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Buoyancy-driven convection is encountered in many engineering applications
and natural phenomena, and hence has been a topic of research for more than a cen-
tury. Researchers often focus on a simplified model of convection, Rayleigh-Bénard con-
vection (RBC), where a fluid is enclosed between two horizontal walls with the bottom
wall kept at a higher temperature than the top wall [1, 2, 3, 4]. RBC is governed by
two dimensionless parameters: the Rayleigh number (Ra), which is the ratio of the
buoyancy and the dissipative forces, and the Prandtl number (Pr), which is the ratio of
kinematic viscosity to thermal diffusivity. Important response parameters of RBC are
the Nusselt number (Nu), which is a measure of the global heat flux, and the Reynolds
number (Re), which is a measure of the large-scale velocity (U) and hence the inten-
sity of turbulence. Researchers also study the small-scale statistics of RBC, namely, the
spectra of kinetic energy and entropy, velocity and temperature structure functions,
and the viscous and thermal dissipation rates.

The energetics of three-dimensional homogeneous and isotropic turbulence (HIT)
away from walls is reasonably well-understood and was described by Kolmogorov [5,

[1] Chandrasekhar, S. Hydrodynamic and Hydromagnetic Stability (Dover publications, Oxford, 1981).
[2] Ahlers, G., Grossmann, S. & Lohse, D. Rev. Mod. Phys. 81, 503–537 (2009).
[3] Chillà, F. & Schumacher, J. Eur. Phys. J. E 35, 58 (2012).
[4] Verma, M. K. Physics of Buoyant Flows: From Instabilities to Turbulence (World Scientific, Singapore,
2018).
[5] Kolmogorov, A. N. Dokl Acad Nauk SSSR 30, 301–305 (1941).
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6], reviewed in Ref. [7]. However, in RBC, the physics becomes more involved due
to the presence of walls, their associated boundary layers, and buoyancy [2, 3, 4,
8]. There has been a long-standing debate on whether thermal convection follows
Bolgiano-Obukhov phenomenology [9, 10], similar to stably-stratified turbulence, or
Kolmogorov’s phenomenology [5, 6], similar to homogeneous isotropic turbulence;
see Refs. [8, 11, 12] for a detailed review. Although it has recently been shown that
the kinetic energy spectrum of thermal convection exhibits Kolmogorov-like scaling [
11, 12, 13, 14], the behavior of the structure functions of convection is still not conclu-
sive [8, 15]. Further, the walls bring about spatial inhomogeneity in the viscous and
thermal dissipation rates in RBC, causing them to scale differently in the bulk and in
the boundary layers of the RBC cell [2, 3, 16]. It is generally assumed that the dissipa-
tion rates in the bulk scale similarly as in HIT [17, 18]; however, a few studies indicate
that this may not be the case [19, 20, 21, 22, 23].

The overall aim of this thesis is to address the aforementioned gaps in the ener-
getics of RBC. We employ direct numerical simulations to comprehensively study the
properties of small-scale turbulence in RBC and their impact on the scaling of Reynolds
and Nusselt numbers. We analyze the velocity structure functions of RBC and show
that they are similar to those of HIT for small and moderate Prandtl numbers. We
explore the Prandtl number dependence on the amplitudes of the kinetic energy spec-
trum, structure functions, and the statistics of the local heat flux, which has not been
done before. Further, we study the scaling relations and relative strengths of the vis-
cous and thermal dissipation rates in the bulk and boundary layers to understand the
effects of walls on the statistics of RBC. To get conclusive results, we determine the

[6] Kolmogorov, A. N. Dokl Acad Nauk SSSR 32, 16–18 (1941)
[7] Sreeivasan, K. R. & Antonia, R. A. Annu. Rev. Fluid Mech. 29, 435–472 (1997)
[8] Lohse, D. & Xia, K.-Q. Annu. Rev. Fluid Mech. 42, 335–364 (2010).
[9] Bolgiano, R. J. Geophys. Res. 64, 2226–2229 (1959).

[10] Obukhov, A. M. Dokl Acad Nauk SSSR 125, 1246 (1959).
[11] Kumar, A., Chatterjee, A. G. & Verma, M. K. Phys. Rev. E 90, 023016 (2014).
[12] Verma, M. K., Kumar, A. & Pandey, A. New J. Phys. 19, 025012 (2017)
[13] Mishra, P. K. & Verma, M. K. Phys. Rev. E 81, 056316 (2010)
[14] Bhattacharjee, J. K., Phys. Lett. A 379, 696–699 (2015)
[15] Ching, E. S. C. Statistics and Scaling in Turbulent Rayleigh-Bénard Convection (Springer, Berlin, 2013).
[16] Silano, G., Sreenivasan, K. R. & Verzicco, R. J. Fluid Mech. 526, 409–446 (2010)
[17] Grossmann, S. & Lohse, D. J. Fluid Mech. 407, 27–56 (2000).
[18] Grossmann, S. & Lohse, D. Phys. Rev. Lett. 86, 3316–3319 (2001).
[19] Verzicco, R. & Camussi, R. J. Fluid Mech. 477, 19-49 (2003)
[20] He, X., Tong, P. & Xia, K. Q. Phys. Rev. Lett. 98, 144501 (2007)
[21] Emran, M. S. & Schumacher, J. J. Fluid Mech. 611, 13-34 (2008)
[22] Pandey A., Kumar, A., Chatterjee, A. G. & Verma, M. K. Phys. Rev. E 94, 053106 (2016)
[23] Pandey A. & Verma, M. K. Phys. Fluids 28, 095105 (2016)
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boundary layer thicknesses for every set of governing parameters and compute the
scaling of the dissipation rates, for the first time, over the entire bulk and boundary
layer volumes. Finally, we use the results of our above studies to enhance the well-
known Grossmann and Lohse’s model [17, 18] that predicts the Nusselt and Reynolds
numbers for a given set of governing parameters.

A brief outline of the thesis is as follows. In Chapter 1, we introduce RBC and
present its governing equations and their nondimensionalization. We discuss the re-
sponse parameters of RBC and introduce the concepts of boundary layers. We review
the past theoretical, numerical, and experimental works on structure functions, spec-
tral quantities, local heat fluxes, and dissipation rates of RBC. We also review past
research on the dependence of Re and Nu on the governing parameters of RBC.

In Chapter 2, we discuss the details of our numerical simulations of RBC using
finite-difference solver SARAS [24] and finite-volume solver OpenFOAM [25]. We ex-
plain the computations of the structure functions using fastSF [ 26] and the spectral
quantities using the pseudo-spectral code TARANG [27]. Finally, we detail the pro-
cedure for the computations of global quantities, boundary layer thicknesses, and the
dissipation rates using our numerical data.

In Chapter 3, we compute the velocity structure functions of RBC for Pr = 1 and
show that they scale similar to those of HIT [28]. The scaling exponents are found to be
in agreement with the predictions of She and Leveque [29], similar to HIT. Our results
are consistent with the previous studies that reported Kolmogorov-like kinetic energy
spectrum in RBC [11, 12]. We also show that in RBC, the kinetic energy flux in the
intermediate scales is less than the viscous dissipation rate, unlike in homogeneous
isotropic turbulence, due to multiscale kinetic energy injection.

In Chapter 4, we analyze the Prandtl number dependence of spectra and fluxes
of kinetic energy and entropy of turbulent thermal convection using our simulation
data [30]. We show that the magnitudes of the kinetic energy fluxes and spectra and
those of structure functions increase with the decrease of Pr, thus indicating stronger

[24] Verma, M. K. et al. S. N. Comput. Sci. 1, 178 (2020).
[25] Jasak, H., Jemcov, A., Tukovic, Z. et al. in International Workshop on Coupled Methods in Numerical
Dynamics 1000, 1–20 (2007).

[26] Sadhukhan, S., Bhattacharya, S. & Verma, M. K. J. Open Source Softw. 6, 2185 (2021).
[27] Verma, M. K. et al. Pramana-J. Phys. 81, 617–629 (2013).
[28] Bhattacharya, S., Sadhukhan, S., Guha, A. & Verma, M. K. Phys. Fluids 31, 115107 (2019).
[29] She, Z.-S. & Leveque, E. Phys. Rev. Lett. 72, 336–339 (1994).
[30] Bhattacharya, S., Verma, M. K. & Samtaney, R. under review in Phys. Rev. Fluids (2021).
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nonlinearity for flows with small Prandtl numbers. Consistent with these observa-
tions, the kinetic energy injection rates and the dissipation rates too increase with the
decrease of Pr. On the other hand, the amplitudes of the entropy spectrum do not vary
significantly with Pr. For small Prandtl numbers, most of the kinetic energy is injected
at large scales, whereas for large Prandtl numbers, the energy injection is somewhat
homogeneously distributed over different scales. Further, the tail of the probability
distributions of the local heat flux grows with the increase of Pr, indicating increased
fluctuations in the local heat flux with Pr.

In Chapter 5, we study the scaling relations of viscous dissipation rates in the
bulk and boundary layers of the convection cell for Pr = 1 and 6.8 [31]. We show that
contrary to the general belief, viscous dissipation rate dominates in the bulk rather than
in the boundary layers. The thickness of the viscous boundary layers, δu, is observed
to deviate marginally from the widely-held assumption of δu ∼ Re−1/2 [32]. The bulk
dissipation is similar to HIT where it follows a log-normal distribution; however, it
differs from U3/d by a factor of Ra−0.18, where d is the distance between the thermal
plates. The dissipation rates in the boundary layers are rarer but more intense with
stretched exponential distribution.

In Chapter 6, we obtain the scaling relations of thermal dissipation rates in the
bulk and boundary layers of the convection cell for Pr = 1 and 100 [33]. We show that
unlike viscous dissipation rate, the thermal dissipation rate dominates in the boundary
layers by a factor of approximately 3. The thermal dissipation rate in the bulk differs
from U∆2/d (as in homogeneous isotropic turbulence) by a factor of Ra−α, where ∆ is
the temperature difference between the thermal plates, and α = 0.22 for Pr = 1 and
0.25 for Pr = 100. Both bulk and boundary layer dissipation rates follow stretched
exponential distributions.

In Chapter 7, we extend Grossmann and Lohse’s (GL) model for the predictions of
Reynolds and Nusselt numbers in RBC [34]. Towards this objective, we use functional
forms for the prefactors of the dissipation rates in the bulk and the boundary layers.
The functional forms arise due to inhibition of nonlinear interactions in the presence
of walls and buoyancy compared to homogeneous isotropic turbulence, along with a
deviation of viscous boundary layer profile from Prandtl-Blasius theory (as discussed

[31] Bhattacharya, S., Pandey, A., Kumar, A. & Verma, M. K. Phys. Fluids 30, 031702 (2018).
[32] Landau, L. D. & Lifshitz, E. M. Fluid Mechanics (Elsevier, Oxford, 1987).
[33] Bhattacharya, S., Samtaney, R. & Verma, M. K. Phys. Fluids 31, 075104 (2019).
[34] Bhattacharya, S., Verma, M. K. & Samtaney, R. Phys. Fluids 33, 015113, (2021)
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in Chapters 5 and 6). We perform 60 numerical runs on a three-dimensional unit box
for a range of Rayleigh numbers (Ra) and Prandtl numbers (Pr) and determine the
aforementioned functional forms using machine learning. The revised predictions are
in better agreement with the past experimental and numerical results than those of the
GL model, especially for extreme Prandtl numbers.

In Chapter 8, we present the important conclusions from our present work. Fur-
ther, we discuss the scope of future research based on the results of this work.
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Chapter 1

Introduction

1.1 Thermal convection

Thermal convection is the transfer of heat in a fluid due to its bulk movement. There
are two types of convection - forced convection and buoyancy-driven (natural) con-
vection (Kays and Crawford, 1993; Bejan, 2013). In forced convection, the fluid motion
is generated through external means such as pumps and fans. On the other hand, in
buoyancy-driven convection, the fluid motion is brought about by buoyancy forces
that are generated due to density differences in different parts of the fluid. The tem-
perature variations in the fluid induce such density differences.

Typical applications involving forced convection are heat exchangers, cooling
fans, and air conditioning systems. Buoyancy-driven convection is encountered in nat-
ural phenomena such as atmospheric flows, the earth’s mantle, and solar turbulence.
It is also encountered in many engineering applications such as heat sinks in electronic
circuits, solar thermal collectors, chimneys, natural draft cooling towers, and thermal
furnaces. An important advantage of natural convection in engineering is that no me-
chanical equipments such as pumps or fans are involved; this saves energy consump-
tion and maintenance costs.

In this thesis, we analyze Rayleigh-Bénard convection (RBC), a paradigm for many
flows involving buoyancy-driven convection. RBC consists of a fluid enclosed between
two horizontal walls, with the bottom wall kept at a higher temperature than the top
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Hot bottom wall

Cold top wall

Convective motion Gravity

FIGURE 1.1: Schematic of Rayleigh-Bénard convection showing heated bottom

wall, cold top wall, and convective motion of the fluid.

wall. This arrangement leads to an unstable configuration with hot and light fluid at
the bottom, and cold and dense fluid at the top, giving rise to the convective motion of
the fluid (see Fig. 1.1) ∗.

In this chapter, we discuss the basic framework of RBC. We start with the gov-
erning equations and then discuss the important diagnostic tools for studying RBC.
We review the past theoretical, experimental, and numerical studies on the small-scale
and the global properties of RBC related to the thesis. We identify the gaps in these
studies and formulate problems which we address in this thesis. Finally, we provide
an outline of the subsequent chapters of my thesis.

[∗] An opposite configuration comprising of cold bottom wall and hot top wall leads to a stable system
that needs external force to sustain convective motion. Such a system is called a stably-stratified system.
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1.2 Governing equations and non-dimensional parame-

ters

We consider RBC under the Boussinesq approximation in which the variations of den-
sity are neglected except in the buoyancy term in the governing equations (Chan-
drasekhar, 1981; Ahlers et al., 2009a; Chillà and Schumacher, 2012). Additionally, the
fluid properties such as thermal diffusivity (κ), kinematic viscosity (ν), and thermal
expansivity (α) are treated as constants. The viscous dissipation term is dropped from
the temperature equation as it is small compared to the other terms. The above ap-
proximations simplify the physics but provide a fairly accurate description for many
convective flows encountered in nature and industries (Kays and Crawford, 1993; Be-
jan, 2013).

The governing equations of RBC are as follows (Chandrasekhar, 1981; Bhattachar-
jee, 1987; Ahlers et al., 2009b; Chillà and Schumacher, 2012; Verma, 2018):

∂u
∂t

+ (u · ∇)u = −∇p
ρ0

+ αgTẑ + ν∇2u, (1.1)

∂T
∂t

+ (u · ∇)T = κ∇2T, (1.2)

∇ · u = 0, (1.3)

where u and p respectively are the velocity and pressure fields, T is the temperature
field, ρ0 is the mean density of the fluid, and g is the acceleration due to gravity. In
any buoyancy-driven convection, T is an active scalar as it influences the velocity field
through the buoyancy term, αgTẑ.

The governing equations of RBC can also be written in terms of θ, the fluctuation
of the temperature field from the pure conduction state. When there is no convection,
the temperature field (Tc) is a function of only the vertical coordinate z and is given by

Tc(z) = Tb −
∆
d

z, (1.4)

where Tb is the temperature of the bottom wall, and ∆ and d are respectively the tem-
perature difference and the distance between the horizontal walls. The temperature
fluctuation is given by

θ(x, y, z) = T(x, y, z)− Tc(z). (1.5)
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In terms of θ, the governing equations of RBC become

∂u
∂t

+ (u · ∇)u = −∇σ

ρ0
+ αgθẑ + ν∇2u, (1.6)

∂θ

∂t
+ (u · ∇)θ =

∆
d

uz + κ∇2θ, (1.7)

∇ · u = 0, (1.8)

where
σ = p + αg

(∫ z
Tc(z′)dz′

)
(1.9)

is the modified pressure field (Chandrasekhar, 1981; Verma, 2018).

In numerical and experimental fluid dynamics, it is a standard practice to present
data in terms of dimensionless parameters. The governing equations of RBC can be
nondimensionalized by appropriate rescaling of variables, thus reducing the number
of parameters in the system and making the subsequent analysis simpler. In numerical
simulations, it is customary to employ the free-fall velocity (

√
αg∆d) as the velocity

scale, d as the length scale, and ∆ as the temperature scale. The nondimensionalized
variables are (Verzicco and Camussi, 1997, 1999; Emran and Schumacher, 2008)

u′ =
u√

αg∆d
, ∇′ = ∇d, T′ =

T
∆

, t′ =
√

αg∆d
d

t, p′ =
p

ρoαg∆d
. (1.10)

The governing equations [Eqs. (1.1) to (1.3)] in terms of the nondimensional variables
become

∂u′

∂t′
+ u′ · ∇′u′ = −∇′p′ + T′ẑ +

√
Pr
Ra
∇′2u′, (1.11)

∂T′

∂t′
+ u′ · ∇′T′ =

1√
RaPr

∇′2T′, (1.12)

∇′ · u′ = 0, (1.13)

where Ra and Pr are Rayleigh and Prandtl numbers respectively. Ra and Pr are the
governing parameters of RBC and are given by

Ra =
αg∆d3

νκ
, Pr =

ν

κ
. (1.14)

The Rayleigh number is the ratio of the buoyancy and the dissipative forces. For the
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TABLE 1.1: Prandtl numbers of typical fluids

Fluid Prandtl number Fluid Prandtl number
Sun ∼ 10−7 Air 0.7

Liquid sodium 0.005 Water 6.8
Mercury 0.02 n-butanol 50

Mixtures of noble gases 0.16 to 0.7 Engine oil 100 to 40,000
Helium 0.7 Earth’s mantle ∼ 1025

same fluid, Ra depends on the imposed temperature difference between the thermal
walls. The Prandtl number is a property of the fluid and is the ratio of the kine-
matic viscosity and the thermal diffusivity. Typical values of Pr are provided in Ta-
ble 1.1 (Kays and Crawford, 1993; Coulson and Richardson, 1999; Bejan, 2013; Schu-
macher and Sreenivasan, 2020).

At small Rayleigh numbers, the heat is transferred purely via conduction. Above
a certain critical Rayleigh number (Rac), the Rayleigh-Bénard system becomes unsta-
ble to small perturbations. The critical Rayleigh number is of the order of 103, with its
exact value depending on the geometry of the system and the boundary conditions.
For example, for a fluid enclosed between two rigid infinite walls, Rac ≈ 1708 (Chan-
drasekhar, 1981).

Once the flow becomes unstable, primary convective rolls are generated. As Ra
is increased, these rolls become unstable and lead to the generation of secondary rolls.
These secondary rolls, in turn, create time-dependent patterns and chaos (Ecke et al.,
1991; Paul et al., 2011). For moderate and large-Pr RBC (Pr & 1), the generation of
secondary rolls starts at Ra ≈ 20Rac (Paul et al., 2011). On the other hand, small-Pr
RBC (Pr � 1) tends to be more unstable than large-Pr convection due to the presence
of vortical modes (Pal et al., 2009; Mishra et al., 2010). The generation of secondary
rolls in small-Pr RBC occurs at a much lower Rayleigh number – almost at the critical
Rayleigh number (Rac) itself (Nandukumar and Pal, 2016).

At larger Rayleigh numbers, in the regimes governed by Ra & 106Pr (Pandey
and Verma, 2016; Pandey et al., 2016a), the flow becomes turbulent and consists of
eddies of different scales. The kinetic and thermal energies are transferred from one
eddy to another via strong nonlinear interactions. The scales of turbulent RBC can be
classified as large or small. The large scales of the flow are of the order of the cell’s
size. Most of the kinetic and thermal energies are contained in the large scales of the
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flow, which dominate the transport of heat and momentum. The small scales comprise
of the inertial and the dissipative ranges. Most of the viscous and thermal dissipation
occur in the dissipative range (Sreenivasan and Antonia, 1997). The inertial range lies
between the large and dissipative scales. This thesis deals with studies on the inertial
scale turbulence of RBC, though we call it small-scale in order to contrast with large
scales.

1.3 Important diagnostics of RBC

Turbulent Rayleigh-Bénard convection is examined using various diagnostic tools. These
tools are the global and local heat fluxes, large-scale velocity, viscous and thermal dissi-
pation rates, the spectra and fluxes of kinetic energy and entropy, and the velocity and
temperature structure functions. In this section, we briefly discuss these diagnostic
tools.

1.3.1 Global quantities: Nusselt and Reynolds numbers

In RBC, there is a net heat transport from the bottom wall to the top wall; the heat
flux is quantified by a nondimensional number, the Nusselt number (Nu). The Nusselt
number is the ratio of the total heat flux to the conduction heat flux. At any height z,
the Nusselt number is given by

Nu =
〈uzT〉A − κ ∂〈T〉A

∂z
κ∆/d

, (1.15)

where 〈〉A represents averaging over a horizontal cross-section (Siggia, 1994; Ahlers
et al., 2009b). On the right-hand side (RHS) of Eq. (1.15), the first term is the convective
heat flux, and the second term is the conduction heat flux. Under a steady state, the
Nusselt number is independent of z (Ahlers et al., 2009b; Chillà and Schumacher, 2012).
Vertical averaging of Eq. (1.15) yields

Nu = 1 +
〈uzT〉
κ∆/d

. (1.16)

In the above relation, 〈〉 represents the volume average. Since hot plumes ascend and
cold plumes descend, uz and T are positively correlated. Hence, the quantity 〈uzT〉
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is positive, and the Nusselt number is always greater than or equal to 1. Note that
Nu = 1 represents pure conduction.

In RBC, the large-scale velocity is quantified by the Reynolds number (Re), which
is computed as†

Re =
Ud
ν

, (1.17)

where U is the large-scale velocity. There are various definitions of U. In numerical
studies, U is generally taken to be the root mean square (RMS) velocity (Ahlers et al.,
2009b), which is calculated as follows:

Urms =
√
〈u2

x + u2
y + u2

z〉. (1.18)

In experiments, the large scale velocity is often taken as the maximum horizontal or
vertical velocity or is based on the peak frequency in the power spectra of the velocity
or temperature cross-correlation functions (Ahlers et al., 2009b). Reynolds number is
also a measure of the intensity of turbulence in an RBC system.

Apart from the Reynolds number, the Peclét number (Pe) is also used to quantify
the large-scale velocity. Peclét number is the ratio of the nonlinear term and the viscous
term of the thermal energy equation [Eq. (1.2)], and is given by

Pe =
Ud
κ

. (1.19)

The Reynolds and Nusselt numbers are functions of the governing parameters:
the Rayleigh and Prandtl numbers. Both Reynolds and Nusselt numbers increase with
Rayleigh number. The dependence of Re and Nu on Ra and Pr is reviewed in detail in
Sec. 1.7 and is further explored in Chapter 7 of this thesis.

[†] Eq. (1.17) represents the ratio of the nonlinear term, u · ∇u, and the viscous term, ν∇2u, for hydro-
dynamic turbulence. In RBC, we get a correction of Ra−0.14. See Sec. 1.6 for discussion.
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1.3.2 Viscous and thermal dissipation rates

In RBC, the kinetic energy of the flow gets dissipated at small scales due to viscosity.
This phenomenon is quantified by the viscous dissipation rate, which is given by

εu =
ν

2

〈(
∂ui

∂xj
+

∂uj

∂xi

)2〉
, (1.20)

where i = (x, y, z) is the ith component of the velocity field. Similarly, the dissipation
of thermal energy is quantified by the thermal dissipation rate, which is given by

εT = κ〈|∇T|2〉. (1.21)

Both the viscous and thermal dissipation rates are positive quantities and are associ-
ated with the irreversibilities of the flow.

The viscous and thermal dissipation rates in RBC are related to the global heat
transport (Nu) by the following exact relations derived by Shraiman and Siggia (1990):

εu =
ν3

d4 (Nu− 1)
Ra
Pr2 , (1.22)

εT =
κ∆2

d2 Nu. (1.23)

The above relations play an important role in our analysis in Chapters 5, 6, and 7 of
this thesis.

1.3.3 Structure functions

Structure function is an important diagnostics tool that describes turbulence (Kol-
mogorov, 1941a,b). Structure functions quantify the dynamics of turbulent flows at
different scales in the real space. The velocity and temperature structure functions are
defined as follows.

Let r and r + l be two points in the fluid. The difference between the velocity
fields at these two points is δu = u(r + l)− u(r). The difference in the parallel com-
ponents of the velocity field along l is δu = δu · l̂. The corresponding difference in the
perpendicular component is δu⊥ = |δu− δul̂|. Assuming statistical homogeneity, we
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define the longitudinal velocity structure functions of order q as (Kolmogorov, 1941a,b;
Lesieur, 2008; Frisch, 1995)

Su
q (l) = 〈(δu)q〉 = 〈[{u(r + l)− u(r)} · l̂]q〉, (1.24)

and the transverse velocity structure functions of order q as

Su⊥
q (l) = 〈(δu⊥)q〉 = 〈|δu− δul̂|q〉. (1.25)

Here, 〈·〉 denotes ensemble averaging. In this thesis, we consider only the longitudinal
velocity structure functions, which, henceforth, will be referred to as simply velocity
structure functions for brevity. For this component, an exact relation exists for the
third-order pertaining to homogeneous isotropic turbulence (Kolmogorov, 1941a,b);
see Sec. 1.5.1. This relation will be of relevance to our studies (Chapters 3 and 4).

Similar to velocity structure functions, we can define the structure functions for
the temperature field as (Sreenivasan, 1991; Warhaft, 2000; Yeung, 2002)

ST
q (l) = 〈(δT)q〉 = 〈[T(r + l)− T(r)]q〉. (1.26)

We will discuss these quantities in Sec. 1.5 and Chapters 3 and 4.

1.3.4 Spectral quantites

We now describe the important spectral quantities used for analyzing the statistics of
turbulence in thermal convection. Like structure functions, these quantities help to
quantify the dynamics of turbulent flows at different scales.

To compute the spectral quantities, we need to represent the fluid flow in spec-
tral space. Towards this objective, the velocity and temperature fields are expressed
as a sum of basis functions. For rigid (no-slip) walls, the expansion of the fields is
complex and involves the usage of Chebyshev polynomials (Canuto et al., 1988; Boyd,
2013). On the other hand, for stress-free (free-slip) walls, the expansion of velocity and
temperature fields is simpler, involving Fourier basis functions, or more specifically,
sine and cosine basis functions (see Chapter 2, Sec. 2.2.2 for details). It is to be noted
that for turbulent flows with rigid walls, the near-wall structures are very small com-
pared to the box size and contribute mostly to the dissipative scales. The properties in
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the inertial range are not affected by these structures. Hence, even for flows bounded
by rigid walls, the spectral quantities computed using Fourier expansion describe the
inertial-range turbulence with reasonable accuracy (Verma, 2018).

Spectral quantities are expressed in terms of wavenumbers. A wavenumber vector
is given by k = (kx, ky, kz), where

kx =
lπ
Lx

, ky =
mπ

Ly
, kz =

nπ

Lz
. (1.27)

Here, Lx, Ly, and Lz are respectively the length, width, and height of the convection
cell. l, m, and n are positive integers for impenetrable and stress-free walls. Wavenum-
bers are inverse of length scales; large wavenumbers correspond to small length scales.

