to the
same sector but to two adjacent shells.
As we have emphasized in this paper, despite the similarities between the rotating turbulence and the MHD turbulence, the
directions of anisotropic energy transfers in both the systems are
at odds with each other: in the MHD turbulence (whether decaying or forced), the transfer is mostly poleward. While it is tempting
to comment that the reason for this difference might be traced to
the induction equation—whose counterpart is absent in the hydrodynamic turbulence—it is an open question as to how (if at all)
this additional equation brings about the difference in the properties of anisotropic energy transfers of the rotating turbulence and
the MHD turbulence. Another avenue of future research is the
anisotropic behavior of the energy transfer in the rapidly rotating turbulence with helical forcing; many astrophysical, geophysical, and engineering rotating flows have nonzero helicities105–108 in
them. The ring decomposition scheme used in this paper can also
be used to study any other anisotropic systems, e.g., 3D rotating
Rayleigh–Bénard convection109,110 and rotating stratified flow.3 In
fact, the decomposition can be put to use in finding the detailed
behavior of helicity cascade in the rotating helical turbulence and
subsequently to understand how the helicity cascade affects the
energy cascade.103,111
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APPENDIX A: INTEGRAL LENGTH SCALE IN DECAYING
ROTATING TURBULENCE
As is well known, rotation in a fluid system makes the statistical
properties of the fluid anisotropic. Specifically, it leads to the columnar structures as observed in the 3D turbulent fluid in rotation. The
coherence of the columnar structure can be captured through the
integral length scale (L) of the system. We can calculate the integral
length scale of the system following Kumar et al.,112
kmax

L ∶= 2π

∫0

E(k)k−1 dk

kmax
∫0

E(k)dk

=

kmax
4π
E(k)k−1 dk,
∫
2
urms 0

(A1)

where we have introduced the rms velocity of the field,
u2rms ∶= 2 ∫

0

kmax

E(k)dk.

(A2)

On plotting the integral length scale of decaying rotating turbulence in Fig. 6, we find that the integral length scale of the system
increases with time which is the signature that the structures become
more coherent. This is illustrated better through Figs. 2(g) and 2(j)
where one notes the emergence of sharper columnar structures with
time.
Also, we observe in Fig. 6(b) that urms of the decaying rotating
turbulence is decreasing with time. As a consequence of the nature
of the time evolutions of L and urms , the Reynolds number—Rebox
∶= 2πurms /ν—based on the system size and the Reynolds number—
ReL ∶= Lurms /ν—based on the integral length scale show contrasting
behaviors; while the former decreases with time, the latter increases
with time [see Fig. 6(c)].

FIG. 6. The plots show the time evolutions of (a) the integral length scale, L, (b) rms velocity of the field, urms , and (c) the Reynolds numbers—Rebox (solid red curve) and
ReL (solid blue curve) in decaying rotating turbulence.
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FIG. 7. Plot of the anisotropic parameter of the system as a function of wavenumber k for forced rotating turbulence at time frame t = 56.

APPENDIX B: STATISTICAL PROPERTIES OF FORCED
ROTATING TURBULENCE
Now we briefly outline some of the statistical properties, e.g.,
anisotropy, kinetic energy spectrum, and kinetic energy flux of the
forced rotating turbulence.
Qualitatively speaking, a rotating turbulent system is dominated by the anisotropic features introduced by the Coriolis force
in the band of wavenumbers smaller than the Zeman wavenumber. One of the convenient measures of anisotropy is anisotropic
parameter, A ∶= E /2E∥ . Here, E = Ex + Ey and E∥ = Ez , where
Ex = ∫(u2x /2)dr, Ey = ∫(u2y /2)dr, and Ez = ∫(u2z /2)dr. The integrations are over the entire volume of the fluid, i.e., the cubic box of size
(2π)3 in our case. Figure 7 highlights the fact that there is very strong
anisotropy (A ≫ 1) in the range of small to intermediate wavenumbers, whereas at larger wavenumbers, the system is nearly isotropic
(A ∼ 1).
Next in Fig. 8(a), we present the time evolution of the total
kinetic energy of the forced rotating turbulent system and observe
a rather slow increase in energy over 57 large eddy turn-over times;
the increase is 23.74% of the total initial energy. Despite this increase
in the total energy, we note that the statistical features such as
the kinetic energy spectrum [Fig. 8(b)] and the kinetic energy flux
[Fig. 8(c)] of the forced rotating turbulence system do not change
significantly as time progress from t = 45 to t = 57. Thus, in this
paper, we have reported the statistical results corresponding to the
forced system at time frame t = 56.
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FIG. 9. Plots for total kinetic energy spectrum, E(k), as a function of wavenumber
k (dashed red curve), E(k  ) as function of k  (solid green curve), and E(k ∥ ) as a
function of k ∥ (solid blue curve) for forced rotating turbulence at time frame t = 56.

It is also of interest to compare the anisotropic kinetic energy
spectrum with the total kinetic energy spectrum of the forced rotating turbulence. Let k denote the wavenumber modes in a plane
perpendicular to the direction of the rotation axis and k∥ denote
wavenumber modes along the direction of the rotation axis. The
anisotropic energy spectrum is, then, defined as
E(k⊥ , k∥ ) =

∑
k⊥ −1<k′⊥ ≤k⊥ ,
k∥ −1<k′∥ ≤k∥

1
∣û(k′⊥ , k′∥ )∣2 .
2

(B1)

From this definition, we can extract following two important statistical quantities:
(B2)
E(k⊥ ) = ∑ E(k⊥ , k∥ ),
k∥

E(k∥ ) = ∑ E(k⊥ , k∥ ).

(B3)

k⊥

In Fig. 9, we have plotted E(k ) and E(k∥ ) for the case of
the forced rotating turbulence. We note that E(k ) plotted as
a function of k almost overlaps with the total kinetic energy
spectrum, E(k), plotted as a function of k. When we compare them with the plot of E(k∥ ) vs k∥ , we find that comparatively larger share of the energy of the system is accumulated in the modes perpendicular to the direction of the rotation
axis.

FIG. 8. Plots for the time evolution of (a) total energy, (b) the kinetic energy spectrum as a function of k, and (c) kinetic energy flux as a function of k for forced rotating
turbulence.
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