Typical spectral quantities are the kinetic energy and entropy spectra, kinetic en-
ergy and entropy fluxes, kinetic energy and entropy injection spectra, and the kinetic
energy and entropy dissipation spectra. The kinetic energy spectrum is the kinetic en-
ergy contained in a wavenumber shell of radius k and of unit thickness (Frisch, 1995;
Pope, 2000; Davidson, 2004; Lesieur, 2008). It is defined as

Eu(k, t) =
1
2 ∑

k≤|k′|<k+1
|u(k′, t)|2, (1.28)

where u(k) is the Fourier transform of the velocity field. The evolution of kinetic en-
ergy spectrum is given by the variable energy flux equation, which is as follows (Frisch,
1995; Lesieur, 2008; Khatri et al., 2018; Verma, 2019b):

∂

∂t
Eu(k, t) = − d

dk
Πu(k, t) +FB(k, t)− D(k, t). (1.29)

In the above equation, Πu(k, t), FB(k, t), and D(k, t) are the kinetic energy flux, modal
kinetic energy injection rate, and modal kinetic energy dissipation rate respectively. In
the following, we explain these quantities in more detail.

The kinetic energy flux quantifies the cascade of kinetic energy from large scales
to smaller scales by nonlinear interactions between different velocity modes. The flux
is computed as follows (Kraichnan, 1959; Dar et al., 2001; Verma, 2004):

Πu(k0, t) = ∑
k≥k0

∑
p<k0

δk,p+q=([k · u(q, t)][u∗(k, t) · u(p, t)]). (1.30)
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In thermal convection, the kinetic energy is injected by buoyancy. The energy injection
spectrum FB(k) is given by (Frisch, 1995; Lesieur, 2008)

FB(k, t) = ∑
|k|=k

Re{u(k, t) · f∗(k, t)} = αg ∑
|k|=k

Re{uz(k, t)θ∗(k, t)}. (1.31)

where f = αgθẑ is the buoyancy term in the momentum equation [Eq. (1.6)] and "*"
represents the complex conjugate. The kinetic energy gets dissipated predominantly at
small scales due to viscosity. This phenomenon is quantified by the viscous dissipation
spectrum, D(k, t), which is given by (Frisch, 1995; Lesieur, 2008)

D(k, t) = 2νk2Eu(k, t), (1.32)

with the total viscous dissipation rate being εu = ∑∞
0 D(k). Recall that in real space, εu

is given by Eq. (1.20).

For a steady state, the variable energy flux equation [Eq. (1.29)] reduces to

d
dk

Πu(k) = FB(k)− D(k). (1.33)

The above equation implies that for a steady state, the total kinetic energy injection
rate ∑∞

0 FB(k) equals the total viscous dissipation rate εu (Frisch, 1995; Lesieur, 2008).

The entropy spectrum [Eθ(k)] is the entropy (θ2/2) contained in a wavenumber
shell of radius k and of unit thickness. It is given by

Eθ(k, t) =
1
2 ∑

k≤|k′|<k+1
|θ(k′, t)|2. (1.34)

Similar to the kinetic energy spectrum, the time evolution of the entropy spec-
trum is given by the variable entropy flux equation (Frisch, 1995; Lesieur, 2008; Verma,
2019b), which is given by

∂

∂t
Eθ(k, t) = − d

dk
Πθ(k, t) +Fθ(k, t)− Dθ(k, t), (1.35)

where Πθ(k, t) is the entropy flux (which quantifies the transfer of entropy among dif-
ferent scales), and Fθ(k, t) and Dθ(k, t) are respectively the modal injection and dissi-
pation rates of entropy. The above quantities are given by (Frisch, 1995; Lesieur, 2008;
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Verma, 2019b)

Πθ(k0, t) = ∑
k≥k0

∑
p<k0

δk,p+q=([k · u(q)][θ∗(k, t)θ(p, t)]). (1.36)

Fθ(k) =
∆
d ∑
|k|=k

Re{uz(k)θ∗(k)}, (1.37)

Dθ(k) = 2κk2Eθ(k). (1.38)

For a steady state, Eq. (1.35) reduces to

d
dk

Πθ(k) = Fθ(k)− Dθ(k). (1.39)

The above equation implies that for a steady state, the total entropy injection rate

∑∞
0 Fθ(k) equals the total entropy dissipation rate εθ (Frisch, 1995; Lesieur, 2008). The

kinetic energy and entropy spectra are directly related to the structure functions (Frisch,
1995; Davidson, 2004; Ching, 2013).

In the next section, we discuss the typical spatial distribution of velocity and tem-
perature fields in an RBC cell.

1.4 Viscous and thermal boundary layers

In this section, we introduce the concepts of viscous and thermal boundary layers in
RBC and discuss the velocity and temperature profiles typically encountered in these
regions.

For turbulent convection with rigid walls, the velocity on a wall is zero due to no-
slip boundary conditions. The flow in the bulk is dominated by a large-scale circulation
(LSC). Hence, the wall-parallel velocity field rises from zero on the wall to the LSC’s
velocity over a very short distance, which is typically less than 5% of the domain’s
dimension (Verzicco and Camussi, 2003; Breuer et al., 2004; Scheel et al., 2012; Shi et al.,
2012). This small region adjacent to the wall is called the viscous boundary layer, or kinetic
boundary layer. The region between the viscous boundary layers is called turbulent
bulk. Figure 1.2(a) exhibits the profile of the area-averaged wall-parallel velocity field,
showing the viscous boundary layers (shaded region) near the walls. Note that for 3D
RBC confined by six rigid walls, there will be a total of six viscous boundary layers.
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FIGURE 1.2: For horizontal rigid and conducting walls: (a) Typical velocity profile

u showing the viscous boundary layers (shaded region) formed near the horizon-

tal walls, and (b) the temperature profile T showing the thermal boundary layers

(shaded region) near the horizontal walls.

For pure conduction, the temperature of the fluid drops linearly from Tb at the
bottom wall to Tc at the top wall. For turbulent convection, however, the bulk is
roughly at the same temperature of (Tb + Tc)/2. Thus, the temperature falls steeply
from Tb to (Tb + Tc)/2 over a short distance near the bottom wall and from (Tb + Tc)/2
to Tc near the top wall [Fig. 1.2(b)]. These regimes in which the temperature varies
steeply are called thermal boundary layers. The thermal boundary layers are formed
near only the horizontal conducting walls (Ahlers et al., 2009b; Chillà and Schumacher,
2012).

The thickness of the thermal boundary layers, δT, is given by the following exact
relation (Malkus, 1954; Siggia, 1994; Ahlers et al., 2009b):

δT =
d

2Nu
. (1.40)

For large Reynolds numbers, the viscous boundary layer thickness, δu, can be esti-
mated as

δu ∼
d√
Re

, (1.41)

similar to the boundary layer thickness over a flat plate (Landau and Lifshitz, 1987;
Shishkina et al., 2010, 2013). However, as we will show later in Sec. 1.7 and in Chap-
ters 5 and 7, the viscous boundary layer thickness differs from Eq. (1.41), albeit marginally.
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The boundary layers bring about interesting subtleties in the scaling of the dis-
sipation rates and the large-scale quantities that will be discussed later in this chapter
(Sec. 1.6).

1.5 Phenomenology of turbulent RBC

In this section, we review the small-scale statistics of turbulent RBC. We discuss the
current understanding of the scaling of the spectral quantities and structure functions
of RBC.

1.5.1 Homogeneous and isotropic hydrodynamic turbulence

Before going further into the details of turbulence in RBC, we briefly discuss the cele-
brated Kolmogorov’s theory (Kolmogorov, 1941a,b) of hydrodynamic turbulence. The
turbulence in such a system is statistically homogeneous and isotropic in the inertial
range. In this system, the kinetic energy [(1/2)〈|u|2〉] is supplied at large length scales,
which cascades to intermediate scales or the inertial range and then to the dissipative
scales. Kolmogorov’s theory assumes that in the inertial range, no kinetic energy is
injected, and the viscous dissipation rate is negligible. This leads to the kinetic energy
flux Πu being constant in the inertial range and equal to the total viscous dissipation
rate εu. Kolmogorov (1941a,b) analytically derived the following relation for the third-
order longitudinal velocity structure function of such a flow:

Su
3 (l) = −

4
5

εul. (1.42)

For any order q, one expects, using dimensional analysis, that in the inertial range,

Su
q (l) ∼ lq/3. (1.43)

However, results from several experimental and numerical studies show deviations
from the exponent q/3 for q 6= 3. These deviations arise due to intermittency ef-
fects. Among many models, such as β model, multifractal model, and log-normal
model (Frisch, 1995; Sreenivasan and Antonia, 1997; Verma, 2005), the model by She
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and Leveque (1994) provides the best fit function to the scaling exponent (ζq) of the
velocity structure function, which is given by

ζq =
q
9
+ 2

(
1−

(
2
3

)q/3
)

. (1.44)

According to Kolmogorov’s theory, the mechanisms of kinetic energy forcing and
dissipation do not affect the physics of the inertial range; hence the kinetic energy
spectrum depends only on the wavenumber k and the inertial range kinetic energy
flux Πu (Kolmogorov, 1941a,b; Frisch, 1995). Using this assumption and noting that
Πu = εu, dimensional analysis leads to the well-known k−5/3 relation for the kinetic
energy spectrum in the inertial range:

Eu(k) = KKoε2/3
u k−5/3, (1.45)

where KKo is the Kolmogorov constant.

1.5.2 Passive scalar turbulence

Obukhov (1949) and Corrsin (1951) described homogeneous and isotropic turbulence
with a passive scalar θ. For such flows, the third-order velocity structure function
and the kinetic energy spectrum follow Kolmogorv’s relations given by Eqs. (1.42) and
(1.45) because passive scalars do not influence the fluid flow. Further, Obukhov and
Corrsin’s theory assumes that the scalar energy [(1/2)〈θ2〉] is injected at large scales,
cascades down to the intermediate and then to the dissipative scales. Similar to the
kinetic energy flux, the scalar flux Πθ is also constant in the inertial range and equals
the scalar dissipation rate εθ. Using dimensional analysis, the following could be ex-
trapolated for the scalar energy spectrum [Eθ(k)] and the structure functions [Sθ

q(l)] of
passive scalar turbulence (Obukhov, 1949; Corrsin, 1951; Sreenivasan, 1991):

Eθ(k) = KOCεθε−1
u k−5/3, (1.46)

Sθ
q(l) ∼ lq/3, (1.47)

where KOC is the Obukhov-Corrsin constant. It is to be noted that the above rela-
tions are only approximate. There are intermittency corrections similar to that of She-

15



Introduction

Leveque’s relation for homogeneous isotropic turbulence (Frisch, 1995; Falkovich et al.,
2001)

The phenomenology governing homogeneous isotropic turbulence with passive
scalar is known as Kolmogorov-Obukhov (KO) phenomenology in the literature (Lesieur,
2008; Verma, 2019b; Sadhukhan et al., 2019).

1.5.3 Buoyancy-driven turbulence

The energetics becomes more involved in buoyancy-driven turbulence compared to
homogeneous isotropic hydrodynamic turbulence. In such flows, buoyancy acts at all
scales, including the inertial range, and alters the scaling of the structure functions and
the spectra of kinetic energy and entropy (Bolgiano, 1959; Obukhov, 1959; Procaccia
and Zeitak, 1989; L’vov and Falkovich, 1992; Lohse and Xia, 2010). In the following,
we discuss the phenomenology of buoyancy-driven flows. We also review the results
of experiments and numerical simulations of such flows.

A. Stably-stratified turbulence

For stably-stratified turbulence, Bolgiano (1959) and Obukhov (1959) proposed that
below a certain wavenumber kB in the inertial range, where the buoyancy forces are
strong, the kinetic energy spectrum follows a steeper scaling compared to homoge-
neous isotropic turbulence. This is due to kinetic energy being converted to potential
energy by buoyancy in this subrange. As a consequence, the kinetic energy flux de-
creases with wavenumber k, unlike Kolmogorov’s constant kinetic energy flux. The
energy and entropy spectra in such systems are given by

Eu(k) = c1ε2/5
θ (αg)4/5k−11/5, (1.48)

Eθ(k) = c2ε4/5
θ (αg)−2/5k−7/5, (1.49)

Πu(k) = c3ε3/5
θ (αg)6/5k−4/5, (1.50)

Πθ(k) = εθ. (1.51)

where c1, c2, and c3 are constants (Bolgiano, 1959; Obukhov, 1959). Above the Bolgiano
wavenumber kB, the buoyancy forces are weak, resulting in KO scaling of the kinetic
energy and entropy spectra given by Eqs. (1.45) and (1.46).
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An extension of the Bolgiano-Obukhov (BO) theory to velocity and temperature
structure functions yields (Lohse and Xia, 2010)

Sq
u(l) ∼ l3q/5, (1.52)

Sq
θ(l) ∼ lq/5. (1.53)

The aforementioned relations are for l > lB, the Bolgiano length scale. Below this
length scale, the KO relations of Su

q (l) ∼ lq/3 and Sθ
q(l) ∼ lq/3 are expected. Thus,

when lB is small, BO scaling becomes more prominent.

BO scaling of the energy and entropy spectra has been reported in the numerical
studies of stably-stratified turbulence under moderate stratification‡ (see, for example,
Kimura and Herring, 1996; Kumar et al., 2014; Kumar and Verma, 2015). For weakly
stratified turbulence, KO scaling has been reported because the buoyancy forces are
weak (Kumar et al., 2014; Kumar and Verma, 2015). BO scaling has again not been ob-
served for strongly-stratified turbulence. This is because in this regime, the anisotropy
induced by buoyancy becomes strong, and the flow becomes quasi-two dimensional,
giving rise to different physics (refer to Lindborg, 2006; Brethouwer et al., 2007; Bartello
and Tobias, 2013, for further details).

B. Energy and entropy spectra of RBC

Using theoretical arguments, Procaccia and Zeitak (1989), L’vov (1991), L’vov and
Falkovich (1992), and Rubinstein (1994) proposed the applicability of BO scaling to
RBC as well. Researchers have attempted to confirm the above theory with the help of
experiments and numerical simulations, as well as using theoretical arguments. In the
following, we discuss the numerical and experimental results on the scaling of kinetic
energy and entropy spectra of RBC.

Many researchers have earlier reported BO scaling for moderate and large-Pr RBC
(see, for example, Wu et al., 1990; Chillà et al., 1993; Kerr, 1996; Ashkenazi and Stein-
berg, 1999b; Niemela et al., 2000; Shang and Xia, 2001; Zhou and Xia, 2001). However,
BO scaling was not observed in the early studies of small-Pr RBC (Cioni et al., 1995;
Takeshita et al., 1996; Camussi and Verzicco, 1998; Horanyi et al., 1999; Mishra and

[‡] In stably-stratified turbulence, the strength of stratification is given by the Richardson number (Ri),
which is the ratio of the buoyancy and nonlinear terms. The regimes of Ri � 1, Ri ∼ 1, and Ri � 1
respectively correspond to weak, moderate, and strong stratification (Verma et al., 2017).
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Verma, 2010). In a critical review, Lohse and Xia (2010) raised doubts on BO phe-
nomenology in RBC.

More recently, using phenomenological arguments and numerical simulations,
Kumar et al. (2014) and Verma et al. (2017) argued for Kolmogorov’s scaling in the
kinetic energy spectrum of RBC. They suggested that since hot plumes ascend and
cold plumes descend, uz and θ are positively correlated, that is,

〈uzθ〉 > 0 =⇒ ∑ Re[θ(k)u∗z(k)] > 0.

Although the above relation does not imply that that Re[θ(k)u∗z(k)] > 0, the latter
turns out to be true for most cases (Kumar et al., 2014). Using this condition, Kumar
et al. (2014) and Verma et al. (2017) argued that the kinetic energy injection spectrum,
FB(k), is positive in the inertial range. They further supported their argument with
their numerical data for Pr = 1 RBC, using which they showed that FB(k) > 0 in the
inertial range. Thus, assuming negligible dissipation in the inertial range, the variable
energy flux equation for RBC becomes

∂Πu

∂k
≈ FB(k) > 0. (1.54)

The above equation shows that the kinetic energy flux is a non-decreasing function
of k. Using this condition, Kumar et al. (2014) and Verma et al. (2017) ruled out BO
scaling in RBC, as BO scaling predicts Πu(k) to be a decreasing function of k (given by
Πu(k) ∼ k−4/5).

Further, Kumar et al. (2014) and Verma et al. (2017) also showed that FB(k) is
strong only at large scales and drops sharply as ∼ k−5/3, implying that FB(k) ≈ 0 the
inertial range. Hence, Eq. (1.54) becomes

∂Πu

∂k
≈ 0, (1.55)

which gives Πu(k) = constant. The constancy of kinetic energy flux gives rise to
Kolmogorov-like (∼ k−5/3) kinetic energy spectrum in RBC.

Subsequent works on small and moderate-Pr convection, conducted by Schu-
macher et al. (2015), Bhattacharjee (2015), Frick et al. (2015), Kumar and Verma (2015,
2018), and Shestakov et al. (2017), also reported Kolmogorov scaling of the kinetic en-
ergy spectrum. However, large-Pr convection was shown to exhibit a much steeper ki-
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netic energy spectrum (Eu(k) ∼ k−13/3) due to strong viscous dissipation (see Pandey
et al., 2014, 2016b, for details).

In the numerical studies of Mishra and Verma (2010), Pandey et al. (2014), Ku-
mar et al. (2014), and Verma et al. (2017), the entropy spectrum of RBC was reported
to exhibit two branches. The upper branch was observed to scale as ∼ k−2, while
the lower branch did not exhibit any clear scaling. Mishra and Verma (2010) and
Pandey et al. (2014) explained the upper branch in terms of the temperature modes
θ(0, 0, 2kz), which are approximately equal to −1/(2kzπ) when the thermal boundary
layer thickness is very small compared to the domain size. The temperature modes of
both the branches were shown to yield the constant entropy flux. For small Prandtl
number (Pr = 0.02), the upper branch was not very prominent (Mishra and Verma,
2010). This is because the thermal boundary layers for small-Pr convection occupy
a significant proportion of the total volume of the domain. As a result, many of the
θ(0, 0, 2kz) = −1/(2kzπ) modes are absent and hence the k−2 branch is less conspicu-
ous for such a case.

C. Structure functions of RBC

Unlike the energy and entropy spectra, the behavior of the structure functions of RBC
is not yet conclusive. In the following, we present the past experimental and numerical
results on the structure functions of RBC.

Benzi et al. (1994a,b) simulated both 2D and 3D RBC using Lattice Boltzmann
method and computed the velocity and temperature structure functions up to the sixth
order. They could not observe any discernible scaling for the structure functions due
to short inertial range. They derived a relationship between the velocity and temper-
ature structure functions and suggested BO scaling based on the above relationship.
Ching (2000) computed the velocity and temperature structure functions using the ex-
perimental data of Heslot et al. (1987) and Sano et al. (1989) and observed two distinct
scaling regimes separated by the Bolgiano-length scale, which is suggestive of BO scal-
ing. However, Ching (2000) also observed the scaling exponents to deviate marginally
from those predicted by the BO theory.

Several researchers computed structure functions separately at the cell-center and
near the walls and obtained KO scaling at the cell-center and BO scaling near the walls.
Calzavarini et al. (2002) computed third-order structure functions using their lattice

19



Introduction

Boltzmann simulation data and suggested BO scaling near the walls and KO scaling at
the cell center. Sun et al. (2006) carried out experiments that involved high-resolution
multipoint measurements of temperature and velocity fields in water. Their exponents
of velocity structure functions computed at the cell center fit well with the She-Leveque
model [Eq. (1.44)], with the lower orders following Kolmogorov scaling and higher or-
ders deviating from it. Using refined similarity hypothesis, Ching et al. (2013) derived
power-law relations for conditional velocity and temperature structure functions com-
puted at given values of the locally averaged thermal dissipation rate. They further
computed the conditional temperature structure functions up to the fourth-order us-
ing the experimental data of He and Tong (2009). Based on the observed power-law
scaling, they too concluded BO scaling near walls and KO scaling at the cell center. The
above studies attributed KO scaling in the bulk to the large value of local lB, which is
of the same order as the cell size. Since lB is small near the walls, it is argued that the
structure functions in those regions follow BO scaling.

In yet another set of studies described in the following, the results of the structure
functions are different from those mentioned above. Ching (2007) computed the struc-
ture functions of plume velocity using the experimental data of Castaing et al. (1989)
and Shang et al. (2003) and found them to scale similar to the temperature structure
functions. This does not agree with BO scaling where the velocity and temperature
structure functions scale differently [Eqs. (1.52) and (1.53)]. Kunnen et al. (2008) con-
ducted direct numerical simulations of RBC and reported the velocity structure func-
tions to follow BO scaling for Rayleigh number Ra = 108 and Kolmogorov scaling for
higher Ra. Ching and Cheng (2008) calculated temperature structure functions using
shell model of homogeneous RBC and found them to deviate significantly from BO
scaling for q > 4. Kaczorowski and Xia (2013) conducted direct numerical simulations
(DNS) of RBC and found that the velocity structure functions computed at the cell
center approach Kolmogorov scaling for lower orders.

From the conflicting nature of the results from past studies, it is clear that the
behaviour of the structure functions of turbulent convection has not yet been clearly
established as to whether they follow KO or BO scaling. This is because in the studies
mentioned above, the inertial range was not wide enough to get a conclusive answer.
Further, the above studies did not take into account that in thermal convection, buoy-
ancy injects kinetic energy into the system at all scales, unlike flows governed by BO
phenomenology, where buoyancy depletes kinetic energy from the system. Based on
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Kolmogorov-like phenomenology of RBC described by Kumar et al. (2014) and Verma
et al. (2017), we expect the velocity structure functions of RBC to be similar to those of
homogeneous isotropic turbulence.

There are other interesting topics on spectral quantities and structure functions
that are yet to be explored. Currently, the literature on the structure functions of RBC
is restricted to Pr < 7. The behavior of structure functions at larger Prandtl numbers
is yet to be reported. Further, past research on the structure functions and the energy
and entropy spectra was conducted for fixed sets of governing parameters. A compre-
hensive study on the behavior of these quantities under variations in Ra and Pr is still
missing in the literature.

1.6 Scaling of viscous and thermal dissipation rates

In this section, we review the literature on the statistics of viscous and thermal dissi-
pation rates in RBC.

For homogeneous isotropic turbulence with passive scalar, the viscous and scalar
dissipation rates can be estimated as

εu ∼
U3

L
, εθ ∼

UΘ2

L
, (1.56)

where L and Θ are large-scale length and scalar fields respectively (McComb, 1990;
Frisch, 1995; Lesieur, 2008). However, the scaling of the dissipation rates is different
for RBC, where boundary layers near the walls play an important role and T is an
active scalar. Note that for RBC, the large-scale length and scalar (temperature) fields
are taken respectively as the distance d and the temperature difference ∆ between the
conducting plates. Using scaling arguments and Eqs. (1.22) and (1.23) that relate the
dissipation rates to the global heat flux, Pandey and Verma (2016) and Pandey et al.
(2016a) deduced that for Pr ∼ 1, the global dissipation rates in RBC scale as

εu ∼
U3

d
Ra−0.2, εT ∼

U∆2

d
Ra−0.2, (1.57)

instead of U3/d and U∆2/d. Pandey and Verma (2016) and Pandey et al. (2016a) at-
tributed the additional Ra dependence in the above relations to suppression of nonlin-
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ear interactions due to the presence of walls. They showed that in RBC, the ratio of the
nonlinear term, u · ∇u, to the viscous term, ν∇2u, scales as (Ud/ν)Ra−0.14 instead of
Ud/ν as in homogeneous isotropic turbulence. Verma (2018) argued that some Fourier
modes that are otherwise present in homogeneous isotropic turbulence are absent in
wall-bounded RBC, resulting in the breaking of several channels of nonlinear interac-
tions and energy cascades.

The walls also bring about spatial inhomogeneity in the viscous and thermal dis-
sipation rates. The scaling of the dissipation rates is expected to be different in bulk
and boundary layers of RBC. Grossmann and Lohse (2000, 2001) argued that the vis-
cous and thermal dissipation rates in the bulk, represented respectively as εu,bulk and
εT,bulk, scale as U3/d and U∆2/d, similar to homogeneous isotropic turbulence. Later
studies, however, observed deviations in the scaling of bulk dissipation rates; they are
described as follows.

Using their numerical data, Verzicco and Camussi (2003) computed the viscous
dissipation rate averaged over a subvolume at the cell-center occupying 4% of the total
cell volume. The above dissipation rate, normalized with U3/d, was observed to be a
decreasing function of Ra instead of being a constant, implying that εu,bulk 6= U3/d.
A similar additional Ra dependence was also observed for thermal dissipation rate by
Emran and Schumacher (2008), who used their numerical data to compute the thermal
dissipation rate averaged over a subvolume inside the bulk occupying one-third of the
total volume of the cell. They reported the above dissipation rate normalized with
U∆2/d to decrease with Ra, again indicating that εT,bulk 6= U∆2/d. He et al. (2007) and
He and Tong (2009) used their experimental data to measure the thermal dissipation
rate in the cell-center and observed a correction of Ra−0.33 in the scaling of the thermal
dissipation rate. Although all the results described above suggest that the scaling of
the dissipation rates has an additional Ra dependence, there were some limitations in
these studies that are discussed at the end of this section.

In so far as the spatial distribution of the dissipation rates in RBC are concerned, it
is generally believed that most of the dissipation occurs near the boundaries (Puthen-
veettil and Arakeri, 2005; Puthenveettil et al., 2005). Interestingly, however, numeri-
cal studies of three-dimensional RBC, conducted by Verzicco and Camussi (2003) and
Silano et al. (2010), have revealed that although the thermal dissipation rate dominates
in the boundary layers for a wide range of Ra and Pr, the viscous dissipation rate domi-
nates in the bulk for large Rayleigh numbers (Ra > 108). Numerical studies conducted
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by Kumar et al. (2014) and Verma et al. (2017) on the viscous dissipation spectrum of
RBC revealed that significant dissipation also occurs at large scales in addition to the
dissipative scales, implying that the viscous dissipation rate is strong in the bulk. How-
ever, for two-dimensional RBC, Zhang et al. (2017) reported both viscous and thermal
dissipation rates to dominate in the boundary layers for even large Rayleigh numbers
(∼ 1010).

Since the boundary layers occupy a very small volume compared to the bulk,
both thermal and viscous dissipation rates are more intense in the boundary layers.
This feature has been observed in the spatial profiles of the local dissipation rates re-
ported in the experiments of He et al. (2007, 2011) and He and Tong (2009), and several
numerical simulations (Shishkina and Wagner, 2005; Emran and Schumacher, 2008;
Silano et al., 2010; Scheel et al., 2013; Scheel and Schumacher, 2016, 2017; Zhang et al.,
2017). Emran and Schumacher (2008) and Scheel et al. (2013) computed the probabil-
ity distribution functions (PDFs) of thermal dissipation rates in the bulk and in the
boundary layers and reported the PDFs for both subvolumes to be stretched exponen-
tials, similar to passive scalar dissipation (Chertkov et al., 1998). They further observed
that the tails of the PDFs of the boundary layers are wider than those of the bulk, im-
plying that extreme events occur more frequently in the boundary layers. Scheel et al.
(2013) and Zhang et al. (2017) observed the viscous dissipation rate in the boundary
layers to follow stretched exponential as well. The above studies also revealed that the
fluctuations of the dissipation rates increase with Rayleigh numbers.

The above numerical and experimental studies have some caveats that are de-
scribed below. In the experiments of He et al. (2007) and He and Tong (2009), the
thermal dissipation rates were measured only at selected points in the bulk and in the
boundary layers. Ideally, since the dissipation rates vary throughout the domain, they
should be measured at many points and then averaged for accurate results. However,
this process is very difficult in experiments. In the scaling analysis conducted by Verz-
icco and Camussi (2003), Emran and Schumacher (2008), and Scheel and Schumacher
(2017), the bulk was taken as a sub-region in the center of the cell. This may affect the
accuracy of their results on scaling of the bulk dissipation rate because the dissipation
rates are expected to vary throughout the bulk. Further, for computing the relative
strengths of the dissipation rates in the bulk and boundary layers, Silano et al. (2010)
fixed the boundary layer thickness at 1/50 of the cell depth for all Pr and Ra. Again,
this approach may not be very accurate because the boundary layer thicknesses vary
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with Ra and Pr.

1.7 Scaling of Nusselt and Reynolds numbers

In this section, we review the studies on the dependence of the Nusselt and Reynolds
numbers on Ra and Pr.

One of the earliest theories explaining the scaling of Nu is that of Davis (1922b,a),
in which it was deduced that Nu ∼ Ra1/4 for small Rayleigh numbers. Later, Malkus
(1954) proposed the marginal stability theory according to which the the heat transport
is independent of the cell-height d. This assumption yielded Nu ∼ Ra1/3.

Kraichnan (1962) suggested that for small Prandtl numbers, where the viscous
boundary layer is thinner compared to the thermal boundary layer, the velocity profile
is logarithmic for very large Rayleigh numbers (called the ultimate regime). Under this
assumption, Kraichnan (1962) deduced that

Nu ∼




(RaPr)1/2(ln Ra)−3/2, Pr ≤ 0.15,

Ra1/2Pr−1/4(ln Ra)−1/2, 0.15 < Pr ≤ 1,
(1.58)

Re ∼




(Ra/Pr)1/2(ln Ra)−3/2, Pr ≤ 0.15,

Ra1/2Pr−3/4(ln Ra)−1/2, 0.15 < Pr ≤ 1,
(1.59)

Spiegel (1971) proposed that for large Rayleigh numbers, the kinematic viscos-
ity and the thermal diffusivity do not influence the heat flux. This assumption leads
to Nu ∼ Ra1/2, similar to the arguments of Kraichnan (1962). Subsequently, Castaing
et al. (1989) argued that Nu ∼ Ra2/7 and Re ∼ Ra3/7 based on the existence of a mixing
zone in the central region of the RBC cell where hot rising plumes meet mildly warm
fluid. Castaing et al. (1989) also deduced that Reω ∼ Ra1/2, where Reω is Reynolds
number based on the frequency ω of torsional azimuthal oscillations of the large scale
wind in RBC. Later, Shraiman and Siggia (1990) derived that Nu ∼ Ra2/7Pr−1/7 and
Re ∼ Ra3/7Pr−5/7 (with logarithmic corrections) using the properties of boundary lay-
ers.

Some researchers have analytically derived bounds on the exponent for Nusselt
number’s scaling. Constantin and Doering (1999) and Ierley and Kerswell (2006) de-
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duced that in the limit of infinite Prandtl number, Nu ≤ cRa1/3 (with logarithmic
corrections) for rigid walls, where c is a constant. For stress-free walls, Ierley and
Kerswell (2006) and Whitehead and Doering (2011, 2012) deduced that Nu ≤ cRa5/12

(again, with logarithmic corrections), where c is again a constant.

Many experiments and simulations of RBC have been performed to obtain the
scaling of Nu and Re. These studies also revealed a power-law scaling of Nu and Re as
Nu ∼ RaαPrβ and Re ∼ RaγPrδ. For the scaling of Nu, the exponent α ranges from 0.25
for Pr � 1 (see, for example, Rossby, 1969; Cioni et al., 1997; Verzicco and Camussi,
1997; Scheel and Schumacher, 2016, 2017) to approximately 0.3 for Pr & 1 (see, for
example, Castaing et al., 1989; Kerr, 1996; Niemela et al., 2000; Xia et al., 2002; Fun-
fschilling et al., 2005; Sameen et al., 2008, 2009; Vishnu and Sameen, 2020). α also
depends on the regime of Ra as well: for example, for Pr ∼ 1, α varies from 0.3 for
moderate Ra to 0.35 for very large Ra (∼ 1015) (Zhu et al., 2018; Iyer et al., 2020). The
exponent β ranges from approximately zero for Pr & 1 (see, for example, Ashkenazi
and Steinberg, 1999a; Ahlers and Xu, 2001; Xia et al., 2002; Silano et al., 2010) to 0.15 for
Pr � 1 (Verzicco and Camussi, 1999; Schmalzl et al., 2002; Petschel et al., 2013). Thus,
Nu has a relatively weaker dependence on Pr.

For the scaling of Re, the exponent γ was observed to be approximately 0.4 for
Pr � 1 (see, for example, Cioni et al., 1997; Verzicco and Camussi, 1999; Kerr and
Herring, 2000; Scheel and Schumacher, 2016, 2017), between 0.45 and 0.5 for Pr ∼
1 (see, for example, Xin and Xia, 1997; Niemela et al., 2001; Brown et al., 2005; Emran
and Schumacher, 2008; Verma et al., 2012; Kaczorowski and Xia, 2013), and 0.6 for
Pr� 1 (see, for example, Lam et al., 2002; Horn et al., 2013; Pandey et al., 2014, 2016b;
Shishkina et al., 2017). The exponent δ has been observed to range from −0.7 for Pr .
1 (Verzicco and Camussi, 1999) to −0.95 for Pr � 1 (Lam et al., 2002; Silano et al.,
2010). For a more detailed review on the past experiments and simulations on Nu
and Re scaling, refer to Ahlers et al. (2009a), Chillà and Schumacher (2012), and Verma
(2018).

The ultimate regime, characterized by Nu ∼ Ra1/2, has been observed in simula-
tions of RBC with periodic boundary conditions (Verma et al., 2012; Lohse and Toschi,
2003), in free convection with density gradient (He et al., 2012; Pawar and Arakeri,
2016a,b), and in convection with only lateral walls (Schmidt et al., 2012). Using numer-
ical simulations, Calzavarini et al. (2005) showed that Re ∼ Pr1/2 and Nu ∼ Pr1/2 for
convection with periodic walls. However, Calzavarini et al. (2006) and Doering (2019)
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raised doubts on the ultimate scaling observed in RBC with periodic walls because of
the presence of elevator modes in the system. Some experiments and simulations of
RBC with non-periodic walls and very large Ra (∼ 1015) have reported a possible tran-
sition to the ultimate regime (see, for example, Chavanne et al., 1997; Roche et al., 2001;
Ahlers et al., 2009a; He et al., 2012; Ahlers et al., 2017). However, other studies involv-
ing experiments and simulations of very large Ra convection, notably those of Glazier
et al. (1999), Niemela et al. (2000), and Iyer et al. (2020), argued against any transition
to the ultimate regime.

The above studies show that the scaling of Re and Nu depends on the regime of
Ra and Pr, highlighting the need for a unified model that encompasses all the regimes.
Grossmann and Lohse (2000, 2001, 2002, 2003) constructed one such model, hence-
forth referred to as GL model. To derive this model, Grossmann and Lohse (2000,
2001) substituted the bulk and the boundary layer contributions of viscous and ther-
mal dissipation rates in the exact relations of Shraiman and Siggia (1990). The bulk
and the boundary layer contributions were written in terms of Re, Nu, Ra, and Pr
using the properties of boundary layers (Prandtl-Blasius theory) and those of hydro-
dynamic and passive scalar turbulence in the bulk. Finally, using additional crossover
functions, Grossmann and Lohse (2001) obtained a system of equations for Re and Nu
in terms of Ra, Pr, and several coefficients that were determined using inputs from ex-
perimental data (Stevens et al., 2013). The predictions of Kraichnan (1962), Castaing
et al. (1989), and Shraiman and Siggia (1990) were shown to be limiting cases of the GL
model.

The GL model has been quite successful in predicting large scale velocity and heat
transport in many experiments and simulations. However, it does not capture large Pr
convection very accurately (Verma, 2018) and has been reported to under-predict the
Reynolds number (Ahlers et al., 2009b). Note that the scaling exponent for Re has a
longer range (0.40 to 0.60) compared to that for Nu (0.25 to 0.35); hence the predictions
for Re are more sensitive to modeling parameters. Further, the GL model is based
on certain assumptions that are not valid for RBC. For example, the model assumes
that the viscous and the thermal dissipation rate in the bulk scales similar to those
of homogeneous isotropic turbulence. However, as explained in Sec. 1.6, numerical
and experimental studies have observed deviations from the above relations (Verzicco
and Camussi, 2003; He et al., 2007; Emran and Schumacher, 2008; He and Tong, 2009).
Moreover, recent studies have revealed that the viscous boundary layer thickness in
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RBC deviates from Re−1/2, contrary to the assumptions of the GL model (Breuer et al.,
2004; Scheel et al., 2012; Shi et al., 2012).

We conclude this section by briefly describing a recent work by Pandey and
Verma (2016) and Pandey et al. (2016a), who developed an analytical relation for the
Peclét number by estimating the relative strengths of the various terms of the mo-
mentum equation [Eq. (1.6)]. Their predictions of Pe match well with the past exper-
iments and numerical simulations and were shown to be better than those of the GL
model (Verma, 2018). They also explained the deviation of the Nusselt number from
Kraichnan’s prediction of Nu ∼ Ra1/2 to the experimentally and numerically observed
scaling of Nu ∼ Ra0.3 based on correlations

1.8 Statistics of local heat fluxes

The local convective heat fluxes in the x, y, and z directions are given by uxT, uyT, and
uzT respectively. Even though there is a net heat flow from the bottom wall to the top
wall (as discussed in Sec. 1.3.1), there can be local heat fluxes in the downward direc-
tion as well as in the horizontal directions (Shang et al., 2003; Shishkina and Wagner,
2007; Kaczorowski and Xia, 2013; Pharasi et al., 2016). The positive vertical heat fluxes
dominate the negative ones, leading to a net vertical heat flux. Similar asymmetry has
been observed in many other systems, for example, in wave turbulence (Falcon et al.,
2008). The positive and negative horizontal heat fluxes, on the other hand, are sym-
metric and cancel each other. Hence, there is no heat flow in the horizontal directions.

Past analyses on the local heat fluxes have revealed some interesting statistics
as described below. Shang et al. (2003) computed the PDFs of the local heat fluxes
measured at the cell center and near one sidewall of their experimental setup of RBC.
They observed the vertical heat flux measured near the sidewall to exhibit stronger
asymmetry and fluctuations compared to that measured in the cell center.

Shishkina and Wagner (2007) computed the vertical local heat fluxes using their
numerical data for a fixed Pr = 0.7 and Ra spanning from 106 to 108. They observed
the asymmetry in the vertical heat flux to increase with Ra. Similar observations were
reported in the numerical analysis of RBC by Kaczorowski and Xia (2013) and Pharasi
et al. (2016). The variations of the heat flux with Pr are yet to be studied.
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1.9 Problems addressed in the thesis

In this thesis, we attempt to fill some of the gaps in RBC described in Sections. 1.5 to
1.8.

As discussed earlier, there have been long-standing debates on whether RBC fol-
lows Kolmogorov phenomenology, as in homogeneous isotropic turbulence, or Bolgiano-
Obukhov phenomenology, as in stably-stratified turbulence. Although the kinetic en-
ergy spectrum and flux were shown to exhibit Kolmogorov-like scaling by Kumar
et al. (2014) and Verma et al. (2017), the behavior of the velocity structure functions
remains inconclusive. In this thesis, we show that the velocity structure functions of
RBC scale similar to those of homogeneous isotropic turbulence and hence reinforce
the arguments of Kumar et al. (2014) and Verma et al. (2017). We use the data from
high-resolution direct numerical simulation of RBC for large Rayleigh numbers so as
to obtain a wide inertial range and hence a conclusive scaling of the structure func-
tions. We also analyze, for the first time, the velocity structure functions of RBC for
Pr� 1.

As mentioned at the end of Sec. 1.5.3, previous studies focussed on the small-scale
statistics of turbulence in different regimes of Ra and Pr. However, a comparative study
for the whole range of Pr was missing. In this thesis, we address the Pr dependence of
the spectra and fluxes of kinetic energy and entropy along with the velocity structure
functions. We also study, for the first time, the Pr dependence of the statistics of the
local heat flux of RBC.

In RBC, the walls and their associated boundary layers modify the statistics of vis-
cous and thermal dissipation rates compared to homogeneous isotropic turbulence (Pandey
et al., 2016a; Pandey and Verma, 2016); hence, it is important to analyze and quantify
their scaling and relative strengths in the boundary layers and in the bulk of RBC.
However, a comprehensive discussion on these topics has been missing (see Sec. 1.6).
In this thesis, we carry out a detailed numerical analysis of the relative strengths of
the dissipation rates in the entire volume of the bulk and boundary layers of RBC. We
compute the boundary layer thicknesses for every set of governing parameters and
hence determine the bulk and boundary layer subvolumes in which we compute the
dissipation rates. This way, we study the variations of the boundary layer thicknesses
with Ra and Pr.
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An outcome of these studies has been the enhancement of the well-known GL
model that provides more accurate predictions of Nu and Re for a given set of govern-
ing parameters.

1.10 Outline of the thesis

The outline of the rest of the thesis is as follows.

• In Chapter 2, we discuss the details of our numerical simulations of RBC us-
ing finite-difference solver SARAS (Anderson, 1995; Verma et al., 2020; Samuel
et al., 2020) and finite-volume solver OpenFOAM (Jasak et al., 2007). We explain
the computations of the structure functions using fastSF (Sadhukhan et al., 2021)
and the spectral quantities using the pseudo-spectral code TARANG (Verma et al.,
2013; Chatterjee et al., 2018). Finally, we detail the procedure for the computations
of global quantities, boundary layer thicknesses, and the dissipation rates using
numerical data.

• In Chapter 3, we compute the velocity structure functions of RBC for Pr = 1 and
show that they scale similar to those of homogeneous isotropic turbulence. The
scaling exponents are found to be in agreement with the predictions of She and
Leveque [Eq. (1.44)], a model for homogeneous isotropic turbulence. Our results
are consistent with the previous studies that reported Kolmogorov-like kinetic
energy spectrum in RBC (Kumar et al., 2014; Verma et al., 2017). We also show
that in RBC, the kinetic energy flux in the intermediate scales is less than the
total viscous dissipation rate, unlike in homogeneous isotropic turbulence, due
to multiscale kinetic energy injection.

• In Chapter 4, we analyze the Prandtl number dependence of spectra and fluxes
of kinetic energy and entropy of turbulent thermal convection using simulation
data. We show that the magnitudes of the kinetic energy fluxes and spectra and
those of structure functions increase with the decrease of Pr, thus indicating an
increase of nonlinearity for flows with small Prandtl numbers. Consistent with
these observations, the kinetic energy injection rates and the dissipation rates too
increase with the decrease of Pr. On the other hand, the amplitudes of the en-
tropy spectrum do not vary significantly with Pr. For small Prandtl numbers,
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most of the kinetic energy is injected at large scales, whereas for large Prandtl
numbers, the energy injection is somewhat homogeneously distributed over dif-
ferent scales. Further, the tail of the probability distributions of the local heat flux
grows with the increase of Pr, indicating increased fluctuations in the local heat
flux with Pr.

• In Chapter 5, we study the scaling relations of viscous dissipation rates in the
bulk and boundary layers of RBC for Pr = 1 and 6.8. We show that contrary to the
general belief, viscous dissipation rate dominates in the bulk rather than in the
boundary layers. The thickness of the viscous boundary layers, δu, is observed
to deviate marginally from the widely-held assumption of δu ∼ Re−1/2. The
bulk dissipation is similar to homogeneous isotropic turbulence where it follows
a log-normal distribution; however, it differs from U3/d by an additional factor
of Ra−0.18, where d is the distance between the thermal plates. The dissipation
rates in the boundary layers are rarer but more intense with stretched exponential
distribution.

• In Chapter 6, we obtain the scaling relations of thermal dissipation rates in the
bulk and boundary layers of RBC for Pr = 1 and 100. We show that unlike
viscous dissipation rate, the thermal dissipation rate dominates in the boundary
layers by a factor of approximately 3. The thermal dissipation rate in the bulk
differs from U∆2/d (as in homogeneous isotropic turbulence) by an additional
factor of Ra−α, where ∆ is the temperature difference between the thermal plates,
and α = 0.22 for Pr = 1 and 0.25 for Pr = 100. Both bulk and boundary layer
dissipation rates follow stretched exponential distributions.

• In Chapter 7, we extend Grossmann and Lohse’s (GL) model for the predictions
of Reynolds and Nusselt numbers in RBC. Towards this objective, we use func-
tional forms for the prefactors of the dissipation rates in the bulk and the bound-
ary layers. The functional forms arise due to i) additional Ra dependence on the
scaling of the bulk dissipation rates compared to homogeneous isotropic turbu-
lence (as discussed in Chapters 5 and 6), and ii) a deviation of viscous boundary
layer profile from Prandtl-Blasius theory. We perform 60 numerical runs on a
three-dimensional unit box for a range of Rayleigh numbers (Ra) and Prandtl
numbers (Pr) and determine the aforementioned functional forms using machine
learning. The revised predictions are in better agreement with the past numeri-
cal and experimental results than those of the GL model, especially for extreme
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Prandtl numbers.

• In Chapter 8, we conclude the present study. We also discuss the scope of future
work arising from our study.
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Chapter 2

Numerical methods

In this chapter, we detail the numerical methods employed in our present work. We
perform our simulations of Rayleigh-Bénard convection (RBC) using a finite-volume
code OpenFOAM (Jasak et al., 2007) and a finite-difference code SARAS (Verma et al.,
2020; Samuel et al., 2020). We also employ a pseudo-spectral code TARANG (Verma
et al., 2013; Chatterjee et al., 2018) to compute the spectra and fluxes of kinetic en-
ergy and entropy, and a parallel code fastSF (Sadhukhan et al., 2021) to compute the
structure functions. We use Python scripts to compute the global quantities, boundary
layer thicknesses, and dissipation rates, primarily using Python’s "NumPy" (van der
Walt et al., 2011) and "SciPy" (Virtanen et al., 2020) libraries.

This chapter is organized as follows. We provide the details of the simulations
of RBC using finite-difference and finite-volume methods in Sec. 2.1. In Sec. 2.2, we
present the methods employed in the computation of the structure functions, spectral
quantities, large-scale quantities, boundary layer thicknesses, and the dissipation rates
using the data from our numerical simulations.

2.1 Simulations of RBC

In this section, we discuss the details of the numerical methods used in our simulations
of RBC. In the initial years of my doctoral work, we used the open-source finite volume
solver OpenFOAM (Jasak et al., 2007) for our simulations. Later, an in-house finite dif-
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ference code, SARAS, was developed by Samuel et al. (2020) and used for subsequent
simulations.

2.1.1 Finite volume method: OpenFOAM

The finite volume method (FVM) is an important technique employed in computational
fluid dynamics (CFD). In this method, the spatial domain is discretized into a finite
number of control volumes. The governing partial differential equations of fluid flow
are expressed in their integral forms. Using divergence theorem, the volume integrals
containing the divergence terms are converted to surface integrals that are computed as
fluxes at each control volume’s surfaces. An important advantage of this method is that
the conservation quantities at the discretized level is enforced because the flux leaving
a given control volume equals that entering the adjacent control volume (Ferziger and
Peric, 2001). Another advantage of FVM is that it can be easily employed for complex
geometries (Moukalled et al., 2016). In this subsection, we detail our simulations of
RBC using OpenFOAM, an open-source finite volume solver (Jasak et al., 2007).

We numerically solve the non-dimensional governing equations of RBC [Eqs. (1.11)
to (1.13)] in a three-dimensional unit box. We employ Gaussian finite-volume integra-
tion for the computations of the derivative terms (pressure gradient, nonlinear, and
laplacian terms) of the governing equations. Gaussian integration involves interpolat-
ing the field values from cell-center to nodes and then to cell-faces, following which
the values are summed over all the faces (Moukalled et al., 2016). Linear interpolation
is employed for our cases. For time-stepping, we employ the second-order Crank-
Nicolson scheme (Crank and Nicolson, 1947). The solver uses PISO (Pressure-Implicit
with Splitting of Operators) algorithm (Issa, 1985) for solving the discretized governing
equations of fluid flow.

We varied the Rayleigh number (Ra) from 106 to 108 and the Prandtl number
(Pr) from 1 to 100. We employ no-slip boundary conditions on all the walls by setting
ux = uy = uz = 0 on each wall. We impose isothermal boundary conditions on
the horizontal walls by setting the temperature (in its non-dimensional form) on the
bottom wall to 1 and on the top wall to 0. On each sidewall, we set∇T · n̂ = 0 (adiabatic
boundary conditions), where n̂ is the unit vector normal to the wall. All our runs
involve a non-uniform mesh of 2563 grid resolution. The mesh width is minimum
near the boundaries and maximum in the cell center, with an expansion ratio of 2.
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Hence, the mesh width is 0.0027 near the boundaries and 2× 0.0027 = 0.0054 in the
cell center. With this grid configuration, we ensure the required number of points in
the boundary layers to satisfy the resolution criterion of Grötzbach (1983). We choose
a constant value for the time step (∆t) for each run; ∆t = 0.001 free-fall time unit for all
the runs with the exception of Ra = 2× 106, Pr = 100 for which ∆t = 0.0005 free-fall
time unit. The solution files are saved after the simulation progresses every one free-
fall time. More parameter-specific details and the validations of our simulations are
described in Chapters 5 and 6.

There were a few problems in using OpenFOAM. Being a finite-volume solver, it
is more computationally intensive than solvers employing the finite difference method.
Simulations of RBC for Ra > 108 or Pr < 1 required a grid resolution of more than 2563.
However, employing OpenFOAM for such a high-resolution simulation was turning
out to be very expensive. It is to be noted that our analysis is restricted to RBC in a
cubical cell that can easily be simulated using a finite-difference solver with compara-
ble accuracy but with less computational resources (Ferziger and Peric, 2001). Hence,
once the finite difference code SARAS was developed in our group by Samuel et al.
(2020) during the later years of my doctoral work, all the subsequent high-resolution
simulations were performed using SARAS. We will describe SARAS in detail in the
next subsection.

2.1.2 Finite difference method: SARAS

The finite difference method (FDM) is another popular technique employed in CFD. It
is simple to incorporate in regular geometries (cuboid, cylinder, sphere, etc.), is com-
putationally efficient, and provides accurate solutions for these geometries (Anderson,
1995; Ferziger and Peric, 2001). In FDM, the spatial domain is discretized into a fi-
nite number of points. The values of the velocity, pressure, and temperature fields
are considered only at these discrete points (Anderson, 1995; Ferziger and Peric, 2001).
The governing partial differential equations of the fluid flow are converted to alge-
braic equations by approximating derivatives with finite differences. The solution at
each point is obtained by numerically solving the above algebraic equations. In the fol-
lowing, we describe the method of simulation of RBC using the finite difference code
SARAS that was developed by Samuel et al. (2020) and reviewed by Verma et al. (2020).

SARAS uses a staggered grid configuration (Ferziger and Peric, 2001) for storing
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the velocity, pressure, and temperature fields. In this arrangement, the velocity fields
are stored on the face-centers, whereas the scalar fields (pressure and temperature) are
stored in the cell-centers. Equations (1.11) to (1.13) are spatially discretized using the
second-order central difference scheme. According to this scheme, the partial deriva-
tive of a field, f (x, y, z), with respect to, say, x, is given by

∂ f (x, y, z)
∂x

=
f (x + ∆x, y, z)− f (x− ∆x, y, z)

2∆x
, (2.1)

where ∆x is the mesh-width in the x direction. The function f can be velocity or tem-
perature field.

Using SARAS, we solve the non-dimensional equations [Eqs. (1.11) to (1.13)] of
RBC. The computation procedure is as follows. Let the velocity, temperature, and pres-
sure field at time t = t(n) be u(n), T(n), and p(n), respectively. The corresponding fields
at the next time-step, t(n+1), namely u(n+1), T(n+1) and p(n+1), are calculated as de-
scribed below (also, refer to Patankar and Spalding, 1972; Ferziger and Peric, 2001, for
details).

An intermediate velocity field using the known values u(n), T(n), and p(n) is cal-
culated as

u# = u(n) + ∆t

[√
Pr
Ra
∇2

(
u(n) + u#

2

)
+ T(n)ẑ− u(n) · ∇u(n) −∇p(n)

]
, (2.2)

where ∆t is the timestep. In the above equation, the viscous term∇2u is handled semi-
implicitly with equal contribution from u(n) and u#. Equation (2.2) can be rearranged
as

u#−∆t

√
Pr
Ra
∇2u#

2
= u(n)+∆t

(√
Pr
Ra
∇2u(n)

2
+ T(n)ẑ− u(n) · ∇u(n) −∇p(n)

)
. (2.3)

The above equation is solved iteratively using the Gauss-Jacobi method (Kreyszig,
2011).

The intermediate field u# may not satisfy the continuity equation; hence it re-
quires an appropriate correction. This correction is derived by the assuming the fol-
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lowing expression for u(n+1) (Patankar, 1980; Anderson, 1995):

u(n+1) = u(n) + ∆t

[√
Pr
Ra
∇2

(
u(n) + u#

2

)
+ T(n)ẑ− u(n) · ∇u(n) −∇p(n+1)

]
. (2.4)

Subtracting Eq. (2.2) from Eq. (2.4), we get

u(n+1) − u# = −∆t(∇p#), (2.5)

where p# = p(n+1) − p(n) is a pressure correction term. Taking the divergence Eq. (2.5)
and noting that ∇ · u(n+1) = 0 due to the incompressibility condition, we get the fol-
lowing Poisson equation for the pressure correction term:

∇2p# =
∇ · u#

∆t
. (2.6)

SARAS uses geometric multigrid method (Wesseling, 1992) to solve the above pres-
sure Poisson equation. Using the above pressure correction, the velocity and and pres-
sure fields at time t(n+1) are obtained as

p(n+1) = p(n) + p#, (2.7)

u(n+1) = u# − ∆t(∇p#). (2.8)

The temperature field is updated by handling the diffusion term, ∇2T, similar to ve-
locity field in Eq. (2.3) and iteratively solving the following equation using the Gauss-
Jacobi method:

T(n+1) − ∆t
1√

RaPr
∇2T(n+1)

2
= T(n) + ∆t

(
1√

RaPr
∇2T(n)

2
− u(n) · ∇T(n)

)
. (2.9)

Now, we detail the simulation parameters for our present studies. The simula-
tions are performed in a cubical box of unit dimensions. We vary the Rayleigh number
from 5× 105 to 5× 109 and the Prandtl number from 0.02 to 100. We impose no-slip
boundary conditions on all walls, adiabatic boundary conditions on sidewalls, and
isothermal boundary conditions on the top and bottom walls. We vary the grid size
from 2573 to 10253, depending on the parameters. The grid sizes are chosen in such
a way that the viscous and thermal boundary layers contain the required number of
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grid-points to satisfy the resolution criterion of Grötzbach (1983) and Verzicco and Ca-
mussi (2003). The time step ∆t is determined by fixing the maximum Courant number
at 0.2. The maximum Courant number is given by

C =
ux,max∆x

∆t
+

uy,max∆y
∆t

+
uz,max∆z

∆t
, (2.10)

where ux,max, uy,max, and uz,max are respectively the maximum values of the x, y, and z
components of velocities, and ∆x, ∆y, and ∆z are the respective mesh widths in the x,
y, and z directions. Note that we use a uniform grid, hence ∆x, ∆y and ∆z are equal.

We start a simulation on a coarse grid of 643 for Ra = 4000, and unit Prandtl
number with u = 0 and T = 0 as initial conditions. Upon reaching a steady-state, we
successively increase the grid resolution and the intensity of turbulence (by increasing
Ra or decreasing Pr) till we reach the required grid size and the governing parame-
ters. After that, we run the simulations further for 3 to 101 free-fall time (depending
on parameters) after attaining a steady-state. More parameter-specific details and the
validations of our simulations are described in Chapters 4 and 7.

2.2 Post-processing of the simulation data

In this section, we present the numerical methods employed in the post-processing of
our simulation data. We describe the methods used to compute the structure functions,
kinetic energy and entropy spectra and fluxes, the global quantities, boundary layer
thicknesses and the dissipation rates.

2.2.1 Structure functions

Structure functions are two-point statistical quantities; thus, an accurate computation
of these quantities requires averaging over many points. However, incorporation of
a large number of points makes the computations very expensive and challenging.
Therefore, we require an efficient parallel code for accurate computation of structure
functions. In this subsection, we describe the design of fastSF, a parallel C++ code
developed by us to compute the structure functions for a given velocity or scalar field
on Cartesian grids of a 2D or 3D box (Sadhukhan et al., 2021). This code uses Message
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Passing Interface (MPI) for parallelization.

Typical computations of structure functions involve running six nested for loops:
the outer three loops describing the position vector r and the inner three loops describ-
ing r + l. Such an algorithm is used for computing the structure functions of RBC in
Chapter 3. On the other hand, fastSF, which is used for computing the structure func-
tions in Chapter 4, has a more efficient algorithm as described below. The velocity
difference, δu(l), is computed by taking the difference between two points with the
same indices in two equal-sized subdomains generated by the position vector l (see
Fig. 2.1 for an illustration). This feature enables vectorization and loops over l, thus
requiring only three loops instead of six. In the following, we provide the algorithm
for velocity structure function computation.

Pseudo-code

Data: Velocity field u in domain (Lx, Ly, Lz); number of processors P.

Procedure:

• Divide l’s among various processors. The process of data division among the
processors has been described later in this section.

• For every processor:

– for l = (lx, ly, lz) assigned to the processor:

∗ Compute δu(lx, ly, lz) by taking the difference between two points with
the same indices in pink and green subdomains as shown in Fig. 2.1.
This feature enables vectorized subtraction operation.

∗ δu(lx, ly, lz) = δu · l̂ (Vectorized).

∗ for order q:

· Su
q (lx, ly, lz) = Average of (δu)q (Vectorized).

· Send the values of Su
q (lx, ly, lz), q, lx, ly, and lz to the root process.

• The root process stores Su
q (lx, ly, lz).

• Stop

Since Su
q (l) is important for intermediate scales (inertial range) only, we vary l up

to half the domain size, that is, up to (Lx/2, Ly/2, Lz/2), to save computational cost.
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FIGURE 2.1: Schematic for computing the velocity structure functions. The velocity

difference δu(l) is computed by taking the difference between two points with the

same indices in the pink and the green subdomains. For example, u(l)− u(0, 0) =

uB − uA, where B and A are the origins of the green and the pink subdomains.

This feature enables vecotrization of the computation. This figure is taken from

Ref. (Sadhukhan et al., 2021).

The l’s are divided among MPI processors along x and y directions. Each MPI proces-
sor computes the structure functions for the points assigned to it and has access to the
entire input data. After computing the structure function for a given l, each processor
communicates the result to the root process, which stores the Su

q (l) and Su⊥
q (l) arrays.

It is clear from Fig. 2.1 that the sizes of the pink or green subdomains are (Lx −
lx)(Ly − ly)(Lz − lz), which are function of l’s. This function decreases with increasing
l leading to larger computational costs for small l and less cost of larger l. Hence, a
straightforward division of the domain among the processors along x and y directions
will lead to a load imbalance. Therefore, we assign both large and small l’s to each
processor to achieve equal load distribution. We illustrate the above idea using the
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following example.

Consider a one-dimensional domain of size L = 15, for which the possible l’s are

l = {0, 1, 2, 3...15}.

We need to compute the structure functions for l ranging from 0 to 7. We divide the
task among four processors, with two l’s assigned to each processor. The following
distribution of l’s ensures equal load distribution:

Processor 0: l = {0, 7}, ∑(L− l) = (15− 0) + (15− 7) = 23,

Processor 1: l = {1, 6}, ∑(L− l) = (15− 1) + (15− 6) = 23,

Processor 2: l = {2, 5}, ∑(L− l) = (15− 2) + (15− 5) = 23,

Processor 3: l = {3, 4}, ∑(L− l) = (15− 3) + (15− 4) = 23.

Similarly, if two processors are used, then the following distribution results in load
balance.

Processor 0: l = {0, 7, 2, 5},

Processor 1: l = {1, 6, 3, 4}.

This idea of load distribution has been implemented in our program and has been
extended to higher dimensions. fastSF is scalable over many processors as a result of
the above load-balancing strategy along with vectorization (Sadhukhan et al., 2021).

The scaling of the velocity structure functions is analyzed in detail in Chapters 3
and 4.

2.2.2 Energy and entropy spectra and fluxes

We employ the pseudo-spectral code TARANG (Chatterjee et al., 2018; Verma et al.,
2013) to compute the spectra and fluxes of kinetic energy and entropy. TARANG is an
object-oriented parallel code written in C++ and used for simulating flows involving
fluids, RBC, and magnetohydrodynamics. The code also has functions to carry out
important diagnostics such as computation of energy and entropy spectra and fluxes,
shell-to-shell energy transfer, ring energy spectra, etc. (see, for example, Nath et al.,
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2016; Gupta et al., 2019; Sharma et al., 2019). However, TARANG in its present form
can solve only for periodic and free-slip boundary conditions but cannot simulate no-
slip conditions. Thus, we do not use TARANG for our simulations as our subsequent
analysis requires the presence of viscous boundary layers that are formed only near
no-slip walls.

TARANG can, however, be used as a post-processing tool to accurately compute
the inertial-range spectra and fluxes of kinetic energy and entropy using the data gen-
erated from simulations involving no-slip walls. This is done by approximating the
velocity field using free-slip conditions and employing Fourier (sine and cosine) expan-
sion of the field. Note that the viscous boundary layer thickness is very small compared
to the domain size, and the small-scale structures in the boundary layers do not affect
the inertial-range properties (Verma, 2018, 2019b). Hence, even for flows bounded by
rigid walls, the inertial-range spectra and fluxes can be computed by TARANG using
Fourier expansion with reasonable accuracy.

To satisfy the free-slip boundary conditions, we expand the velocity field as fol-
lows (Verma, 2018).

ux(x, y, z) = ∑
kx,ky,kz

ûx(kx, ky, kz)8 sin(kxx) cos(kyy) cos(kzz), (2.11)

uy(x, y, z) = ∑
kx,ky,kz

ûy(kx, ky, kz)8 cos(kxx) sin(kyy) cos(kzz), (2.12)

uz(x, y, z) = ∑
kx,ky,kz

ûz(kx, ky, kz)8 cos(kxx) cos(kyy) sin(kzz), (2.13)

where kx = lπ, ky = mπ, and kz = nπ; l, m, and n are positive integers. For the field
θ, the fluctuation of temperature from conduction profile, the boundary conditions are
as follows. θ is zero on the horizontal walls, and∇θ · n̂ = 0 on the sidewalls. To satisfy
these boundary condtions, θ is expanded using sin and cos basis function as follows.

θ(x, y, z) = ∑
kx,ky,kz

θ̂(kx, ky, kz)8 cos(kxx) cos(kyy) sin(kzz). (2.14)

We also compute the spectral quantities using the data obtained from numeri-
cal simulations of RBC conducted earlier by Verma et al. (2017) and Chatterjee et al.
(2018)∗. The simulation for generating the above data was conducted using TARANG,

[∗] I was not involved with this simulation as it was conducted before the start of my doctoral work.
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2.2 Post-processing of the simulation data

employing free-slip boundary conditions on the horizontal walls (uz = 0, ∂ux/∂z =

∂uy/∂z = 0) and periodic boundary conditions on the vertical walls. To satisfy these
boundary conditions, the velocity and temperature fields are expanded using the fol-
lowing basis functions:

ux(x, y, z) = ∑
kx,ky,kz

ûx(kx, ky, kz)2 exp(ikxx + ikyy) cos(kzz), (2.15)

uy(x, y, z) = ∑
kx,ky,kz

ûy(kx, ky, kz)2 exp(ikxx + ikyy) cos(kzz), (2.16)

uz(x, y, z) = ∑
kx,ky,kz

ûz(kx, ky, kz)2 exp(ikxx + ikyy) sin(kzz), (2.17)

θ(x, y, z) = ∑
kx,ky,kz

θ̂(kx, ky, kz)2 exp(ikxx + ikyy) sin(kzz), (2.18)

where kx = 2lπ, ky = 2mπ, and kz = nπ; l and m are positive or negative integers,but
n is a positive integer.

Having computed the Fourier transforms of the velocity and temperature fields,
the spectra and fluxes of kinetic energy and entropy are computed using Eqs. (1.28),
(1.30), (1.34) and (1.36). These quantities will be studied in detail in Chapter 4.

2.2.3 Global quantities

In this subsection, we discuss the procedure for computing the global quantities: namely
the Reynolds number and the Nusselt number. The Reynolds number is based on the
root mean square velocity in our present work. Using our simulation data of nondi-
mensional velocity field, we compute the nondimensional root mean square velocity
using the following formula employing Simpson’s 1/3 rule for integration:

Urms =

√∫ 1

0

∫ 1

0

∫ 1

0
(u2

x + u2
y + u2

z)dxdydz. (2.19)

Using the value of Urms, we calculate the Reynolds number in its nondimensional form
as

Re =

√
Ra
Pr

Urms. (2.20)

To compute the Nusselt number, we first numerically evaluate the average of the

43



Numerical methods

vertical heat flux (〈uzT〉) using the nondimensional vertical velocity and temperature
fields as follows:

〈uzT〉 =
∫ 1

0

∫ 1

0

∫ 1

0
uzTdxdydz. (2.21)

We employ Simpson’s 1/3 rule for the above integration. After obtaining the average
vertical heat flux, the Nusselt number in its nondimensional form is computed as

Nu = 1 +
√

RaPr〈uzT〉. (2.22)

2.2.4 Boundary layer thicknesses

δu
δT

⟨u2
x + u2

y ⟩A

⟨u2
x + u2

y ⟩A

FIGURE 2.2: For Ra = 107 and Pr = 1 simulated using SARAS: (a) viscous bound-

ary layer thickness near the bottom wall, and (b) thermal boundary layer thickness

near the bottom wall.

In this subsection, we explain the method of computing the boundary layer thick-
nesses.

To compute the thickness of the viscous boundary layer formed near a wall, we
first calculate the root mean square of the wall-parallel velocity over every plane par-
allel to the wall. For example, near the bottom wall, we compute the root mean square
of the wall-parallel velocity (

√
〈u2

x + u2
y〉A) over every horizontal plane. The viscous

boundary layer thickness, δu, is then computed as the depth where a linear fit of the
above wall-parallel velocity profile near the wall intersects with the tangent to the same
velocity profile at its local maximum. See Fig. 2.2(a) for an illustration of the computa-
tion of the viscous boundary layer thickness near the bottom wall.
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2.2 Post-processing of the simulation data

For computing the thermal boundary layer thickness, we compute the tempera-
ture profile 〈T〉A averaged over every horizontal plane. The thermal boundary layer
thickness, δT, is then computed as the depth where a linear fit of the temperature pro-
file near the wall intersects with the mean temperature T = 0.5. See Fig. 2.2(b) for an
illustration.

The above-described methods are standard procedures for computing the bound-
ary layer thicknesses (Scheel et al., 2012; Ahlers et al., 2009b; Breuer et al., 2004; Wagner
et al., 2012).

2.2.5 Dissipation rates

The local viscous and thermal dissipation rates per unit volume, denoted as εu(r) and
εT(r), are calculated as follows:

εu(r) =
1
2

√
Pr
Ra

(
∂ui

∂xj
+

∂uj

∂xi

)2

(2.23)

εT(r) =
1√

RaPr
|∇T|2, (2.24)

where ui and uj are the ith and the jth components of velocity respectively. The gradi-
ents are computed using the second-order central difference method. The dissipation
rates averaged over the entire volume are obtained as follows:

εu =
∫ 1

0

∫ 1

0

∫ 1

0
εu(r)dxdydz, (2.25)

εT =
∫ 1

0

∫ 1

0

∫ 1

0
εT(r)dxdydz, (2.26)

The above integrations are performed using Simpson’s 1/3 rule. The total viscous
and thermal dissipation rates, D̃u and D̃T respectively, are the products of the volume-
averaged dissipation rates and the total volume of the RBC cell. Note that εu and εT

are dissipation rates per unit volume.

In this thesis, we analyze the scaling and relative strengths of the dissipation rates
in the bulk and in the boundary layers. Let δu,TW and δu,SW respectively be the thick-
nesses of the viscous boundary layers near the thermal plates and the sidewalls. Here,
the subscripts TW and SW refer to thermal walls and sidewalls respectively. The total
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viscous and thermal dissipation rates in the bulk are computed as

D̃u,bulk =
∫ 1−δu,TW

δu,TW

∫ 1−δu,SW

δu,SW

∫ 1−δu,SW

δu,SW

εu(r)dxdydz, (2.27)

D̃T,bulk =
∫ 1−δT

δT

∫ 1

0

∫ 1

0
εT(r)dxdydz. (2.28)

Having computed the total viscous dissipation rates in the bulk, we compute the total
dissipation rates in the boundary layers by subtracting the bulk dissipation rates from
the total dissipation rates:

D̃u,BL = D̃u − D̃u,bulk, (2.29)

D̃T,BL = D̃T − D̃T,bulk. (2.30)

Finally, we compute the average dissipation rates in the bulk and in the boundary
layers. Towards this objective, we calculate the volumes of the bulk and the boundary
layer regions:

Vbulk,u = (1− 2δu,TW)(1− 2δu,SW)2, (2.31)

VBL,u = 1−Vbulk,u, (2.32)

Vbulk,T = 1− 2δT,TW, (2.33)

VBL,T = 1−Vbulk,T, (2.34)

where the subscripts u and T represent the viscous and thermal profiles respectively.
Using the values of the subvolumes thus obtained, we compute the average dissipation
rates in the bulk and boundary layers as

εu,bulk = D̃u,bulk/Vbulk,u, εu,BL = D̃u,BL/VBL,u, (2.35)

εT,bulk = D̃T,bulk/Vbulk,T, εT,BL = D̃T,BL/VBL,T. (2.36)

The following pseudocode summarizes the compution procedure of the dissipa-
tion rates in the bulk and boundary layers.

Pseudo-code

Data: Velocity field u(r), Temperature field T(r).
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2.2 Post-processing of the simulation data

Procedure

• Obtain δu,SW , δu,TW , and δT using the method described in Sec. 2.2.4.

• εu(r) = 1
2

√
Pr
Ra

(
∂ui
∂xj

+
∂uj
∂xi

)2
, εT(r) = 1√

RaPr
|∇T|2.

• D̃u =
∫ 1

0

∫ 1
0

∫ 1
0 εu(r)dxdydz,

D̃T =
∫ 1

0

∫ 1
0

∫ 1
0 εT(r)dxdydz (Simpson’s rule).

• D̃u,bulk =
∫ 1−δu,TW

δu,TW

∫ 1−δu,SW
δu,SW

∫ 1−δu,SW
δu,SW

εu(r)dxdydz,

D̃T,bulk =
∫ 1−δT

δT

∫ 1
0

∫ 1
0 εT(r)dxdydz (Simpson’s rule)

• D̃u,BL = D̃u − D̃u,bulk,
D̃T,BL = D̃T − D̃T,bulk.

• Vbulk,u = (1− 2δu,TW)(1− 2δu,SW)2, VBL,u = 1−Vbulk,u

Vbulk,T = 1− 2δT,TW, VBL,T = 1−Vbulk,T.

• εu,bulk = D̃u,bulk/Vbulk,u, εu,BL = D̃u,BL/VBL,u,
εT,bulk = D̃T,bulk/Vbulk,T, εT,BL = D̃T,BL/VBL,T.

• Stop.

The scaling of the dissipation rates in the bulk and boundary layers will be dis-
cussed in detail in Chapters 5, 6, and 7.
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Chapter 3

Velocity structure functions of turbulent
RBC

3.1 Introduction

An important topic of research in Rayleigh-Bénard convection (RBC) is the behavior of
the structure functions and the kinetic energy and entropy spectra in the inertial range.
As discussed in the introductory chapter (Sec. 1.5.3), there has been a long-standing
debate on whether RBC follows Kolmogorov-like phenomenology, as in homogeneous
isotropic turbulence, or Bolgiano-Obukhov phenomenology, as in stably-stratified tur-
bulence. Recently, Kumar et al. (2014) and Verma et al. (2017) used phenomenological
arguments and numerical simulations to show that the kinetic energy spectrum of RBC
is Kolmogorov-like (k−5/3). However, the behavior of the velocity structure functions
remains inconclusive as researchers reported conflicting results (see Sec. 1.5.3.C for a
detailed discussion). In this chapter, we compute the velocity structure functions of
RBC using data from high-resolution direct numerical simulations for large Rayleigh
numbers. We obtain a wide inertial range and hence conclusively show that the veloc-
ity structure functions of RBC scale similar to those of homogeneous isotropic turbu-
lence, consistent with the results of Kumar et al. (2014) and Verma et al. (2017) for the
kinetic energy spectrum.

The results presented in this chapter have been published in Physics of Fluids (Bhat-
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Velocity structure functions of turbulent RBC

tacharya et al., 2019a). A summary of our results is as follows.

3.2 A summary of our results

We analyze the velocity structure functions of RBC using two sets of numerical data.
The first dataset was generated by Verma et al. (2017) using the pseudo-spectral code
TARANG on a 40963 grid for Ra = 1.1× 1011 and Pr = 1. The convection cell of the
first dataset consists of free-slip horizontal walls and periodic sidewalls. The second
dataset was generated by Kumar and Verma (2018) using OpenFOAM on a 2563 grid
for Ra = 1.1× 108 and Pr = 1. All the walls of the convection cell of the second dataset
have no-slip boundary conditions imposed on them.

We compute the velocity structure functions Su
q (l) for q = 2 to 10 and obtain their

scaling exponents ζq for every order. ζq’s are called intermittency exponents. We show
that the third-order structure functions, computed using both sets of data, scale ac-
cording to Kolmogorov’s theory [Su

3 (l) ∼ −l] as in homogeneous isotropic turbulence.
Our results are consistent with Kolmogorov’s energy spectrum observed in turbulent
convection. The intermittency exponents of the structure functions of RBC match well
with She and Leveque (1994)’s predictions for homogeneous isotropic turbulence. We
also demonstrate that the structure functions show extended self-similarity.

We further compute the probability distribution function (PDF) of velocity incre-
ments [δu = {u(r + l)− u(r)} · l/|l|] for different values of the separation distance l.
We show that for small l, the PDFs are non-Gaussian with wide tails. With increasing
l, the PDFs become closer to Gaussian. The tails of the PDFs follow a stretched expo-
nential, with the stretching exponent increasing with l, as is observed in homogeneous
isotropic turbulence (Donzis et al., 2008).

We compute the inertial-range kinetic energy flux, Πu, using the third-order struc-
ture functions and show that Πu 6= εu; instead, it is two to three times less than εu for
our cases. This is unlike in homogeneous isotropic turbulence, where the flux equals
the dissipation rate. Using phenomenological arguments and our simulation data, we
have shown that this difference arises due to non-zero, albeit weak, buoyancy present
in the inertial range. In the next chapter, we show that this factor increases with the
increase of Prandtl number.
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3.3 Published manuscript

3.3 Published manuscript

The details of our numerical simulations and the results are presented in the attached
published manuscript (Bhattacharya et al., 2019a).
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ABSTRACT
In this paper, we analyze the scaling of velocity structure functions of turbulent thermal convection. Using high-resolution numerical simula-
tions, we show that the structure functions scale similar to those of hydrodynamic turbulence, with the scaling exponents in agreement with
the predictions of She and Leveque [“Universal scaling laws in fully developed turbulence,” Phys. Rev. Lett. 72, 336–339 (1994)]. The proba-
bility distribution functions of velocity increments are non-Gaussian with wide tails in the dissipative scales and become close to Gaussian in
the inertial range. The tails of the probability distribution follow a stretched exponential. We also show that in thermal convection, the energy
flux in the inertial range is less than the viscous dissipation rate. This is unlike in hydrodynamic turbulence where the energy flux and the
dissipation rate are equal.
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I. INTRODUCTION
Turbulence remains largely an unsolved problem for scien-

tists and engineers even today. The energetics of three-dimensional
homogeneous and isotropic turbulence is, however, well understood
and was explained by Kolmogorov.1,2 Here, the energy supplied at
large scales cascades down to intermediate scales and then to dissi-
pative scales. The rate of energy supply equals the energy flux, Πu,
and the viscous dissipation rate ϵu. Kolmogorov showed that such
flows exhibit the following property:1–3

⟨[{u(r + l) − u(r)} ⋅ l̂]3⟩ = −4
5
Πul,

Πu = ϵu,
(1)

for η ≪ l ≪ L, where L is the length scale at which energy is
supplied and is of the order of the domain size, and η is the dis-
sipative scale, called Kolmogorov length scale. In Eq. (1), ⟨⋅⟩ rep-
resents the ensemble average, and u(r) and u(r + l) are the veloc-
ity fields at positions r and r + l, respectively. The left-hand side
of Eq. (1), denoted as Su3(l), is the third-order velocity structure

function. For any order q, one expects that, using dimensional anal-
ysis, Suq(l) = ⟨[{u(r + l) − u(r)} ⋅ l̂]q⟩ ∼ lq/3. Using the theory of
Obukhov4 and Corrsin5 on turbulence with passive scalar θ, dimen-
sional analysis yields Sθq(l) ∼ lq/3, where Sθq(l) = ⟨{θ(r + l) − θ(r)}q⟩
is the structure function for the passive scalar. The aforementioned
relations for Suq and Sθq are known as Kolmogorov-Obukhov (KO)
scaling in the literature. In reality, however, the exponents deviate
from q/3 (other than for 3) due to intermittency effects. The velocity
structure functions scale as Suq(l) ∼ lζq , where the exponents ζq fit
well with the model of She and Leveque.6

The scaling of structure functions of turbulent convection,
however, remains an unsolved problem and hence is the theme of
this paper. We focus on Rayleigh-Bénard Convection (RBC) that
deals with a fluid enclosed between two horizontal plates, with the
bottom plate kept at a higher temperature than the top plate. In ther-
mal convection, complications arise due to anisotropy introduced by
gravity and also because the temperature T is an active scalar.

For stably stratified turbulence, Bolgiano7 and Obukhov8 pre-
dicted the kinetic energy spectrum Eu(k) and the thermal energy
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spectrum ET(k) to scale as k−11/5 and k−7/5, respectively, where k ∼ 1/l
is the wavenumber. An extension of Bolgiano-Obukov (BO) theory
to structure functions gives Suq(l) ∼ l3q/5 and STq (l) ∼ lq/5, where STq is
the temperature structure function. BO scaling occurs above the Bol-
giano length scale lB, where the buoyancy forces are dominant. Evi-
dences of BO scaling have been observed in recent studies of stably
stratified9,10 and rotating stratified turbulence.11 Using theoretical
arguments, Procaccia and Zeitak,12 L’vov,13 L’vov and Falkovich,14

and Rubinstein15 proposed the applicability of BO scaling to RBC as
well. Researchers have attempted to confirm the above theory with
the help of experiments and numerical simulations as well as using
theoretical arguments.

Benzi et al.16,17 simulated both 2D and 3D RBC using the lat-
tice Boltzmann method and computed velocity and temperature
structure functions up to the sixth order. They could not observe
any discernible scaling for the structure functions due to short
inertial range. They found them, however, to be self-similar for a
wide range of l, a phenomenon known as extended self-similarity
(ESS).18,19 Furthermore, they claimed BO scaling from the relation-
ship between the velocity and the temperature structure functions.
Ching20 computed temperature and velocity structure functions of
thermal convection using the experimental data of Heslot, Cas-
taing, and Libchaber21 and Sano, Wu, and Libchaber22 as well as
the numerical data of Benzi et al.23 Although Ching20 observed two
distinct scaling regimes separated by the Bolgiano scale, the scaling
exponents deviated from BO theory.

Many researchers obtained KO scaling in the bulk and
attributed it to the large value of local lB, which is of the same order
as the box size. Since lB is small near the walls, it is argued that
the structure functions in those regions follow BO scaling. Using
the third-order structure functions calculated using their lattice
Boltzmann simulation data, Calzavarini, Toschi, and Tripiccione24

claimed BO scaling near the walls and KO scaling at the cell center.
High-resolution multipoint measurements of velocity and tempera-
ture fields in water were conducted by Sun, Zhou, and Xia.25 Their
exponents of velocity structure functions computed at the cell cen-
ter fit well with the She-Leveque model, with the lower orders fol-
lowing Kolmogorov scaling. Using the refined similarity hypothesis,
Ching et al.26 derived power-law relations for conditional velocity
and temperature structure functions computed at the given values
of the locally averaged thermal dissipation rate. Ching et al.26 further
computed the conditional temperature structure functions up to the
fourth order using the experimental data of He and Tong.27 Based
on the observed power-law scaling, they concluded BO scaling near
walls and KO scaling at the cell center.

Using the experimental data of Castaing et al.28 and Shang
et al.,29 Ching30 computed the structure functions of plume veloc-
ity and found them to scale similar to the temperature structure
functions. This is unlike the case of velocity structure functions in
BO scaling, where they scale differently from the temperature struc-
ture functions. Kunnen et al.31 conducted direct numerical simula-
tions (DNS) of RBC in a grid resolution of 129 × 257 × 257. The
velocity structure functions computed by them follow BO scaling
for Rayleigh number Ra = 108 and Kolmogorov scaling for higher
Ra. Ching and Cheng32 calculated temperature structure functions
using the shell model of homogeneous RBC and found them to devi-
ate significantly from BO scaling for q > 4. Kaczorowski and Xia33

conducted direct numerical simulations (DNS) of RBC in grids

ranging from 643 to 7703 and found that the velocity structure func-
tions computed at the cell center approach Kolmogorov scaling for
lower orders.

From the conflicting nature of past results, it is clear that the
behavior of the structure functions of turbulent convection has not
yet been clearly established. Lohse and Xia34 reviewed the experi-
mental, numerical, and theoretical results of past works critically and
raised doubts on the applicability of BO scaling in RBC. Recently,
using phenomenological arguments and numerical simulations,
Kumar, Chatterjee, and Verma9 and Verma, Kumar, and Pandey10

showed the Kolmogorov energy spectrum in RBC. Using energet-
ics arguments, they derived that the energy cascade rate in turbulent
convection is constant, leading to Kolmogorov scaling. Their predic-
tions are being accepted and acknowledged by several groups as is
evident from recent literature.35–41 However, some researchers still
believe that BO scaling is applicable to RBC.11,42–44 In this paper,
using numerical simulations, we reinforce the results of Kumar,
Chatterjee, and Verma9 and Verma, Kumar, and Pandey10 by show-
ing that the velocity structure functions of thermal convection scale
similarly as those of 3D hydrodynamic turbulence. We further show
that although the energy flux in turbulent convection is constant
similar to hydrodynamic turbulence, it differs from the viscous dis-
sipation rate. We will discuss the scaling of temperature structure
functions in a future work.

The outline of this paper is as follows: In Sec. II, we describe the
governing equations of RBC. In Sec. III, we discuss the phenomenol-
ogy of turbulent convection and derive the scaling of third-order
structure functions. In Sec. IV, we briefly discuss the simulation
details and the procedure employed to calculate the velocity struc-
ture functions. In Sec. V, we present the scaling of the structure
functions and discuss the nature of the probability distribution func-
tions (PDFs) of velocity increments. Furthermore, we compare the
energy flux and viscous dissipation rate in RBC and show that the
flux is less than the dissipation rate. Finally, we conclude in Sec. VI.

II. GOVERNING EQUATIONS
In RBC, under the Boussinesq approximation,45,46 we assume

the kinematic viscosity ν, thermal diffusivity κ, and thermal expan-
sion coefficient α to be constants. Furthermore, the density of the
fluid is taken to be constant, except for the buoyancy term in the
momentum equation. The temperature field T can be split as

T(x, y, z) = Tc(z) + θ(x, y, z), (2)

whereTc(z) is the conduction temperature profile and θ(x, y, z) is the
deviation of temperature from the conduction state. Furthermore,
the temperature fluctuation θ is related to the density fluctuation ρ
as45,47

ρ = −ρ0αθ,

where ρ0 is the mean fluid density. The governing equations of RBC
are as follows:

∂u
∂t

+ (u ⋅ ∇)u = −∇σ
ρ0

+ αgθẑ + ν∇2u, (3)

∂θ
∂t

+ (u ⋅ ∇)θ = Δ
d
uz + κ∇2θ, (4)

∇ ⋅ u = 0, (5)
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where u and σ are the velocity and the pressure fields, respec-
tively, and Δ and d are the temperature difference and distance,
respectively, between the top and the bottom plates.

Using d as the length scale,
√
αgΔd as the velocity scale, and Δ

as the temperature scale, we nondimensionalize Eqs. (3)–(5), which
yields

∂u
∂t

+ u ⋅ ∇u = −∇σ + θẑ +

√
Pr
Ra
∇2u, (6)

∂θ
∂t

+ u ⋅ ∇θ = uz +
1√

Ra Pr
∇2θ, (7)

∇ ⋅ u = 0, (8)

where Ra = αgΔd3/(νκ) is the Rayleigh number and Pr = ν/κ is the
Prandtl number. The Rayleigh and Prandtl numbers are the main
governing parameters of RBC.

In Sec. III, we construct a phenomenology for the structure
functions of turbulent convection.

III. PHENOMENOLOGY FOR TURBULENT CONVECTION
BASED ON HYDRODYNAMIC TURBULENCE
A. Energy fluxes and spectra in hydrodynamic
turbulence and thermal convection

For 3D hydrodynamic turbulence, the energy cascade rateΠu in
turbulent flows is constant in the inertial range (η≪ l≪ L). Dimen-
sional analysis gives the following relation for the energy spectrum
Eu(k):

Eu(k) = KKO(Πu)2/3k−5/3, (9)
where KKO is the Kolmogorov constant. The aforementioned k−5/3

spectrum is known as Kolmogorov’s spectrum. In this section, we
briefly describe the phenomenological arguments of Kumar, Chat-
terjee, and Verma,9 Verma, Kumar, and Pandey,10 and Verma47

according to which the energy spectrum in turbulent convection
follows Kolmogorov scaling with constant energy flux, contrary to
the arguments of L’vov13 and L’vov and Falkovich,14 who proposed
Bolgiano-Obukhov scaling with variable flux.

In all turbulent flows, the following equation can be derived
using Eq. (3) (see Refs. 3, 47, and 48):

∂

∂t
Eu(k, t) = − ∂

∂k
Πu(k, t) + F̂(k, t) − D̂u(k, t), (10)

where F̂(k, t) is the energy feed due to forcing and D̂u(k) is the dissi-
pation rate of kinetic energy. For a steady state, we have ∂

∂tEu(k, t) ≈
0 that modifies Eq. (10) to

d
dk

Πu(k) = F̂(k) − D̂u(k). (11)

Now, we will separately consider hydrodynamic turbulence and RBC
and show that the flux is constant for both the cases. However, there
is a difference between the two fluxes, as shown below.
1. Hydrodynamic turbulence

The forcing in hydrodynamic turbulence is supplied at small
wavenumbers. In the inertial range, F̂(k) = 0 and D̂u(k) is negligi-
ble. This results in the following1–3,48 equation:

d
dk

Πu(k) = 0, ⇒ Πu(k) = constant. (12)

Note that in hydrodynamic turbulence, the forcing injection F(k) is
modeled numerically in many ways (refer to Ref. 49 for details).

Let us consider a small wavenumber k0 that lies in the inertial
range and is slightly larger than the forcing wavenumber. Integration
of Eq. (11) from 0 to k0 yields

Πu(k0) −Πu(0) = ∫ k0

0
F̂(k)dk − ∫ k0

0
D̂u(k)dk. (13)

Note that ∫k0
0 F̂(k)dk is the total energy injection rate for hydro-

dynamic turbulence. Since Πu(0) = 0 and the dissipation at small
wavenumbers is negligible, we obtain

Πu(k0) ≈ ∫ k0

0
F̂(k)dk. (14)

Now, integration of Eq. (11) from k0 to∞ yields

Πu(∞) −Πu(k0) = ∫ ∞
k0

F̂(k)dk − ∫ ∞
k0

D̂u(k)dk. (15)

Since Πu(∞) = 0 and F̂(k) = 0 for k ∈ [k0,∞), we get

Πu(k0) = ∫ ∞
k0

D̂u(k)dk ≈ ∫ ∞
0

D̂u(k)dk = ϵu. (16)

Note that k0 is small and D̂u(k) is small in the forcing band. There-
fore, the lower limit of the aforementioned integration has been
replaced with 0. Thus, using Eqs. (14) and (16), we deduce that in
hydrodynamic turbulence, the energy flux in the inertial range is
constant and is approximately equal to the dissipation rate ϵu and
the total energy injection rate.

2. Thermal convection
In turbulent convection, the energy is injected into the system

by buoyancy. We denote this energy feed as F̂B(k). Note that we do
not inject energy externally in convection as we do in hydrodynamic
turbulence. Furthermore, unlike hydrodynamic turbulence, F̂B(k)
acts at all scales in thermal convection. Replacing F̂(k) with F̂B(k),
we rewrite Eq. (11) as

d
dk

Πu(k) = F̂B(k) − D̂u(k). (17)

Since hot plumes ascend and the cold plumes descend, uz and θ are
positively correlated, which means that9,10

⟨θ(r)uz(r)⟩ > 0.

Using this condition, Kumar, Chatterjee, and Verma9 and Verma,
Kumar, and Pandey10 claimed that F̂B(k) > 0, that is, buoyancy
feeds energy to the system. Hence, d

dkΠu(k) > 0 in the steady state
from Eq. (17). It is important to note that in stably stratified flows,
buoyancy depletes energy from the system. Thus, for such flows,
F̂B < 0, resulting in d

dkΠu(k) < 0. This means that the flux decreases
with wavenumber in the inertial range; this is an important ingredi-
ent of Bolgiano-Obukhov scaling.7,8 Since the flux does not decrease
with wavenumber in thermal convection, Bolgiano-Obukhov scaling
is ruled out.

Furthermore, in turbulent convection, Pandey and Verma50

and Pandey et al.51 showed that buoyancy is strong only at large
scales and is weak in the inertial range. Nath et al.52 showed that
the distribution of velocity field in turbulent convection is nearly
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isotropic similar to hydrodynamic turbulence, again indicating weak
buoyancy.

Based on the above observations, Kumar, Chatterjee, and
Verma9 and Verma, Kumar, and Pandey10 argued that F̂B does not
bring about a noticeable increase in Πu(k) (see Fig. 1). Therefore,
F̂B ≈ D̂u ≈ 0, which reduces Eq. (17) to

d
dk

Πu(k) ≈ 0, ⇒ Πu(k) ≈ constant. (18)

Thus, it can be inferred from Eq. (18) that Kolmogorov’s theory of
hydrodynamic turbulence is also applicable to thermal convection.
Integrating Eq. (17) from 0 to a small wavenumber k0 lying in the
inertial range yields

Πu(k0) −Πu(0) = ∫ k0

0
F̂B(k)dk − ∫ k0

0
D̂u(k)dk. (19)

Since Πu(0) = 0 and the dissipation rate is negligible at small
wavenumbers, the above equation reduces to

Πu(k0) ≈ ∫ k0

0
F̂B(k)dk. (20)

Since F̂B(k) is strong at large scales, we deduce from Eq. (20) that a
large part of energy is injected by buoyancy at large scales that con-
tributes to the energy flux in the inertial range; this feature is similar
to hydrodynamic turbulence.

There is, however, a difference between the energetics of RBC
and that of 3D turbulence. Integrating Eq. (17) from k0 to∞ yields

Πu(∞) −Πu(k0) = ∫ ∞
k0

F̂B(k)dk − ∫ ∞
k0

D̂u(k)dk. (21)

Since Πu(∞) = 0, the above equation becomes

Πu(k0) = ∫ ∞
k0

D̂u(k)dk − ∫ ∞
k0

F̂B(k)dk. (22)

Since k0 is small compared to the dissipation range wavenumbers,
we can write

∫ ∞
k0

D̂u(k)dk ≈ ∫ ∞
0

D̂u(k)dk = ϵu.

Now, ∫∞k0
F̂B(k)dk is the energy injected by buoyancy at small scales.

It must be noted that ∫∞k0
F̂B(k)dk > 0 in RBC because F̂B(k),

albeit weak, is positive and adds up to a significant amount when

integrated over the inertial and dissipation range (see Sec. V C).
Therefore,

Πu(k0) ≈ ϵu − ∫ ∞
k0

F̂B(k)dk < ϵu. (23)

Equation (23) clearly shows that unlike in hydrodynamic turbulence,
the energy flux in the inertial range is smaller than the dissipation
rate due to the energy injected by buoyancy at small scales. Recall
that in hydrodynamic turbulence, no energy is injected in these
regimes. In Sec. V C, using the results of numerical simulations of
turbulent convection, we show that the energy flux is smaller than
the dissipation rate by a factor of two to three for our selected cases.
Note that this factor likely depends on Ra, Pr, type of boundary
conditions, etc. A careful study of the spectra and fluxes of thermal
convection for different regimes of Ra and Pr needs to be carried
out to ascertain how this factor depends on the aforementioned
parameters.

In Subsection III B, following the procedure of Kolmogorov,1,2

we derive the relation for the third-order velocity structure functions
of turbulent convection.

B. Velocity structure functions of turbulent
convection

Sun, Zhou, and Xia25 and Zhou, Sun, and Xia53 performed
experiments of turbulent thermal convection and observed isotropy
in regions away from walls. Using detailed numerical simulations,
Nath et al.52 computed the modal energy of the inertial-range
Fourier modes of turbulent convection as a function of polar angle
Θ (angle between the buoyancy direction and the wavenumber) and
found it to be approximately independent of Θ. Thus, they showed
that turbulent convection is nearly isotropic. In Sec. V A, we com-
pute the second-order velocity structure functions as functions of l
and Θ (Θ is the angle between the buoyancy direction and l) using
our numerical data and show that they are nearly independent of Θ.
This again shows near-isotropy in thermal convection. We believe
that isotropy is related to the fact that in turbulent convection, buoy-
ancy “effectively” injects energy at large scales, but it is weak in the
inertial range.

Furthermore, at high Rayleigh numbers, the boundary layers
are very thin, with the boundary layer thickness δu ≪ d, where d
is the domain height. Therefore, for simplification, we neglect the
effects of boundary layers and consider the system to be homoge-
neous. In the Appendix, we show that in turbulent thermal con-
vection, the planar structure functions and those computed in the

FIG. 1. For RBC: (a) A schematic diagram of a wavenumber
shell of radius k showing the buoyant energy feed F̂B and
the kinetic energy flux Πu(k). (b) Schematic plot of Πu(k) vs
k. Πu(k) ≈ constant in the inertial range because of weak
F̂B. Viscous dissipation D̂u(k) is dominant for k > kd .
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entire domain exhibit somewhat similar scaling; this result also val-
idates the assumptions of approximate homogeneity and isotropy
for turbulent convection. Using the assumptions of homogeneity,
isotropy, and steady state and following similar lines of arguments
as Kolmogorov,1,2 we derive the relation for the third-order structure
function for turbulent convection in the following discussion.

For homogeneous and incompressible turbulent flows, the tem-
poral evolution of the second-order velocity correlation function can
be written as follows:1–3

∂

∂t
[1

2
⟨ui(r)ui(r + l)⟩] = Tu(l) + FB(l) −Du(l), (24)

where

Tu(l) = 1
4
∇l ⋅ ⟨[u(r + l) − u(r)]2[u(r + l) − u(r)]⟩,

FB(l) = ⟨Fi(r)ui(r + l)⟩,
Du(l) = ν∇′2⟨ui(r)ui(r + l)⟩.

Here, Tu(l) is the nonlinear energy transfer at scale l, FB(l) is the
force correlation at l, and Du(l) is the corresponding dissipation rate.
The symbol ∇′2 represents the Laplacian at r + l. Under a steady
state, the left-hand side of Eq. (24) disappears. Furthermore, we
focus on the inertial range where Du(l) ≈ 0 that yields

FB(l) ≈ −Tu(l). (25)

Now, FB(l) can be expanded as Fourier series as follows:

FB(l) =∑
k
F̂B(k) exp(ik ⋅ l). (26)

Following Verma, Kumar, and Pandey,10 we model F̂B(k) as3

F̂B(k) = A
2
(δk, k0 + δk,−k0) + Bk−5/3. (27)

Substitution of Eq. (27) into Eq. (26) yields

FB(l) = A cos(k0 ⋅ l) + ∫ Bk−5/3 exp(ik ⋅ l)dk
≈ A + DBl2/3. (28)

This is because k0 ⋅ l ≈ 0 since turbulent convection is essentially
forced by large-scale plumes.10 Here, B is a small constant. Now,
for an isotropic flow, Tu(l) = Tu(l) and is related to the third-order
structure function Su3(l) as (see Ref. 3)

Tu(l) = 1
12

1
l2

d
dl
[1
l
d
dl
{l4Su3(l)}]. (29)

Combining Eqs. (25), (28), and (29), we get

− 1
12

1
l2

d
dl
[1
l
d
dl
{l4Su3(l)}] = A + DBl2/3. (30)

Integrating the above expression twice and noting that Su3(0) = 0, we
obtain the following relation:

Su3(l) = −4
5
(Al + D′Bl5/3). (31)

Now, we assume that the large-scale buoyant energy feed at k = k0
equals the energy flux Πu and that B is small. Therefore, we have
A ≈ Πu, and

Su3(l) = −4
5
Πul. (32)

Thus, the scaling of the third-order structure functions of RBC is
similar to those of 3D hydrodynamic turbulence, except that ϵu of
Su3(l) is replaced by Πu. Note that Πu < ϵu for RBC. We will verify
the above relation in Sec. V using numerical simulations.

It is important to note that for hydrodynamic turbulence, F̂(k)
is provided at small wavenumbers and is equal to the viscous dissipa-
tion rate ϵu. Inverse Fourier transform of F̂(k) results in a constant
value of F(l) that equals ϵu. Using the same procedure as shown
above, one can derive that Su3(l) = −(4/5)ϵul. Note that in RBC, ϵu
of the above Su3(l) is replaced by Πu. We also remark that our argu-
ments are consistent with the results of Kunnen and Clercx,54 who
computed the scale-by-scale energy budget in direct numerical sim-
ulations of RBC and showed that Su3(l) ≠ −(4/5)ϵul for convective
turbulence.

Finally, as mentioned previously, it must be noted that Eq. (32)
has been derived under the assumption of homogeneity and
isotropy, which may not be the case for all regimes of turbulent
convection. For example, Nath et al.52 have shown that anisotropy
is stronger for large Prandtl numbers. Thus, we cannot make the
assumption of isotropy in this regime.

In Sec. IV, we discuss the numerical techniques involved in the
computation of the structure functions.

IV. NUMERICAL METHODS
We use two sets of numerical data to compute the veloc-

ity structure functions, each set having different boundary condi-
tions. The first set is the data of Verma, Kumar, and Pandey,10

who performed direct numerical simulations (DNS) of RBC on
a 40963 grid. The grid corresponds to a cube of unit dimension.
The Rayleigh and Prandtl numbers were chosen as 1.1 × 1011 and
unity, respectively. The simulation was performed using a pseu-
dospectral code.55,56 Free-slip and isothermal boundary conditions
were employed at the top and bottom plates, and periodic bound-
ary conditions were employed at the side walls. For details, refer to
Ref. 10.

The second set of data is that of Kumar and Verma.57 This sim-
ulation was performed using a finite volume solver58 on a nonuni-
form 2563 grid that corresponds to a cube of unit dimension. The
Rayleigh and Prandtl numbers were chosen as 1 × 108 and unity,
respectively. No-slip boundary conditions were imposed at all the
walls; such realistic boundary conditions capture the wall effects.
Isothermal boundary conditions were imposed at the top and bot-
tom plates and adiabatic boundary conditions at the side walls. For
spatial discretization schemes, time-marching method, and the val-
idation of the code, see Refs. 57, 59, and 60. We interpolate the
velocity fields to a uniform 2563 grid.

We compute the velocity structure functions in the entire
domain using a combination of shared (OpenMP) and distributed
memory [Message Passing Interface (MPI)] parallelization (see
Ref. 61). The computations involve running six nested for loops:
the outer three loops describing the position vector r and the inner
three loops describing r + l. To save computational resources, we
condense our free-slip data to 5123 grid. Note that we are interested
only in scales pertaining to the inertial range and not the dissipa-
tive scales. After the aforementioned coarsening, we are still able to
resolve scales above 6η and capture the inertial range very well in
addition to avoiding unnecessary computational costs. The number

Phys. Fluids 31, 115107 (2019); doi: 10.1063/1.5119905 31, 115107-5

Published under license by AIP Publishing



Physics of Fluids ARTICLE scitation.org/journal/phf

of MPI nodes used was equal to the number of grid points in the
x-direction, while the number of OpenMP threads used was 32.

In Sec. V, we will discuss the numerical results.

V. NUMERICAL RESULTS
In this section, for turbulent thermal convection, we describe

the scaling of the velocity structure functions, the probability distri-
bution functions of velocity increments, and the difference between
the energy flux and viscous dissipation rate.

A. Structure functions
Before computing the structure functions, we first numerically

compute the viscous dissipation rate ϵu using the velocity field data
of our free-slip and no-slip cases. We use the relation

ϵu = ⟨2νSijSij⟩ (33)

to compute the viscous dissipation rate, where Sij is the strain rate
tensor, and ⟨⋅⟩ represents the volume average. Furthermore, we com-
pute the Kolmogorov length scale η and the Nusselt number Nu
using the following relations:3,34,62

η = ( ν3

ϵu
)1/4

, (34)

Nu = 1 +
⟨uzθ⟩
κΔd−1 . (35)

In Table I, we list the values of Nu, ν, ϵu, and η for both free-slip
and no-slip data. Clearly, η is larger for the no-slip case because of
lower Ra. Furthermore, we remark that the viscous boundary layers
are thin for our data, with δu = 0 for the free-slip simulation and δu≈ 2η for the no-slip simulation.59 Thus, most of the flow resides in
the bulk.

Next, we validate the assumption of isotropy in turbulent con-
vection. Using both sets of data, we compute the second-order veloc-
ity structure functions in the entire domain as functions of l and
Θ, where Θ is the angle between the buoyancy direction and l.
Figures 2(a) and 2(b) exhibit the polar plots Su2(l,Θ), with l spanning
the inertial-dissipation range (0 < l/η < 210 for the free-slip case and
0 < l/η < 40 for the no-slip case). Figures 2(a) and 2(b) clearly show
that the structure functions are nearly independent of Θ, thereby
demonstrating near-isotropy in the inertial-dissipation range.

Now, we compute the magnitude of Suq as a function of l in the
entire domain, with q ranging from 2 to 10. Figure 3 exhibits the
plots of structure functions of orders 2, 3, 6, 8, and 10 vs l/η for both
sets of data. Contrary to the results of Benzi et al.,16,17 we observe a
discernible scaling range for the third order structure function. The
range is found to be 32 < l/η < 200 for the free-slip data and 19 < l/η
TABLE I. For the two simulations of RBC: Rayleigh number Ra, Nusselt number Nu,
kinematic viscosity ν, viscous dissipation rate ϵu, and Kolmogorov length scale η.

Case Ra Nu ν ϵu η

Free-slip 1.1× 1011 582 3.02× 10−6 2.59× 10−3 3.21× 10−4

No-slip 1.0× 108 32.8 1.00× 10−4 3.18× 10−3 4.21× 10−3

FIG. 2. For the (a) free-slip and (b) no-slip simulations of RBC: Polar (l, Θ) plots
of the logarithms of second-order velocity structure functions, where Θ is the
angle between the buoyancy-direction and l. l spans the inertial-dissipation range:
0 < l/η < 210 for the free-slip data and 0 < l/η < 40 for the no-slip data. The struc-
ture functions are nearly independent of Θ, thus demonstrating near-isotropy in
the inertial-dissipation range.

< 40 for the no-slip data. The range is much smaller for the no-slip
case because of the higher value of η. Note that the length scales in
the inertial range are much larger than the boundary layer thickness.

We compute the scaling exponents ζq and the prefactor A
by fitting the relation Suq(l) = Alζq to our data within the scal-
ing range. Table II lists A and ζq for both sets of data. Note that
ζ3 = 0.97 and 0.98 for the free-slip and the no-slip cases, respec-
tively, which are close to Kolmogorov scaling of Su3 ∼ l. From
Table II and Figs. 3 and 4, we observe that for lower orders, the
scaling exponents ζq for free-slip and no-slip boundary conditions
are nearly equal, and they are close to q/3, which is a generaliza-
tion of Kolmogorov’s theory of turbulence. For q = 2, ζ2 ≈ 2q/3
that yields k−5/3 energy spectrum. These results are consistent with
the Kolmogorov energy spectrum in thermal convection observed
by Kumar, Chatterjee, and Verma,9 Verma, Kumar, and Pandey,10

and Kumar and Verma.57 Our results are also consistent with those
of Sun, Zhou, and Xia25 and Kaczorowski and Xia,33 who reported
Kolmogorov scaling of the structure functions of RBC computed at
the cell center. On the other hand, our results are contrary to those
of Benzi et al.,16,17 Calzavarini, Toschi, and Tripiccione,24 and Kun-
nen et al.31 (for Ra = 108), who deduced Bolgiano-Obukhov scaling
based on their simulations. However, it must be noted that Kunnen
et al.31 could not observe Bolgiano-Obukhov scaling for Ra > 108;
rather, they reported Kolmogorov scaling, similar to our results.
We will discuss more on Bolgiano-Obukhov scaling later in this
section.

As illustrated in Table II and Fig. 4, higher order ζq’s for the
free-slip data are marginally lower than those for the no-slip data.
Also, for higher order structure functions, ζq deviates from q/3 due
to intermittency. To explain intermittency effects in hydrodynamic
turbulence, She and Leveque6 proposed the following model for ζq:

ζq = q
9

+ 2(1 − (2
3
)q/3). (36)
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FIG. 3. For (a) the free-slip and (b) no-slip simulations of RBC: plots of ∣Suq ∣ with
decreasing line thickness for q = 2 (green), 3 (red), 6 (purple), 8 (brown), and 10
(blue) vs l/η. The vertical solid gray line marks the Bolgiano length scale.

Interestingly, the aforementioned equation describes ζq calcu-
lated using our RBC data quite well [see Figs. 4(a) and 4(b)].
These results demonstrate similarities between ζq scaling in con-
vection and in hydrodynamic turbulence, consistent with earlier
results.9,10,47 Our results also match with the experimental work of
Sun, Zhou, and Xia,25 who observed the scaling exponents of struc-
ture functions calculated at the cell-center to fit with the model of
She-Leveque.

FIG. 4. For (a) the free-slip and (b) no-slip simulations of RBC: plots of ζq (squares)
vs q. ζq matches closely with the predictions of She and Leveque6(dashed line).
The figures also contain the prediction of Kolmogorov ζq = q/3 (dotted line) and
the prediction of Bolgiano-Obukhov ζq = 3q/5 (chained line).

In Fig. 5, we plot the logarithms of Su2 , Su6 , Su8 , and Su10 vs log10 ∣Su3 ∣
for both free-slip and no-slip cases and observe the structure func-
tions to be self-similar, that is,

Suq ∼ (Su3)β(q,3), (37)

TABLE II. For the free-slip and no-slip simulations of RBC: prefactor A and the scaling exponent ζq for the structure functions
computed by fitting the relation ∣Suq(l)∣ = Alζq to our data.

Free-slip simulation (Ra = 1.1× 1011) No-slip simulation (Ra = 1.0× 108)

q A ζq A ζq

2 (2.8 ± 0.1)× 10−2 0.70 ± 0.01 (2.3 ± 0.1)× 10−2 0.71 ± 0.01
3 (9.3 ± 0.5)× 10−4 0.97 ± 0.01 (8.5 ± 0.5)× 10−4 0.98 ± 0.02
4 (2.0 ± 0.1)× 10−3 1.26 ± 0.02 (1.6 ± 0.1)× 10−3 1.25 ± 0.02
5 (1.5 ± 0.1)× 10−4 1.45 ± 0.02 (2.6 ± 0.2)× 10−4 1.60 ± 0.04
6 (1.8 ± 0.1)× 10−4 1.69 ± 0.02 (2.6 ± 0.2)× 10−4 1.76 ± 0.03
7 (2.1 ± 0.1)× 10−5 1.81 ± 0.02 (7.6 ± 0.8)× 10−5 2.01 ± 0.05
8 (2.7 ± 0.3)× 10−5 2.09 ± 0.03 (6.0 ± 0.6)× 10−5 2.16 ± 0.05
9 (3.9 ± 0.7)× 10−6 2.14 ± 0.05 (2.6 ± 0.4)× 10−5 2.33 ± 0.07
10 (3.1 ± 0.5)× 10−6 2.28 ± 0.05 (2.1 ± 0.3)× 10−5 2.51 ± 0.07
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FIG. 5. For (a) the free-slip and (b) no-slip simulations of RBC: plots of Suq vs Su3 .
This extended self-similarity goes beyond the inertial range.

where β(q, 3) = ζq/ζ3. The computed values of the exponent β(q, 3)
are also shown in Fig. 5. This scaling occurs for l/η ranging from
12 to 530 for the free-slip case and 9–45 for the no-slip case. The
range of Suq vs Su3 plots of Fig. 5 is wider than that of Suq plots of Fig. 3
(in Fig. 5, the range extends well beyond the inertial range to the
dissipative scales). This is called extended self-similarity (ESS).18,19

ESS has been observed in previous studies of convection.16,17,34

Note that ESS was first reported by Benzi et al.18 in hydrodynamic
turbulence.

According to Pope,62 the upper limit of the inertial range can
be estimated by lPEI ≈ L/6 and the lower limit lPDI ≈ 60η. Going by this
estimate, lPEI = 530η for our free-slip data. Note that the upper and
the lower limits of the power-law range of the structure functions for
our free-slip data are of the same order of magnitude as Pope’s esti-
mate. For the no-slip case, because of the large value of η and the dis-
sipative nature of the OpenFOAM solver, lPDI(= 60η) is greater than
lPEI(= 40η). Therefore, Pope’s estimate for the lower limit does not
hold for the no-slip case; this is expected because Pope’s estimates
are expected to work for homogeneous and isotropic turbulence or
periodic boundary condition.

An important point to note is that ζq curve does not fit with
ζq = 3q/5, which is a generalization of the Bolgiano-Obukhov (BO)
model. As discussed in Sec. III A 2, Kumar, Chatterjee, and Verma9

and Verma, Kumar, and Pandey10 have argued against the Bolgiano-
Obukhov (BO) model for RBC based on energy flux arguments. This
result is contrary to some of the earlier works12–14,16,17,20,31 that argue
in favor of the Bolgiano-Obukhov model. Note that the Bolgiano

length computed using lB = Nu1/2/(PrRa)1/4 is approximately 130η
and 14η for the free-slip and no-slip boundary conditions, respec-
tively. They are marked as vertical lines in Fig. 3. We do not discuss lB
in detail because the Bolgiano-Obukhov (BO) model has been shown
to be inapplicable for RBC9,10,47(see Sec. III A 2).

In the Appendix, we compute the planar structure functions
for several horizontal cross sections. We observe that these struc-
ture functions are somewhat similar to those described above, with
a difference that planar structure functions exhibit relatively higher
fluctuations. This is due to lesser averaging for the planar structure
function.

In Subsection V B, we describe the probability distribution
function (PDF) for the velocity difference between two points.

B. Probability distribution function for velocity
increments

For different values of l/η, we compute the probability distribu-
tion functions (PDFs) of velocity increments, δu = {u(r + l)−u(r)}⋅l̂,
using the free-slip and the no-slip data. Figure 6(a) exhibits the PDFs
of δu for the free-slip data. For small l, the PDFs are non-Gaussian
with wide tails. The tails fit with a stretched exponential curve given
by P(δu) ∼ exp(−m|δu∗|α), where δu∗ = δu/√⟨δu2⟩. We observe
that the stretching exponent α = 0.8, 1.0, and 1.8 for l/η = 12, 62, and
170, respectively. Thus, the PDFs become closer to Gaussian (repre-
sented by the dashed black curve) as l increases. This is expected

FIG. 6. For (a) the free-slip and (b) no-slip simulations of RBC: probability distri-
bution functions of δu for various l/η (as shown in legends). The tails fit well with
the stretched exponential (solid curves). The dashed black curves represent the
standard Gaussian distribution.
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since the velocities at two largely separated points become inde-
pendent of each other. Our results are similar to those observed in
hydrodynamic turbulence (see Refs. 63 and 64).

Figure 6(b) exhibits the PDFs of δu calculated using the no-slip
data. Clearly, the tails are narrower compared to the free-slip case.
This is because of the weaker velocity fluctuations owing to the lower
Rayleigh number. Moreover, the presence of viscous boundary lay-
ers also reduces the fluctuations. Pandey et al.65 showed that for the
same parameters, the large scale velocity and heat flux are less for
convection with no-slip walls than with free-slip walls. Similar to the
free-slip case, the tails of the PDFs fit well with a stretched exponen-
tial. For l/η = 7, 12, and 37, α’s are 0.9, 1.0, and 1.7, respectively, for
the left tail and 1.0, 1.2, and 1.9, respectively, for the right tail. The
PDFs become close to Gaussian at large scales, similar to the free-slip
case.

C. Buoyancy forcing, energy flux, and viscous
dissipation rate

In this section, we provide a numerical demonstration that the
energy flux and the viscous dissipation rate differ in RBC.

Using the third-order velocity structure functions, we calculate
the energy flux Πu using Eq. (32) as

Πu = −5
4
Su3
l

. (38)

We list the values of the energy flux in Table III. We also compute
the Fourier transform of our velocity and temperature field data and
compute the spectral energy flux using the following relation:55,56

Πu(k0) = ∑
k≥k0

∑
p<k0

δk, p+qI([k ⋅ u(q)][u∗(k) ⋅ u(p)]). (39)

We plot the flux [computed using Eq. (39)] against k in Fig. 7.
We observe the value of the flux to be almost constant in the inertial
range, and it closely matches with that computed using Eq. (38). In
Table III, we also list the values of ϵu computed in Sec. V A.

From Table III, we observe that ϵu ≈ 2Πu for the free-slip
case and ≈3Πu for the no-slip case. This is unlike in 3D hydrody-
namic turbulence in which the flux and viscous dissipation rate are
equal. Our results are consistent with our arguments in Sec. III A 2
where we show that the difference between the flux and the viscous
dissipation rate arises due to nonzero buoyancy in the inertial range.

Using the values of Πu(k) computed using Eq. (39), we numeri-
cally compute d

dkΠu(k) using the central-difference method. We also
compute the energy spectrum Eu(k) and obtain the spectrum of vis-
cous dissipation using the relation D̂u(k) = 2νk2Eu(k). Using the
values of the dissipation spectrum and d

dkΠu(k) and assuming steady

TABLE III. For the two simulations of RBC: energy flux Πu computed using the third-
order structure functions, viscous dissipation rate ϵu, and the Kolmogorov constant
KKO.

Case Πu ϵu KKO

Free-slip (1.29 ± 0.06)×10−3 2.59× 10−3 1.59 ± 0.09
No-slip (1.09 ± 0.03)×10−3 3.18× 10−3 1.53 ± 0.04

FIG. 7. For (a) the free-slip and (b) no-slip simulations of RBC: the spectra of
buoyancy forcing F̂B(k) (dashed blue lines), its integral ∫∞k F̂B(k′)dk′ (chained
black lines), and the kinetic energy flux Πu(k) (solid red lines). F̂B(k) is weak in
the inertial range. Πu(k) is of the same order as ∫∞k F̂B(k′)dk′ and is less than
the viscous dissipation rate ϵu (dotted green lines).

state, we compute F̂B(k) using Eq. (17),

F̂B(k) = d
dk

Πu(k) + D̂u(k).
We plot the values of Πu(k), F̂B(k), and ∫∞k F̂B(k′)dk′ in

Fig. 7(a) for the free-slip case and in Fig. 7(b) for the no-slip case.
In each of the plots, we also draw a horizontal line denoting the vis-
cous dissipation rate. As shown in Figs. 7(a) and 7(b), in the inertial
range,

Πu ∼ ∫ ∞
k

F̂B(k′)dk′
and is approximately ϵu/2 for the free-slip case and ϵu/3 for the no-
slip case. In addition, F̂B(k′) in the inertial range is weak, consistent
with our previous arguments.

In Fig. 8, we plot the cumulative buoyant energy forcing∫k0 F̂B(k′)dk′, the cumulative viscous dissipation rate ∫k0 D̂u(k′)dk′,
and the energy flux Πu(k) against k for both sets of data. The plots
clearly show that the cumulative buoyant energy forcing at small
wavenumbers contributes to the energy flux in the inertial range,
consistent with our arguments in Sec. III A 2. For the free-slip data,∫k0 F̂B(k′)dk′ remains close to the flux until k = 200, after which it
deviates from Πu(k). Similar behavior is also observed for the no-
slip data, but with the threshold wavenumber k = 18. Above these
wavenumbers, ∫k0 F̂B(k′)dk′ increases slowly and merges with the
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FIG. 8. For (a) the free-slip and (b) no-slip simulations of RBC: the spectra of
cumulative buoyancy forcing ∫k0 F̂B(k′)dk′ (chained black lines), kinetic energy
flux Πu(k) (solid red lines), and cumulative dissipation rate ∫k0 D̂u(k′)dk′ (thick
green lines). The cumulative buoyancy forcing at small wavenumbers contributes
mainly to the flux in the inertial range.

cumulative dissipation rate ∫k0 D̂u(k′)dk′ at dissipation wavenum-
bers. It is clear that ∫k0 F̂B(k′)dk′ at small wavenumbers (which con-
tributes to the inertial range energy flux) is, respectively, 1/2 and 1/3
of the total energy injection rate [∫∞0 F̂B(k′)dk′] for the free-slip and
the no-slip data.

Finally, we compute the Kolmogorov constant KKO by first cal-
culating the constant C using the following relation involving the
second-order structure function and the energy flux:

Su2(l) = C(Πu)2/3l2/3. (40)

After this, we compute the Kolmogorov constant using62

KKO = 55
72

C. (41)

We list the values of Kolmogorov constant for both free-slip and no-
slip cases in Table III. Interestingly, KKO of Table III is quite close to
that for hydrodynamic turbulence.3

VI. CONCLUSIONS
Using the numerical data of thermal convection, we compute

the velocity structure functions Suq for q = 2–10. The first dataset10

was generated with free-slip boundary conditions for Ra = 1.1 × 1011

and Pr = 1, and the second set57 with no-slip boundary conditions
with Ra = 1 × 108 and Pr = 1. We calculate the scaling exponent ζq
from Suq .

We show that the third-order structure functions, computed
using both sets of data, scale according to Kolmogorov’s theory
[Su3 = −(4/5)Πul]. Our results are consistent with Kolmogorov’s
energy spectrum observed in turbulent convection. The exponents
of the structure functions of thermal convection match well with
the predictions of She-Leveque. We demonstrate that the structure
functions show extended self-similarity.

We also calculate the probability distribution function (PDF) of
velocity increments for different values of the separation distance l.
We show that for small l, the PDFs are non-Gaussian with wide tails.
With increasing l, the PDFs become closer to Gaussian. The tails of
the PDFs follow a stretched exponential, and the stretching exponent
increases with l. Note that the PDFs of hydrodynamic turbulence
show similar behavior.

We compute the energy flux Πu using the third-order struc-
ture functions and show that Πu ≠ ϵu; instead, it is two to
three times less than ϵu for our cases. This is unlike in hydro-
dynamic turbulence where flux equals the dissipation rate. Using
phenomenological arguments, we have shown that this difference
arises due to nonzero, albeit weak, buoyancy present in the inertial
range.

In summary, the scaling behavior of velocity structure func-
tions of turbulent convection shows similarities with those of 3D
hydrodynamic turbulence. We do not analyze the temperature struc-
ture functions in this paper. Some of the notable works on temper-
ature structure functions of turbulent convection include those of
Ching20 and Ching et al.26 We will discuss the scaling of temperature
structure functions in a future work.
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APPENDIX: EXTENT OF HOMOGENEITY
IN TURBULENT CONVECTION

For very high Rayleigh number RBC, the boundary layers are
quite thin. Hence, the flow, mostly residing in the bulk, is nearly
homogeneous. However, for relatively smaller Ra (around 108),
there can be some inhomogeneity due to plumes and large-scale
structures. To test the extent of inhomogeneity, we compute the
third-order velocity structure functions for three horizontal slices
of the free-slip and no-slip flow profiles detailed in the main text.
The three slices are at z = 0.25, 0.5, and 0.75. Note that the z = 0.5
corresponds to the midplane.

Figure 9 exhibits the plots of ∣Su3(l)∣ vs l/η for the three planes.
For the free-slip data with higher Ra [Fig. 9(a)], ∣Su3(l)∣ ∼ lζ3 , where
ζ3 ≈ 1 for z = 0.25 and 0.5. However, for the z = 0.75 plane,

Phys. Fluids 31, 115107 (2019); doi: 10.1063/1.5119905 31, 115107-10

Published under license by AIP Publishing



Physics of Fluids ARTICLE scitation.org/journal/phf

FIG. 9. Plots of the planar structure function Su3(l) at z = 0.25, 0.5, and 0.75 for
(a) the free-slip and (b) no-slip simulations. Despite some spatial inhomogeneity,
especially for the no-slip boundary condition (b), there exists scaling range with
the scaling exponent ζ3 ∼ 1.

ζ3 = 0.86, which is slightly below unity. The upper and the lower lim-
its of the scaling range are nearly the same as those for the structure
functions computed in the entire domain [see Fig. 3(a)]. Thus, it is
reasonable to assume the free-slip data to be homogeneous. How-
ever, we observe stronger spatial inhomogeneities for the no-slip
data, as shown in Fig. 9(b). Here, the scaling regime of ∣Su3(l)∣ ∼ lζ3 is
observed for all three planes, with ζ3 ranging from 1.02 to 1.15. How-
ever, the range of the scaling regime differs for the three planes. Note
that the spatial inhomogeneities are stronger for no-slip bound-
ary conditions due to the relatively stronger plumes for the no-slip
boundaries.

As mentioned earlier, the observed inhomogeneity, which is
more prominent for no-slip data, can be attributed to localized
plumes. Thus, the structure functions are required to be averaged
over more points to cancel out the effects of the plumes. That is why
bulk structure functions are smoother than those for the planes, and
they are closer to the predictions of She-Leveque.6
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Chapter 4

Behavioural changes in turbulent RBC
with Prandtl number

4.1 Introduction

In Chapter 3, we analyzed the structure functions of RBC for Pr = 1 and showed that
they scale similar to those of homogeneous and isotropic turbulence. Our results thus
reinforced the arguments of Kumar et al. (2014) and Verma et al. (2017) who showed
Kolmogorov-like scaling of the energy spectrum of RBC. We also showed that for RBC,
the inertial range kinetic energy flux is less than the viscous dissipation rate due to
multiscale kinetic energy injection due to buoyancy. Note, however, that large-Pr RBC
exhibits much steeper power-laws [Eu(k) ∼ k−13/3] as shown by Pandey et al. (2014).

So far, the analysis of the structure functions and the spectral quantities of RBC
have been conducted for fixed sets of governing parameters. These studies do not
provide us with a comprehensive understanding of the variations of the above small-
scale statistics with Ra or Pr. In this chapter, we study the Pr dependence of the spectra
and fluxes of kinetic energy and entropy and the velocity structure functions. We also
study, for the first time, the variations of the local heat fluxes with Pr. The results of
this work have been published in Physical Review Fluids (Bhattacharya et al., 2021a).

The outline of the chapter is as follows. We discuss the simulation details in
Sec. 4.2. In Sec. 4.3, we obtain the Pr dependence on the spectral quantities using our
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TABLE 4.1: Details of our data obtained direct numerical simulations of RBC per-

formed in a cubical box for Ra = 107: the Prandtl number (Pr), the grid size, the

ratio of the Kolmogorov length scale (for Pr ≤ 1) or the Batchelor length scale (for

Pr > 1) to the mesh width (η/∆x), the number of grid points in viscous and ther-

mal boundary layers (NVBL and NTBL respectively), the Nusselt number (Nu), the

Nusselt number computed using the viscous dissipation rate (Nuu), the Nusselt

number computed using the thermal dissipation rate (NuT), the number of non-

dimensional time units (tND), and snapshots over which the quantities are aver-

aged.

Pr Grid size η/∆x NVBL NTBL Nu Nuu NuT tND Snapshots
0.02 10253 1.45 7 48 10.3 11.0 10.8 3 31
0.1 5133 1.52 6 20 13.9 14.0 13.9 33 66
1 2573 2.31 5 9 16.3 16.3 16.4 101 101

6.8 2573 2.33 6 9 15.9 15.8 16.0 101 101
100 2573 2.30 7 9 16.8 16.7 16.6 101 101

simulation data. In Sec. 4.4, we discuss the scaling of velocity structure functions for
different Pr. In Sec. 4.5, we study the probability distribution of the convective heat
flux. We summarize our results in Sec. 4.6.

4.2 Details of our numerical simulations

We numerically solve Eqs. (1.11)-(1.13) for Pr from 0.02 to 100 for a fixed Rayleigh num-
ber of Ra = 107 to study Pr dependence of turbulent thermal convection. The simula-
tions were performed on a cubical domain of unit dimension using the finite difference
solver SARAS (Verma et al., 2020; Samuel et al., 2020). No-slip boundary conditions
were imposed on all the walls, adiabatic boundary conditions on the sidewalls, and
isothermal boundary conditions on the top and bottom walls. The maximum time for
simulations ranges from 3 to 101 free-fall time (tND) after attaining a steady state. For
discretization and time-marching schemes, refer to Chapter 2.

The grid resolutions were varied from 2573 for Pr = 100 to 10253 for Pr = 0.02.
The above grid resolutions ensure that the grid-spacing ∆x is smaller than the Kol-
mogorov length scale η = (ν3ε−1

u )1/4 for Pr ≤ 1 and the Batchelor length scale ηθ =

(νκ2ε−1
u )1/4 for Pr > 1, indicating that the smallest scales of the simulations are ade-

quately resolved. Further, we have a minimum of 7 points in the viscous and thermal
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boundary layers, satisfying the resolution criterion of Grötzbach (1983) and Verzicco
and Camussi (2003). We validate our simulations by computing the Nusselt number
[see Chapter 2, Eq. (2.22)] for all our runs and ensuring that they are consistent with
earlier results (Pandey et al., 2016a; Pandey and Verma, 2016; Scheel and Schumacher,
2017; Vishnu and Sameen, 2020). To verify whether the simulations are well resolved,
we compute the Nusselt number using the total viscous and thermal dissipation rates
by employing the exact relations of Shraiman and Siggia (1990) [Eqs. (1.22) and (1.23)].
The Nusselt numbers computed using the dissipation rates match closely with that
computed using 〈uzT〉. The simulation details are summarized in Table 4.1.

We use the pseudo-spectral code TARANG (Verma et al., 2013; Chatterjee et al.,
2018) to compute the spectra and fluxes of kinetic energy and entropy and the parallel
code fastSF (Sadhukhan et al., 2021) to compute the velocity structure functions. The
readers are referred to Chapter 2 for details of the computation procedure.

In the next three sections, we present our numerical results.

4.3 Variation of spectral quantities with Prandtl number

In this section, we analyse the Pr dependence of the kinetic energy spectra, kinetic
energy fluxes, energy injection rates, and dissipation rates using our numerical data.

4.3.1 Kinetic energy spectra and fluxes

We compute the kinetic energy spectrum (Eu(k)) and flux (Πu(k)) for all our runs us-
ing Eqs. (1.28,1.30). Note that energy spectrum exhibits fluctuations at small and in-
termediate wavenumbers that produce large errors in the best-fit curves (Stepanov
et al., 2014). To mitigate these errors, we employ best-fit curves for the integral energy
spectrum, which is

∫ ∞
k Eu(k′)dk′ = ∑∞

k Eu(k′). The integration process smoothens the
curves significantly leading to a major reduction in fitting errors.

For the inertial-range spectral form of Eu(k) ∼ kα, the integral ∑∞
k Eu(k′) ∼ kα+1,

thus, the fit functions to the integral energy spectrum provides us the spectral index
α. We plot ∑∞

k Eu(k′) and Πu(k) versus k in Fig. 4.1(a,b). The figure shows that For
Pr ≤ 1, ∑∞

k Eu(k′) scales as k−2/3 for intermediate wavenumbers, which translates to

67



Behavioural changes in turbulent RBC with Prandtl number

k−0.66±0.01
k −0.71±0.02k −0.70±0.07

k −2.62±0.01(a) (b)

(c) (d)

k −2.49±0.01

FIGURE 4.1: For Ra = 107 and Pr = 0.02, 0.1, 1, 6.8, and 100: (a) Integral kinetic

energy spectrum, ∑∞
k Eu(k′) vs. wavenumber k, (b) kinetic energy flux, Πu(k), vs.

k, (c) energy injection rate due to buoyancy, FB(k), vs. k, and (d) dkΠu(k)/Πu(k) vs.

k. The amplitudes of the energy spectrum and flux decrease with Pr. For Pr ≤ 1,

the energy spectrum exhibits Kolmogorov’s scaling.

Kolmogorov’s energy spectrum (Eu(k) ∼ k−5/3). The errors in the exponents obtained
from the best fits range from 0.01 to 0.07. Further, consistent with the observed Kol-
mogorov’s energy spectrum, Πu(k) is approximately constant over these wavenum-
bers. Our results, which are based on convection with no-slip walls, are consistent with
earlier works on small and moderate Pr convection but with free-slip walls (Mishra
and Verma, 2010; Kumar et al., 2014; Verma et al., 2017). These observations rule out
Bolgiano-Obukhov scaling (Eu(k) ∼ k−11/5) for thermal convection. Earlier, based on
positive kinetic-energy injection rate by buoyancy, Kumar et al. (2014) and Verma et al.
(2017) had argued in favour of Kolmogorov’s spectrum for turbulent convection.

For Pr = 6.8 and 100, the kinetic energy flux Πu(k) decreases sharply with k in
the inertial range. Thus, instead of Kolmogorov’s spectrum, we obtain a much steeper
energy spectrum: ∑∞

k Eu(k′) ∼ k−2.49 for Pr = 6.8 and ∼ k−2.62 for Pr = 100, with
an error of ±0.01 in the exponents. These relations translate to Eu(k) ∼ k−3.49 for
Pr = 6.8 and ∼ k−3.62 for Pr = 100. For Pr → ∞, Pandey et al. (2014) derived that
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4.3 Variation of spectral quantities with Prandtl number

Eu(k) ∼ k−13/3. Note that the energy spectra for Pr = 6.8 and 100 are quite close to the
energy spectrum for Pr→ ∞, consistent with the earlier results on energy spectra and
fluxes (Pandey et al., 2014, 2016b; Verma, 2018).

Now, we explore the Pr dependence of the amplitudes of the kinetic energy spec-
tra and fluxes. Figure 4.1(a,b) shows that for the same Ra, convection with small Pr has
more kinetic energy than that with large Pr. This is because the nonlinear interactions
among the velocity modes for small-Pr convection are stronger than those for large-
Pr convection. Further, for Pr ≤ 1, the width of the wavenumbers’ range over which
Kolmogorov’s scaling is observed decreases with the increase of Pr: 8 ≤ k ≤ 60 for
Pr = 0.02 and 6 ≤ k ≤ 17 for Pr = 1. Note, however, that for large Prandtl numbers,
power law regimes are observed at much larger wavenumbers.

Having analyzed the energy spectra and fluxes, we now examine the variations
of the kinetic energy injection rates FB(k) with Pr. We plot FB(k) versus k for dif-
ferent Prandtl numbers in Fig. 4.1(c). These plots reveal that FB(k) is positive for all
Pr, implying that buoyancy feeds kinetic energy to the system. This observation is in
agreement with the findings of Kumar et al. (2014) and Verma et al. (2017) for Pr = 1
and contradicts the earlier arguments favoring BO scaling in RBC (see, for example,
Procaccia and Zeitak, 1989; L’vov, 1991; L’vov and Falkovich, 1992; Rubinstein, 1994;
Ashkenazi and Steinberg, 1999b; Shang and Xia, 2001).

Figure 4.1(c) also shows that the kinetic energy injection is the strongest for Pr =
0.02 and becomes weaker as Pr increases, similar to the energy spectrum and flux. Fur-
ther, for small Prandtl numbers,FB(k) drops sharply with k compared to larger Prandtl
numbers. This is because, in the limit of Pr → 0, FB(k) scales as Ra〈|uz(k)|2〉/k2,
which shows that FB(k)’ decreases steeply with k (Mishra and Verma, 2010; Verma,
2018). Thus, for small and moderate Prandtl numbers, FB(k) is small in the inertial
range compared to the energy flux and cannot bring significant variations in Πu(k) in
that regime. This results in Kolmogorov-like scaling of the kinetic energy spectrum
for small and moderate-Pr convection, consistent with the arguments of earlier stud-
ies (Mishra and Verma, 2010; Kumar et al., 2014; Verma et al., 2017; Verma, 2019a).

In Fig. 4.1(d), we plot the normalized derivative of the kinetic energy flux, dkΠu /
Πu(k), versus k for different Pr (dk denotes the derivative with respect to k). Recall from
Eq. (1.33) that dkΠu(k) = FB(k)−D(k). Since energy is dissipated at small scales, D(k)
becomes stronger than FB(k) at large wavenumbers, causing the kinetic energy flux to
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be a decreasing function of k. As evident in Fig. 4.1(d), the crossover wavenumber
at which the derivative of the flux changes sign decreases with increasing Pr: k = 33
for Pr = 0.02 and k = 14 for Pr = 100. This is expected; since Ra is constant in
all the runs, the flow is more viscous for larger Pr. Hence, D(k) is strong even at
intermediate scales (Pandey et al., 2014). For Pr = 6.8 and 100, D(k) exceeds FB(k) by
a significant amount at intermediate scales, resulting in dkΠu(k)/Πu(k) . −0.1. Thus,
Πu(k) decreases sharply with k for these Prandtl numbers in the intermediate scales,
leading to a steeper energy spectrum compared to k−5/3, consistent with the findings
of Pandey et al. (2014, 2016b).

These results provide a comprehensive picture for the variations of kinetic energy
spectra and fluxes of thermal convection with Pr. In the next subsection, we discuss
how the strength of the nonlinear interactions in RBC vary with Pr.

4.3.2 Energy flux and viscous dissipation in thermal convection

In 3D hydrodynamic turbulence, the kinetic energy flux in the inertial range matches
with the total dissipation rate. This is not the case in turbulent thermal convection
because buoyancy feeds energy at all scales, including the dissipation range. Conse-
quently, Πu < εu. In Chapter 3, we showed that for Pr = 1, the inertial-range kinetic
energy flux is approximately one-third of the total dissipation rate. In this subsection,
we will describe these quantities for various Prandtl numbers.

We numerically compute ∑∞
k FB(k′) for various Prandtl numbers using our data

and plot them versus k in Fig. 4.2(a). In the same figure, we also plot εu for comparison.
In Fig. 4.2(b), we plot the total viscous dissipation along with the maximum inertial
range kinetic energy flux versus Pr. The figures show that the amplitudes of ∑∞

k FB(k′),
as well as εu, decrease with the increase of Pr, consistent with the fact that the nonlinear
interactions among the velocity modes decrease with increasing Pr. Our data shows
that the total viscous dissipation rate decreases as Pr−0.37 for Pr < 1, and as Pr−0.51 for
Pr ≥ 1.

Further, for Pr = 0.02 and 0.1, ∑∞
k FB(k′) decreases steeply with k at small wavenum-

bers and becomes a few orders of magnitude less than εu in the intermediate scales,
thus indicating that most of the energy is injected at large scales. As a result, the ki-
netic energy flux in the inertial range almost equals the total dissipation rate, similar
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Pr−0.37±0.03

Pr −0.51±0.01

(a) (b)

FIGURE 4.2: (a) For Ra = 107 and Pr = 0.02 (green), 0.1 (red), 1 (black), 6.8 (brown),

and 100 (purple): Plots of the cumulative kinetic energy injection by buoyancy

∑∞
k FB(k′) (solid curves) and the viscous dissipation rate εu (dashed curves) vs.

k. (b) Plots of εu and maximum kinetic energy flux Πu,max vs. k. The cumulative

energy injection and dissipation rates decrease with the increase of Pr, similar to the

energy spectrum and flux. The difference between the kinetic energy flux and the

dissipation rate increases as Pr is increased.

to 3D hydrodynamic turbulence. As Pr is increased, the decrease of ∑∞
k FB(k′) with

k becomes progressively less sharp. Hence, for larger Prandtl numbers, only a small
fraction of the total energy is injected at large scales, and significant amount of kinetic
energy is injected in the inertial and dissipation ranges. Therefore„ the inertial-range
flux is much less than εu. For example, for Pr = 100, the inertial-range kinetic energy
flux is about three orders of magnitude smaller than the dissipation rate. Figure 4.2(b)
clearly contrasts the inertial-range kinetic energy flux and εu for large Prandtl num-
bers.

Now, we compare the scaling of εu in RBC and homogeneous isotropic turbu-
lence. As mentioned in Sec. 1.6, εu for the latter scales as

εu ≈ U3/d,

where U is the large scale velocity (for example, the root mean square velocity), and d
is the size of the domain. However, Pandey and Verma (2016) and Pandey et al. (2016a)
showed that in thermal convection for Pr = 1,

εu ∼ (U3/d)Ra−0.2,
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Ra−0.01±0.05

Ra−0.05±0.01
Ra−0.21±0.01

Ra −0.32±0.01

Ra −0.41±0.02

FIGURE 4.3: For Pr = 0.02, 0.1, 1, 6.8 , and 100, plots of ε̃u = εu/(U3/d) vs. Ra. For

small Pr, εu ∼ U3/d as in hydrodynamic turbulence. However, εu has an additional

Ra dependence for larger Prandtl numbers.

instead of U3/d. The additional Ra dependence was attributed to multiscale forcing by
buoyancy and to the suppression of nonlinear interactions due to the presence of walls.
Motivated by these observations, we investigate the scaling of viscous dissipation rate
for various Prandtl numbers. Towards this objective, we use additional datasets that
include simulations for Ra ranging from 5× 105 to 2× 109 and Pr ranging from 0.02 to
100. We compute ε̃u = εu/(U3/d) for all the data points and plot them versus Ra in
Fig. 4.3. We also plot the best-fit curves for our data on the same figure.

Figure 4.3 shows that for Pr = 0.02, ε̃u is constant as in hydrodynamic turbulence.
However, for larger Pr, εu decreases with Ra with slopes getting steeper with the in-
crease of Pr. For Pr = 100, ε̃u decreases sharply as Ra−0.41. The strong Ra dependence
for large Pr is due to strong viscous dissipation in such flows.

4.3.3 Entropy spectra and fluxes

In this section, we compute the nondimensionalized entropy spectra, Eθ(k), and en-
tropy fluxes, Πθ(k), of RBC using our data for different Pr, with Ra = 107. We plot the
entropy spectra and fluxes for Pr = 1, 6.8, and 100 in Fig. 4.4(a,b), and for Pr = 0.02 and
0.1 in Fig. 4.5(a,b). The figures show that the nondimensional entropy is approximately
the same for all Prandtl numbers, unlike the kinetic energy spectrum that decreases
with the increase of Pr. The entropy flux, however, decreases with the increase of Pr
because the entropy flux is proportional to the velocity fluctuations (see Eq. (1.36)),
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k −2.13±0.08

(a) (b)

FIGURE 4.4: For Ra = 107 and Pr = 1, 6.8, and 100: (a) Entropy spectrum Eθ

(with dual branches) and (b) entropy flux Πθ vs. k. The amplitudes of the entropy

spectrum do not vary with Pr, but the amplitudes of the entropy flux decrease with

increase of Pr.

which are strong for flows with small Pr. The entropy spectrum exhibits dual branch
for Pr = 1, 6.8, and 100, with the upper branch scaling as ∼ k−2.13±0.08. Mishra and
Verma (2010) and Pandey et al. (2014) explained this branch in terms of the tempera-
ture modes θ(0, 0, 2n), which are approximately equal to −1/(2nπ) for thin thermal
boundary layers (n being an integer). The lower branch, which is constituted by the
remaining modes, does not exhibit any clear scaling. The temperature modes of both
the branches yield the constant entropy flux (see Fig. 4.4(b)).

For Pr = 0.02 and 0.1, the entropy spectrum again has two branches; however,
the upper branch is not very prominent because of thick thermal boundary layers. For
small-Pr convection, the nonlinear term of the θ-equation [Eq. (1.7)] is small compared
to the diffusive term, similar to the momentum equation for laminar flows. Following
the arguments of Martínez et al. (1997) and Verma et al. (2018) for energy spectrum of
laminar flows, we propose that the entropy spectrum for small-Pr convection is of the
following exponential form:

Eθ(k) ∼ k−1(k/kc) exp(−k/kc), (4.1)

where kc is the wavenumber beyond which the thermal energy dissipation becomes
dominant.
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exp( − k
25 )

exp (− k
32 )

( 1 + k
25 ) exp( − k
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32 ) exp (− k
32 )

(a) (b)

FIGURE 4.5: For Ra = 107 and Pr = 0.02 and 0.1: Semi-log plots of (a) normal-

ized entropy spectrum kEθ and (b) entropy flux Πθ vs. k. The lower branch of the

entropy spectrum and the entropy flux fit well with exponential function. The mag-

nitudes of both the entropy spectra and the fluxes do not vary significantly with Pr

for this regime.

Now, for a steady state, the entropy flux is related to entropy injection (Fθ) and
dissipation spectra (2κk2Eθ) by the variable entropy flux equation:

dΠθ

dk
= Fθ(k)− 2κk2Eθ(k), (4.2)

In the intermediate wavenumbers for small-Pr convection, the spectrum of entropy
dissipation dominates that of the entropy injection rate; hence 2κk2Eθ(k) � Fθ(k).
Using this condition and substituting the expression of Eq. (4.1) in Eq. (4.2), we obtain
the following:

dΠθ

dk
∼ k exp(−k/kc). (4.3)

Integration of the above expression yields the following expression for the entropy
flux:

Πθ(k) ∼ (1 + k/kc) exp(−k/kc). (4.4)

Our above arguments closely resemble the derivation of the energy flux for small-Re
flows (see Verma et al., 2018), and for quasi-static magnetohydrodynamic turbulence
with strong interaction parameters (see Verma and Reddy, 2015).

Figure 4.5(a) shows that the lower branch of the entropy spectrum fits well with
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Eq. (4.1) in the intermediate wavenumbers, with kc = 32 for Pr = 0.1 and kc = 25 for
Pr = 0.02. Further, as evident from Fig. 4.5(b), the entropy fluxes for Pr = 0.1 and 0.02
obey Eq. (4.4). Our results are consistent with earlier studies that also obtained similar
exponential scalings in the entropy spectrum and flux of small-Pr convection (Mishra
and Verma, 2010; Verma, 2018, 2019b).

In the next section, we discuss the Pr dependence on the velocity structure func-
tions of turbulent convection.

4.4 Structure functions

In the following discussion we examine the scaling as well as the relative strengths of
velocity structure functions for Pr ranging from 0.02 to 100.

We compute the second, third, fifth, and seventh-order velocity structure func-
tions using our numerical data (see Eq. (1.24)). We plot the second-order velocity
structure function Su

2 (l) versus l in Fig. 4.6(a), and the negative of third, fifth, and
seventh-order velocity structure functions [−Su

3 (l), −Su
5 (l), −Su

7 (l)] versus l in Fig. 4.6
(b,c,d). We also plot the respective best-fit curves in the same figures. We observe
that for Pr / 1, the third-order structure function exhibits Kolmogorov’s scaling of
Su

3 (l) ∼ −l over a range of intermediate scales that corresponds to the inertial range
over which Eu(k) ∼ k−5/3 (as reported in Sec. 4.3.1). In addition, for the above Prandtl
numbers, the structure functions of orders q = 2, 5, and 7 follow the predictions of
She and Leveque (1994) [see Figs. 4.6(a,c,d) and 4.7], as in hydrodynamic turbulence.
The errors in the exponents range from ±0.01 for the third-order structure functions to
±0.05 for the seventh-order structure functions. Our results are thus consistent with
those of Sun et al. (2006) but contrary to the studies that report Bolgiano-Obukhov
scaling of the structure functions (see, for example, Benzi et al., 1994a,b; Ching, 2000;
Calzavarini et al., 2002; Kunnen et al., 2008).

Figure 4.6(a,b,c,d) also shows that the amplitudes of the velocity structure func-
tions for all orders increase with decreasing Pr, similar to the amplitudes of the kinetic
energy spectrum and flux. This is expected because the structure functions are di-
rectly related to the kinetic energy spectrum and flux, which show similar scaling as
discussed in Sec. 4.3 (Frisch, 1995; Lesieur, 2008; Ching, 2013).
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l0.66±0.01

l0.66±0.01
l0.69±0.01

l1.87±0.02

l1.91±0.01

(a) (b)

(c) (d)

l1.01±0.02

l1.00±0.02
l1.01±0.03

l2.87±0.02

l3.17±0.03

l1.55±0.03

l1.55±0.03l1.56±0.03

l4.45±0.04

l6.34±0.08

l1.99±0.04

l2.02±0.03

l2.06±0.05

l5.21±0.06

l8.2±0.2

FIGURE 4.6: For Pr = 0.02, 0.1, 1, 6.8, and 100: longitudinal velocity structure

functions of orders (a) 2, (b) 3, (c) 5, and (d) 7 vs. l. The amplitudes of the structure

functions decrease with the increase of Pr.

The structure functions for Pr = 6.8 and 100 neither follow Kolmogorov’s scaling
nor She-Leveque’s scaling; instead, they vary steeply at intermediate scales compared
to those for Pr ≤ 1 (see Fig. 4.6). For Pr = 6.8, the structure functions scale as Su

2 (l) ∼
l1.87, Su

3 (l) ∼ −l2.87, Su
5 (l) ∼ −l4.45, and Su

7 (l) ∼ −l5.21. For Pr = 100, the curves
are even steeper, with the structure functions scaling as Su

2 (l) ∼ l1.91, Su
3 (l) ∼ −l3.47,

Su
5 (l) ∼ −l6.34, and Su

7 (l) ∼ −l8.2. The errors in the above exponents range from
±0.01 for Su

2 (l) to ±0.2 for Su
7 (l). Recall that in the limit of infinite Pr, the energy

spectrum scales as Eu(k) ∼ k−13/3 due to strong viscous dissipation in the intermediate
scales. A simple extrapolation of the above to the second, third, fifth, and seventh-
order structure functions lead to Su

2 (l) ∼ l10/3, Su
3 (l) ∼ −l5, Su

5 (l) ∼ −l25/3, and
Su

2 (l) ∼ −l35/3 respectively [without intermittency effects (Frisch, 1995)]. The slopes of
the structure functions computed using our data for Pr = 6.8 and 100 are not as steep
as above predictions; this is possibly because the Prandtl numbers for our runs are
finite and there are possible intermittency effects. Nevertheless, it is evident that the
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BO59
KO41

SL94

FIGURE 4.7: For Pr = 0.02, 0.1, and 1: The scaling exponents ζq for the velocity

structure functions vs. order q. The exponents match closely with the predictions

of She and Leveque (SL94). The figure also exhibits the extrapolated ζq’s for K41

(q/3) and Bolgiano-Obukhov (BO59) (3q/5).

slopes of the structure functions for larger Prandtl numbers are significantly steeper
than those for smaller Prandtl numbers.

In the next section, we discuss the Prandtl number effects on the probability dis-
tribution functions of convective heat flux.

4.5 Prandtl number dependence of local heat flux

In RBC, the Nusselt number is always positive, but the local vertical heat flux, given
by uzT, exhibits strong fluctuations (Shang et al., 2003; Shishkina and Wagner, 2007;
Kaczorowski and Xia, 2013; Pharasi et al., 2016). It has been observed that uzT take both
positive and negative values, but the positive uzT dominates the negative ones leading
to a net vertical heat flux. In this section, we present the variations of the probability
distribution function (PDF) of uzT with the Prandtl number. In addition, we also study
the horizontal heat fluxes, uxT and uyT, which are expected to be symmetric so as to
yield a zero net flux along the horizontal directions.

We compute the PDFs of the heat fluxes using our simulation data. The PDFs
are averaged over 31 to 101 time frames depending on the Prandtl numbers (see Ta-
ble 4.2). We plot the PDFs of the horizontal heat fluxes uxT and uyT, normalized by
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FIGURE 4.8: For Ra = 107: The probability distribution functions (PDFs) of nor-

malized local convective heat flux in the (a) x direction, (b) y direction, and (c) z
direction for different Pr. The fluctuations of the local heat flux increase with Pr.

TABLE 4.2: For Pr = 0.02 to 100 and Ra = 107: Standard deviations (σx, σy, and σz)

of the local heat fluxes uxT, uyT, and uzT respectively, and the number of snapshots

over which the PDFs of the above quantites are averaged. The standard deviations

increase with Pr.

Pr σx σy σz Snapshots
0.02 35± 2 62± 1 66± 2 31
0.1 62± 5 87± 8 99± 7 87
1 125± 11 125± 11 173± 7 101

6.8 139± 16 138± 14 231± 13 101
100 140± 18 124± 16 296± 21 101

κ∆/d, in Fig. 4.8(a,b) respectively, and the vertical heat flux uzT, normalized by κ∆/d,
in Fig. 4.8(c). Note that κ = (RaPr)−1/2 according to our nondimensionalization. For
all Prandtl numbers, the horizontal and vertical heat fluxes peak at zero. However,
the horizontal heat fluxes are symmetric about their peaks, but the vertical heat fluxes
show clear asymmetry with long tails in the positive direction. The asymmetry in the
vertical flux yields a net vertical heat transport, but the symmetric horizontal fluxes
sum to zero, as expected. These results are consistent with earlier studies (Shang et al.,
2003; Shishkina and Wagner, 2007; Kaczorowski and Xia, 2013; Pharasi et al., 2016).
Both horizontal and vertical heat fluxes exhibit strong fluctuations near their most
probable value of zero, causing noise-like ripples near the peaks of their PDFs.

A careful observation of the PDFs of Fig. 4.8 show an interesting feature: the fluc-
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FIGURE 4.9: For Ra = 107: The probability distribution functions (PDFs) of the local

convective heat flux normalized with their respective standard deviations (σx, σy,

σz) in the (a) x direction, (b) y direction, and (c) z direction. The normalized PDFs

for different Prandtl numbers collapse into one curve.

tuations in the local heat fluxes increase with the Prandtl numbers, which is evident
from the long tails for Pr ≥ 1. For small Prandtl numbers, thermal diffusion due to
large κ and large thermal plumes is dominant. However, large-Pr convection takes
place via thin thermal plumes that induces strong thermal fluctuations and inhom-
geneity in the heat flux (Silano et al., 2010; Pandey et al., 2014, 2016b).

Interestingly, the PDFs of Fig. 4.8(a,b,c) can be collapsed into one curve each by
normalizing the curves using the corresponding standard deviations. We present the
collapsed curves in Fig. 4.9(a,b,c). The standard deviations are computed for every
time frame and then averaged. The computed standard deviations for different Prandtl
numbers are tabulated in Table 4.2. As expected, the standard deviations along with
their respective errors increase with Prandtl number. There is, however, an anomaly in
σy for Pr = 100 in that it is less than that for Pr = 6.8. However, we believe that this is
a minor aberration that can be resolved by averaging over more time frames.

We conclude in the next section.
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4.6 Summary and conclusions

In this paper, using detailed numerical simulations of turbulent convection, we ana-
lyzed the Prandtl number dependence of the kinetic energy spectrum, flux, and the
spectra of buoyant energy injection and viscous dissipation rates. Additionally, we ex-
amined the variations of velocity structure functions and the local heat flux with Pr.
For our analysis, we varied Pr from 0.02 to 100, keeping the Rayleigh number fixed at
Ra = 107.

Consistent with earlier works, the kinetic energy spectrum exhibits Kolmogorov
scaling of ∼ k−5/3 for Pr ≤ 1 and a steeper scaling of ∼ k−2.5 for Pr ≥ 1 (Mishra and
Verma, 2010; Kumar et al., 2014; Pandey et al., 2014; Kumar and Verma, 2015; Pandey
et al., 2016b; Verma et al., 2017; Kumar and Verma, 2018). The inertial range is widest
for Pr = 0.02, and it gets narrower as Pr is increased. The magnitudes of the kinetic en-
ergy spectrum and flux decrease with Pr, implying that flows with small Prandtl num-
ber have stronger nonlinear interactions among the velocity modes. The amplitudes
of kinetic energy injection and dissipation rates follow a similar pattern as energy flux
and spectrum. For Pr� 1, kinetic energy injection by buoyancy occurs mostly at large
scales, causing the kinetic energy flux in the inertial range to be approximately equal to
the viscous dissipation rate, similar to hydrodynamic turbulence. On the other hand,
for Pr � 1, significant kinetic energy is injected at small scales as well, causing the
energy flux to be a small fraction of the viscous dissipation rate.

We showed that although the entropy does not change significantly with Pr, the
entropy flux increases with Pr. The entropy spectrum exhibits dual branches with the
upper branch scaling as k−2, consistent with earlier works (Mishra and Verma, 2010;
Pandey et al., 2014; Kumar et al., 2014). The entropy flux and the lower branch of the
entropy spectrum follow an exponential curve for Pr� 1.

The amplitudes of the velocity structure functions increase with the decrease of
Pr, consistent with the results on energy spectrum. The velocity structure functions for
Pr ≤ 1 were shown to be in agreement with She-Leveque’s model, similar to hydro-
dynamic turbulence and consistent with earlier results (Sun et al., 2006). The structure
functions exhibit steeper curves for Pr = 6.8 and 100 and are in agreement with the
scaling of the energy spectrum for large Prandtl numbers.

The strength of fluctuations of the local convective heat flux increases with Pr.
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This is because the thick thermal plumes for small-Pr flows transfer heat efficiently
throughout the flow, but thin thermal plumes for large-Pr flows create strong inhomo-
geneity in the heat flux.

Thus, our present study provides valuable insights into the variations of turbu-
lent velocity and thermal fluctuations with Pr. Although we worked on a small set of
parameters, we expect these patterns to be valid over a wide range or Ra and Pr, with
the possible exception of the ultimate regime (Kraichnan, 1962).

In the next chapter, we present our results on scaling and spatial intermittency of
viscous dissipation in turbulent convection.
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Chapter 5

Scaling and spatial distribution of vis-
cous dissipation

5.1 Introduction

In Rayleigh Bénard convection, the buoyancy, walls, and their associated boundary
layers modify the scaling of the viscous dissipation rate compared to homogeneous
isotropic turbulence. This issue has been introduced in Chapter 1, Sec. 1.6. To better
understand the effect of walls, it is important to analyze and quantify the scaling of
viscous dissipation rate in the boundary layers and in the bulk of RBC. Although there
has been some work on the bulk and boundary layer dissipation rates before, these
studies either did not consider the entire bulk volume for their analysis or took the
boundary layer thicknesses to be constant for all Ra and Pr, which could have affected
the accuracy of the results (see Chapter 1, Sec. 1.6 for a detailed discussion and the rele-
vant references). In this chapter, we address these limitations by analyzing the scaling
and relative strengths of the dissipation rates in the entire volume of the bulk and
boundary layers of RBC. We compute the boundary layer thicknesses for every set of
governing parameters and hence determine the bulk and boundary layer subvolumes
in which we compute the dissipation rates (see Sec 2.2.5 for a detailed procedure).

The results presented in this chapter have been published in Physics of Fluids (Bhat-
tacharya et al., 2018). A summary of the results is as follows.
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Scaling and spatial distribution of viscous dissipation

FIGURE 5.1: Schematic of a cubical RBC cell with no-slip boundaries depicting the

bulk (brown) and the viscous boundary layer (gray) regions. This figure is adapted

from Bhattacharya et al. (2018).

5.2 A summary of our results

We simulate RBC for Rayleigh number (Ra) ranging from 106 to 108 and for Pr = 1
and 6.8. The simulations were conducted on 2563 grid using the finite-volume solver
OpenFOAM.

Using our numerical data, we compute the viscous boundary layer thickness and
divide the convection cell into bulk and boundary layer subvolumes (Fig. 5.1). We ob-
serve that the viscous boundary layer thickness scales as δu ∼ Re−0.44 instead of Re−1/2

given by Prandtl-Blasius’s relation. We compute the dissipation rates in the bulk and
boundary layers, and show that the total viscous dissipation in the bulk is larger, albeit
marginally, than that in the boundary layers. This is contrary to the general belief that
most of the dissipation occurs in the boundary layers. The viscous dissipation rate in
the bulk scales as

εu,bulk ∼
U3

d
Ra−0.18

instead of U3/d as predicted by Grossmann and Lohse (2000, 2001). Hence, the vis-
cous dissipation rate in the bulk scales similar to that in the entire volume [εu ∼
(U3/d)Ra−0.2 as shown by Pandey and Verma (2016) and Pandey et al. (2016a)], im-
plying that the bulk has a significant contribution to the total viscous dissipation.
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5.3 Published manuscript

The viscous dissipation rate is much more intense in the boundary layers than in
the bulk; this is because the boundary layers occupy only a small fraction of the total
volume. The probability distribution of the viscous dissipation rate in the boundary
layers is stretched exponential, consistent with the fact that extreme events of viscous
dissipation occur in the boundary layers. The probability distribution of the viscous
dissipation rate in the bulk, on the other hand, is log-normal, similar to homogeneous
isotropic turbulence (Obukhov, 1962).

5.3 Published manuscript

The details of our numerical simulations and the results are presented in the attached
published manuscript (Bhattacharya et al., 2018). The manuscript consists of the anal-
ysis of the viscous dissipation rates for Pr = 1. The analysis for Pr = 6.8 is provided in
the supplementary material.
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Using direct numerical simulations of turbulent thermal convection for the Rayleigh number between
106 and 108 and unit Prandtl number, we derive scaling relations for viscous dissipation in the bulk
and in the boundary layers. We show that contrary to the general belief, the total viscous dissipation
in the bulk is larger, albeit marginally, than that in the boundary layers. The bulk dissipation rate is
similar to that in hydrodynamic turbulence with log-normal distribution, but it differs from (U3/d)
by a factor of Ra�0.18. Viscous dissipation in the boundary layers is rarer but more intense with a
stretched-exponential distribution. Published by AIP Publishing. https://doi.org/10.1063/1.5022316

Physics of hydrodynamic turbulence is quite complex,
involving strong nonlinearity and boundary effects. To sim-
plify, researchers have considered hydrodynamic turbulence
in a box away from the walls. The turbulence in such a geom-
etry is statistically homogeneous and isotropic. The physics of
even such idealised flows remain primarily unsolved, yet their
energetics are reasonably well understood. Here, the energy
supplied at large length scales cascades to intermediate scales
and then to dissipative scales.1,2 Thus, under steady state, the
energy supplied by the external force equals the energy cascade
rate, Πu, and the viscous dissipation rate, εu. From dimen-
sional analysis, it has been deduced that εu ≈ U3/L, where
U is the large-scale velocity, L is the large length scale, and
the prefactor is approximately unity.3,4

Thermal convection is a very important problem of sci-
ence and engineering. Here too researchers have considered an
idealised system called Rayleigh–Bénard convection (RBC) in
which a fluid is confined between two horizontal thermal plates
separated by a vertical distance of d; the bottom plate is hotter
than the top one.5–7 The kinematic viscosity (ν) and thermal
diffusivity (κ) are treated as constants. Additionally, the den-
sity of the fluid is considered to be a constant except for the
buoyancy term of the fluid equation. The governing equations
of RBC are as follows:

∂tu + (u · ∇)u = −∇σ/ρ0 + αgθẑ + ν∇2u, (1)

∂tθ + (u · ∇)θ = (∆/d)uz + κ∇2θ, (2)

∇ · u = 0, (3)

where u and σ are the velocity and pressure fields, respec-
tively, θ is the temperature fluctuation over the conduction
state, ρ0 and α are, respectively, the mean density and ther-
mal expansion coefficient of the fluid, g is the acceleration due
to gravity, and ∆ is the temperature difference between the

a)Electronic mail: shabhatt@iitk.ac.in
b)Electronic mail: ambrish.pandey@tu-ilmenau.de
c)Electronic mail: abhishek.kir@gmail.com
d)Electronic mail: mkv@iitk.ac.in

hot and cold plates. RBC is specified by two nondimensional
parameters—Rayleigh number Ra = (αg∆d3)/(νκ), which is
a measure of buoyancy, and the Prandtl number Pr = ν/κ (see
the supplementary material).

For thermal convection, walls and their associated bound-
ary layers play an important role; hence, turbulence in thermal
convection is more complex than hydrodynamic turbulence.
In this letter, we focus on the properties of the viscous dissi-
pation in RBC. Verzicco and Camussi8 and Zhang, Zhou, and
Sun9 computed the viscous dissipation rates in the bulk and in
the boundary layers in RBC and found them to be of the same
order. Here, we perform a detailed analysis of these quanti-
ties and their probability distributions, both numerically and
phenomenologically. We will show that the walls of thermally
driven turbulence introduce interesting and generic features in
the viscous dissipation.

Shraiman and Siggia10 derived an interesting exact rela-
tion that relates the viscous dissipation rate, εu, to the heat
flux,

εu = 〈εu(r)〉 =
〈
ν

2

(
∂ui

∂xj
+
∂uj

∂xi

)2〉

=
ν3

d4

(Nu-1)Ra

Pr2
=

U3

d
(Nu-1)Ra

Re3 Pr2
, (4)

where 〈·〉 denotes the volume average over the entire domain
and ui with i = (x, y, z) is the ith the component of the velocity
field. The Nusselt number, Nu, is the ratio of the total heat flux
and the conductive heat flux, and Re = UL/ν is the Reynolds
number. When the boundary layer is either absent (as in a
periodic box) or weak (as in the ultimate regime proposed by
Kraichnan11), Nu ∼ (RaPr)1/2 and Re ∼ (Ra/Pr)1/2 (see Refs. 7
and 12–14). Substitution of these relations into Eq. (4) yields
εu ∼ U3/d, similar to hydrodynamic turbulence. In this letter,
we focus on Pr ∼ 1 and hence we ignore the Prandtl number
dependence.

The scaling however is different for realistic RBC for
which boundary layers near the plates play an important role.
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Scaling arguments,12,15–17 experiments,5,16,18–21 and numeri-
cal simulations8,22–26 reveal that Re ∼ Ra1/2 and Nu ∼ Ra0.3,
substitution of which in Eq. (4) yields εu , U3/d, rather

εu ∼ U3

d
Ra−0.2 ∼ ν3

d4
Ra1.3, (5)

because U ∼ Re ∼ Ra1/2. This is due to the relative suppres-
sion of the nonlinear interactions in RBC, as Pandey et al.,25

Pandey and Verma,26 and Verma, Kumar, and Pandey7 showed
that in RBC, the ratio of the nonlinear term and viscous term
scales as (UL/ν)Ra�0.15. The aforementioned suppression of
nonlinear interactions leads to weaker energy cascade Π(k)
and hence lower viscous dissipation than the corresponding
hydrodynamic turbulence.

In RBC, the viscous dissipation rates in the bulk and in
the boundary layers are very different. In the following dis-
cussion, using scaling arguments and the exact relation given
by Eq. (4), we will quantify the total viscous dissipation rates
in the bulk and boundary layers, D̃u,bulk and D̃u,BL, as well
as the corresponding average viscous dissipation rates, εu,bulk

and εu,BL, which are obtained by dividing the total dissipation
rates by their respective volumes.

Grossmann and Lohse’s model12,13 assumes that εu,bulk ∼
U3/d ∼ Ra3/2. We find that the average viscous dissipation in
the bulk scales similar to the viscous dissipation rate in the
entire volume, i.e.,

εu,bulk ∼ U3

d
Ra−0.18. (6)

Since the fluid flow in the boundary layers is laminar, we
expect εu,BL ∼ νU2/δ2

u, where δu is the thickness of the vis-
cous boundary layer. Hence, the ratio of the two dissipation
rates is

εu,BL

εu,bulk
∼ Ra0.18

(
νU2

δ2
u

)
/

(
U3

d

)

∼ 1
Re

(
d
δu

)2

Ra0.18 ∼
(

d
δu

)2

Ra−0.32. (7)

Note, however, that the volume of the boundary layers is much
less than that of the bulk. For simplicity, we assume that the
fluid is contained in a cube of dimension d, then the ratio of
the volumes of the boundary layer and bulk is

VBL

Vbulk
∼ δud2

(d − δu)3
∼ δu

d
(8)

because δu � d for Pr ∼ 1. Using the above relations, we can
deduce the scaling of the ratio of the total viscous dissipation
rates in the boundary layer and in the bulk as

D̃u,BL

D̃u,bulk
∼ εu,BL

εu,bulk
× VBL

Vbulk
∼ d
δu

Ra−0.32. (9)

According to the Prandtl–Blassius theory,27

δu

d
∼ Re−1/2 ∼ Ra−1/4 (10)

which yields D̃u,BL/D̃u,bulk ∼ Ra−0.07. Thus, in RBC, the total
viscous dissipation in the boundary layer and bulk is compa-
rable to each other. For very large Ra, the bulk dissipation

outweighs the dissipation in the boundary layer. This is con-
trary to the general belief that the viscous dissipation occurs
primarily in the plumes of the boundary layers.

In this letter, using numerical simulations we show that
δu/d differs slightly from Eq. (10) and

δu

d
∼ Re−0.44 ∼ (Ra1/2)−0.44 ∼ Ra−0.22, (11)

using which we find

D̃u,BL

D̃u,bulk
∼ Ra−0.10. (12)

Thus,

εu,BL ∼ νU2

δ2
u
∼ ν3

d4
Ra1.44, (13)

D̃u,BL ∼ εu,BL δud2 ∼ ν3

d
Ra1.22, (14)

D̃u,bulk ∼ εu,bulk d3 ∼ ν3

d
Ra1.32. (15)

Interestingly, D̃u,BL ∼ d2νU2/δu ∼ (ν3/d)Ra5/4, as assumed
in Grossmann and Lohse’s model.12,13

We perform direct numerical simulations of RBC and
verify the aforementioned scaling. The simulations were per-
formed using a finite volume code OpenFOAM28 for Pr = 1 and
Ra between 106 and 108 in a three-dimensional cube of unit
dimension. We impose no-slip boundary condition at all the
walls, isothermal condition at the top and bottom walls, and
adiabatic condition at the sidewalls (see the supplementary
material). A second-order Crank-Nicolson scheme is used for
time-stepping. The values of ν and κ used in the simulations
are shown in Table I, while keeping the temperature difference
between the horizontal plates ∆ = 1 for all the runs.

We employ 2563 non-uniform grid points and solve the
governing equations of RBC. The grid is finer near the walls
so as to adequately resolve the boundary layer. We ensure
that minimum 4 grid points are in the boundary layer, thereby
satisfying the criterion set by Grötzbach.29 The ratio of the
Kolmogorov length scale η to the average mesh width ∆xavg

remains greater than unity for each simulation run implying
that the smallest length scales are being adequately resolved
in our simulations. We observe that the Nusselt numbers
computed numerically using 〈uzθ〉 match quite closely with
those computed using εu and Eq. (4). See Table I for the
comparison of these two Nusselt numbers. Also, to validate
our code, we compute Nu for Pr = 6.8 fluid and verify that
it matches quite well with the experimental value of Nu.30

We further remark that our simulations capture the large-
scale quantities—volume-averaged viscous dissipation and
Nusselt number—quite well; such quantities are not affected
significantly by discretization errors at very small scales.
Note that spectral method is more accurate but more com-
plex than a finite volume method; yet a sufficiently resolved
finite volume code is quite appropriate for studying large-scale
quantities.

First we compute the thickness of the boundary layer, δu,
for all our runs. For the same, we compute the root mean square
horizontal velocity in each horizontal plane and estimate δu

as the vertical height of the intersection of the tangent to the



031702-3 Bhattacharya et al. Phys. Fluids 30, 031702 (2018)

TABLE I. Details of our direct numerical simulations performed in a unit box for Pr = 1: the Rayleigh Number
(Ra), the kinematic viscosity (ν), the Reynolds Number (Re), the ratio of the Kolmogorov length scale (η) to the
average mesh width ∆xavg, the Nusselt Number (Nu), the Nusselt number deduced from εu using Eq. (4) (NuS),
the number of mesh points in the viscous boundary layer (NBL), the volume fraction of the boundary layer region
(VBL/V ), and the ratio D̃u,BL/D̃u,bulk .

Ra ν (=κ) Re η/∆xavg Nu NuS NBL VBL/V D̃u,BL/D̃u,bulk

1× 106 0.001 150 4.92 8.40 8.34 10 0.14 0.81
2× 106 0.000 707 1 212 3.89 10.1 10.3 8 0.12 0.67
5× 106 0.000 447 2 342 2.87 13.3 13.5 7 0.099 0.65
1× 107 0.000 32 460 2.32 16.0 15.9 6 0.086 0.63
2× 107 0.000 223 6 654 1.84 20.0 20.0 5 0.074 0.61
5× 107 0.000 141 4 1080 1.36 25.5 26.0 4 0.062 0.57
1× 108 0.000 1 1540 1.09 32.8 32.0 4 0.054 0.56

profile at its local maximum with the slope of the profile at
the plates.23,31,32 Similar computations are performed for the
sidewalls. In Fig. 1, we plot δu for the horizontal walls and
sidewalls. The best fit curves of the data yield

at thermal plates: δu/d = 0.35Ra−0.20, (16)

at sidewalls: δu/d = 0.62Ra−0.23, (17)

average: δu/d = 0.52Ra−0.22, (18)

with the errors in the exponents and prefactors being ≈0.002
and 0.01, respectively. In Fig. 1, we plot the horizontal and
sidewall boundary layer thicknesses against Ra. These results,
a key ingredient of our scaling arguments [see Eq. (11)], are
consistent with earlier studies.8,23,33 As shown in the inset of
Fig. 1, near the wall, the velocity profiles differ slightly from
the Prandtl–Blasius profile, a result consistent with those of
Scheel, Kim, and White23 and Shi, Emran, and Schumacher;32

such deviations are attributed to the perpetual emission of
plumes from the thermal boundary layers.

We compute the ratio VBL/V, where V is the total volume,
using δu and Eq. (8). In Table I, we list this ratio for various
Ra’s. Clearly, the boundary layer occupies much less volume
than the bulk, and the ratio decreases with Ra as δu/d ∝Ra�0.22

[see Eq. (11)].
After this, from the numerical data we compute the total

dissipation rates in the bulk and in the boundary layer by

FIG. 1. Plot of normalized boundary layer thickness δu/d vs. Ra for horizon-
tal and vertical plates. Best fits are depicted as dashed and dotted lines. Inset
shows the comparison of horizontal velocity profiles near the bottom plate
with the Prandtl–Blasius profile (solid black line).

computing ∫ dτεu(r) over the respective volumes. In Fig. 2(a),
we plot these values for various Ra’s. Best fit curves for these
data sets yield

D̃u,bulk ≈ 0.05
ν3

d
Ra1.33, (19)

D̃u,BL ≈ 0.2
ν3

d
Ra1.22 (20)

which are consistent with the scaling arguments presented in
Eqs. (14) and (15). The ratio of the above quantities, plotted
in Fig. 2(b) and listed in Table I, is

D̃u,BL

D̃u,bulk
≈ 4Ra−0.11 (21)

which is consistent with the scaling of Eq. (12). Note that the
above ratio, listed in Table I, decreases from 0.81 to 0.56 as

FIG. 2. (a) Plots of the viscous dissipation rates D̃u—total, bulk, and in the
boundary layer—vs. Ra. (b) Plot of the dissipation rate ratio, D̃u,BL/D̃u,bulk ,
vs. Ra that varies as Ra�0.11.
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Ra is increased from 106 to 108. Thus, bulk dissipation domi-
nates the dissipation in the boundary layer, which is contrary to
the belief that viscous dissipation primarily takes place in the
boundary layer. It is, however, important to keep in mind that
the scaling arguments take inputs from numerical simulations,
such as Eq. (18) and Nusselt number scaling.

Thus, both scaling arguments and numerical simulations
show that the bulk dissipation is weaker than that in hydro-
dynamic turbulence, for which D̃u,bulk ∼ U3/d ∼ Ra3/2. We
also compute the total dissipation rate in volume V i = (1/4)3V
located deep inside the bulk and observe similar weak scaling
with Ra (see the supplementary material). Furthermore, the
viscous dissipation in the bulk dominates that in the boundary
layer, albeit marginally. The boundary layer, however, occu-
pies much smaller volume than the bulk. Hence, εu(r) in the
boundary layer is much more intense than in the bulk, which is
illustrated in Fig. 3. Here we show density plots of normalized
viscous dissipation rate εu(r)/(ν3d�4) for three planes—in the
bottom and a side boundary layer, and in the bulk.

To quantify the asymmetry of the dissipation rate in the
bulk and in the boundary layer, for Ra = 108, we compute the
probability distribution function (PDF) of local viscous dissi-
pation, εu(r), over the full volume, the bulk, and the boundary
layer. These PDFs, plotted in Fig. 4, reveal many important
features. Note that εu(r) = dD̃u/dτ with dτ as the local vol-
ume. For εu(r)/εu < 20, we observe that εu,bulk(r)� εu,BL(r),
and thus, the average dissipation rate in the bulk is relatively
weak. But for εu(r)/εu > 20, the viscous dissipation in the
boundary layer dominates the bulk dissipation.

In addition, the PDF of εu,bulk is log-normal, similar to
Obukhov’s predictions34 for the hydrodynamic turbulence. See
Fig. 4(a) for an illustration. This is consistent with the results

FIG. 3. For Ra = 108: Spatial distribution of normalized viscous dissipation
rate εu(r)/(ν3d�4) in planes (a) in the bottom boundary layer at z = 2δu/3,
(b) in the bulk at z = 0.5d, and (c) in one of the sidewall boundary layers at
x = 2δu/3.

FIG. 4. For Ra = 108 and Pr = 1: (a) Probability distribution functions (PDFs)
of normalized local dissipation rate εu in the bulk (green), in the boundary
layer (red), and in the entire volume (blue). The bulk εu has a log-normal
distribution (solid black line) with σ = 1.2 and µ = 0.4. (b) Semilog plot of
the PDF of εu indicates a strong tail for εu ,BL that fits well with a stretched
exponential curve with α = 0.30 (dashed red line) in the shaded region and
with α = 0.20 (solid orange line) outside the region. The shaded region is also
shown in (a) for comparison.

of Kumar, Chatterjee, and Verma35 and Verma, Kumar, and
Pandey,7 who showed similarities between turbulence in RBC
and in hydrodynamics. The PDF of εu,BL, however, is given
by a stretched exponential—P(εu) ∼ β exp(−mε∗αu )/

√
ε∗u with

α ≈ 0.20 for εu(r)/εu > 130 and α ≈ 0.30 for 30 < εu(r)/εu

< 130 [see Fig. 4(b)]. Here ε∗u correspond to those values of
εu, which are larger than the abscissa of the most probable
value. This result indicates that the extreme dissipation takes
place inside the boundary layer. We also carry out the PDF
analysis of εu,BL for Ra = 106 and 107 and observe similar
findings (see the supplementary material). Our detailed work
is consistent with earlier results.8,9 Emran and Schumacher36

reported similar PDF for the thermal dissipation rate.
We remark that by conducting a similar analysis for

Pr = 6.8 and moderate Rayleigh numbers, we observe nearly
identical scaling behaviour and distribution of the viscous dis-
sipation rate (see the supplementary material). Thus, it can be
inferred that our findings are robust.

A combination of scaling and PDF results reveals that the
local viscous dissipation in the bulk, εu,bulk(r), is weak, but
they add up to a significant sum due to a larger volume. On the
contrary, the boundary layer exhibits extreme dissipation in a
smaller volume. Interestingly, the total dissipation rate in the
bulk and in the boundary layers is comparable, with the bulk
dominating the boundary layer marginally.

Our findings clearly contrast the homogeneous-isotropic
hydrodynamic turbulence and thermally driven turbulence.
The dissipation in thermal convection has two components—
εu,bulk, similar to hydrodynamic turbulence, but distinctly
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weaker by a factor of Ra�0.18, and εu,BL, which is unique to
the flows with walls. We believe that a similar approach could
be employed to analyse the thermal dissipation rate and heat
transport.

See supplementary material for a similar analysis of vis-
cous dissipation for a larger Prandtl number Pr = 6.8 and the
Rayleigh number dependence of the probability distribution
function.

We thank S. Fauve, R. Lakkaraju, M. Anas, and R. Samuel
for useful discussions. Our numerical simulations were per-
formed on Shaheen II at Kaust Supercomputing Laboratory,
Saudi Arabia, under the Project No. k1052. This work was
supported by the research Grant No. PLANEX/PHY/2015239
from Indian Space Research Organisation, India, and by
the Department of Science and Technology, India (No.
INT/RUS/RSF/P-03) and Russian Science Foundation Russia
(No. RSF-16-41-02012) for the Indo-Russian project.
1A. N. Kolmogorov, “The local structure of turbulence in incompressible
viscous fluid for very large Reynolds numbers,” Proc. R. Soc. Lond. A 434,
9–13 (1991).

2A. N. Kolmogorov, “Dissipation of energy in the locally isotropic turbu-
lence,” Proc. R. Soc. Lond. A 434, 15–17 (1991).

3W. D. McComb, The Physics of Fluid Turbulence, Oxford Engineering
Science Series (Clarendon Press, Oxford, 1990).

4M. Lesieur, Turbulence in Fluids (Springer-Verlag, Dordrecht, 2008).
5G. Ahlers, S. Grossmann, and D. Lohse, “Heat transfer and large scale
dynamics in turbulent Rayleigh-Bénard convection,” Rev. Mod. Phys. 81,
503–537 (2009).

6D. Lohse and K. Q. Xia, “Small-scale properties of turbulent Rayleigh–
Bénard convection,” Annu. Rev. Fluid Mech. 42, 335–364 (2010).

7M. K. Verma, A. Kumar, and A. Pandey, “Phenomenology of buoyancy-
driven turbulence: Recent results,” New J. Phys. 19, 025012 (2017).

8R. Verzicco and R. Camussi, “Numerical experiments on strongly turbulent
thermal convection in a slender cylindrical cell,” J. Fluid Mech. 477, 19–49
(2003).

9Y. Zhang, Q. Zhou, and C. Sun, “Statistics of kinetic and thermal energy dis-
sipation rates in two-dimensional turbulent Rayleigh–Bénard convection,”
J. Fluid Mech. 814, 165–184 (2017).

10B. I. Shraiman and E. D. Siggia, “Heat transport in high-Rayleigh-number
convection,” Phys. Rev. A 42, 3650–3653 (1990).

11R. H. Kraichnan, “Turbulent thermal convection at arbitrary Prandtl
number,” Phys. Fluids 5, 1374–1389 (1962).

12S. Grossmann and D. Lohse, “Scaling in thermal convection: A unifying
theory,” J. Fluid Mech. 407, 27–56 (2000).

13S. Grossmann and D. Lohse, “Thermal convection for large Prandtl
numbers,” Phys. Rev. Lett. 86, 3316–3319 (2001).

14M. K. Verma, P. K. Mishra, A. Pandey, and S. Paul, “Scalings of field
correlations and heat transport in turbulent convection,” Phys. Rev. E 85,
016310 (2012).

15W. V. R. Malkus, “The heat transport and spectrum of thermal turbulence,”
Proc. R. Soc. A 225, 196–212 (1954).

16B. Castaing, G. Gunaratne, L. P. Kadanoff, A. Libchaber, and F. Heslot,
“Scaling of hard thermal turbulence in Rayleigh-Bénard convection,”
J. Fluid Mech. 204, 1–30 (1989).

17S. Grossmann and D. Lohse, “Prandtl and Rayleigh number dependence of
the Reynolds number in turbulent thermal convection,” Phys. Rev. E 66,
016305 (2002).

18X. Qiu and P. Tong, “Temperature oscillations in turbulent Rayleigh-Bénard
convection,” Phys. Rev. E 66, 026308 (2002).

19E. Brown, D. Funfschilling, and G. Ahlers, “Anomalous Reynolds-number
scaling in turbulent Rayleigh–Bénard convection,” J. Stat. Mech.: Theory
Exp. 2007, P10005.

20D. Funfschilling, E. Brown, A. Nikolaenko, and G. Ahlers, “Heat transport
by turbulent Rayleigh–Bénard convection in cylindrical samples with aspect
ratio one and larger,” J. Fluid Mech. 536, 145–154 (2005).

21A. Nikolaenko, E. Brown, D. Funfschilling, and G. Ahlers, “Heat transport
by turbulent Rayleigh-Bénard convection in cylindrical cells with aspect
ratio one and less,” J. Fluid Mech. 523, 251–260 (2005).

22G. Stringano and R. Verzicco, “Mean flow structure in thermal convection in
a cylindrical cell of aspect ratio one half,” J. Fluid Mech. 548, 1–16 (2006).

23J. D. Scheel, E. Kim, and K. R. White, “Thermal and viscous boundary layers
in turbulent Rayleigh–Bénard convection,” J. Fluid Mech. 711, 281–305
(2012).

24J. D. Scheel and J. Schumacher, “Local boundary layer scales in turbulent
Rayleigh–Bénard convection,” J. Fluid Mech. 758, 344–373 (2014).

25A. Pandey, A. Kumar, A. G. Chatterjee, and M. K. Verma, “Dynamics of
large-scale quantities in Rayleigh-Bénard convection,” Phys. Rev. E 94,
053106 (2016).

26A. Pandey and M. K. Verma, “Scaling of large-scale quantities in Rayleigh-
Bénard convection,” Phys. Fluids 28, 095105 (2016).

27H. Schlichting and K. Gersten, Boundary-Layer Theory, 8th ed. (Springer-
Verlag, Berlin, Heidelberg, 2000).

28H. Jasak, A. Jemcov, Z. Tukovic et al., “Openfoam: A C++ library for com-
plex physics simulations,” in International Workshop on Coupled Meth-
ods in Numerical Dynamics (IUC Dubrovnik, Croatia, 2007), Vol. 1000,
pp. 1–20.

29G. Grötzbach, “Spatial resolution requirements for direct numerical simu-
lation of the Rayleigh-Bénard convection,” J. Comput. Phys. 49, 241–264
(1983).

30Q. Zhou, B.-F. Liu, C.-M. Li, and B.-C. Zhong, “Aspect ratio dependence
of heat transport by turbulent Rayleigh–Bénard convection in rectangular
cells,” J. Fluid Mech. 710, 260–276 (2012).

31X. L. Qiu and K. Q. Xia, “Spatial structure of the viscous boundary layer
in turbulent convection,” Phys. Rev. E 58, 5816 (1998).

32N. Shi, M. S. Emran, and J. Schumacher, “Boundary layer structure in
turbulent Rayleigh–Bénard convection,” J. Fluid Mech. 706, 5–33 (2012).

33R. Verzicco and R. Camussi, “Prandtl number effects in convective
turbulence,” J. Fluid Mech. 383, 55–73 (1999).

34A. M. Obukhov, “Some specific features of atmospheric turbulence,” J.
Geophys. Res. 67, 3011, https://doi.org/10.1029/jz067i008p03011 (1962).

35A. Kumar, A. G. Chatterjee, and M. K. Verma, “Energy spectrum of
buoyancy-driven turbulence,” Phys. Rev. E 90, 023016 (2014).

36M. S. Emran and J. Schumacher, “Fine-scale statistics of temperature and
its derivatives in convective turbulence,” J. Fluid Mech. 611, 13–34 (2008).



Supplementary Material: Complexity of viscous dissipation rate in turbulent
thermal convection

Shashwat Bhattacharya,1, a) Ambrish Pandey,2, b) Abhishek Kumar,3, c) and Mahendra K. Verma4, d)
1)Department of Mechanical Engineering, Indian Institute of Technology Kanpur, Kanpur 208016,
India
2)Institut für Thermo- und Fluiddynamik, Technische Universität Ilemnau, Ilemnau 98684,
Germany
3)Applied Mathematics Research Centre, Coventry University, Coventry, CV15FB,
The United Kingdom
4)Department of Physics, Indian Institute of Technology Kanpur, Kanpur 208016,
India

I. NON-DIMENSIONALIZATION OF THE GOVERNING
EQUATIONS

In the Letter, we described the governing equations of
Rayleigh-Bénard Convection. We nondimensionalize the
governing equations by choosing d as the length scale,√
αg∆d as the velocity scale, ∆ as the temperature scale,

and d/
√
αg∆d as the time scale. The resulting nondi-

mensional equations are:

∂tu + u.∇u = −∇σ + θẑ +

√
Pr

Ra
∇2u, (1)

∂tθ + u.∇θ = uz +
1√

RaPr
∇2θ, (2)

∇.u = 0, (3)

where Ra = αg∆d3/(νκ) is the Rayleigh number and
Pr = ν/κ is the Prandtl number. The Rayleigh and
Prandtl numbers are the main governing parameters pa-
rameters of RBC.

II. SIMULATION GEOMETRY, AND REGIONS OF
BULK AND BOUNDARY LAYERS

We simulate RBC in a cube with no-slip walls on all
sides. In Fig. 1 we illustrate the box, the bulk region, and
the boundary-layers. We compute the viscous dissipation
rates in the bulk and in the boundary layers. We also
compute the viscous dissipation rate inside the innermost
cube Vi, which is (1/4)3 of the cube.

The scaling of D̃u in these regions are as follows:

D̃u,BL = 0.2
ν3

d
Ra1.22, (4)

D̃u,bulk = 0.05
ν3

d
Ra1.33, (5)

D̃u,Vi = 0.002
ν3

d
Ra1.25. (6)
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b)Electronic mail: ambrish.pandey@tu-ilmenau.de
c)Electronic mail: abhishek.kir@gmail.com
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FIG. 1. Schematic of a cubical RBC cell with no-slip bound-
aries depicting the bulk (brown) and the boundary layer
(gray) regions. Also shown is a cubical subvolume (purple) of
length 0.25d deep inside the cube.
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FIG. 2. PDFs of viscous dissipation rates for Ra = 106, 107,
108 and Pr = 1. Tails exhibit a stretched exponential be-
haviour. The brown, indigo and black curves represent the
fits for Ra = 108, Ra = 107 and Ra = 106 respectively.

III. RAYLEIGH-NUMBER-DEPENDENCE OF
PROBABILITY DISTRIBUTION FUNCTIONS (PDF) OF
VISCOUS DISSIPATION

In the Letter, we discussed the PDF of viscous dissi-
pation rate, εu, for Ra = 108. In this section we briefly
describe the PDF of εu for various Ra’s in the turbulent
regime. As shown in Fig. 2, the tail of the PDFs for all
the three Rayleigh numbers exhibit stretched-exponential



2

106 107 108

104

105

106

107

108

D̃
u
/(
ν3
d
−

1
)

(a)

Ra1.30

Ra1.33

Ra1.22

Total

Bulk

BL

106 107 108

Ra

0.4

0.8

1.5

D̃
u
,B

L
/D̃

u
,b

u
lk

(b) Ra−0.11

FIG. 3. (a) Plots of the viscous dissipation rates D̃u—total,
bulk, and in the boundary layer—vs. Ra. (b) Plot of the

dissipation rate ratio, D̃u,BL/D̃u,bulk, vs. Ra that varies as
Ra−0.11.

behavior, i.e.,

P (εu) ∼ β√
ε∗u

exp(−mε∗αu ), (7)

with α = 0.20−0.30, 0.32 and 0.38 for Ra = 108, 107 and
106 respectively. Clearly the tails are stretched more for
larger Ra’s. This is expected because we expect stronger
dissipation for larger Ra.

IV. VISCOUS DISSIPATION FOR Pr = 6.8

The Letter contains the description of viscous dissipa-
tion for Pr = 1 and Ra = 106 to 108. To show that the
results described in the letter are generic, we compute
the dissipation rates in the bulk and boundary layer for
Pr = 6.8 and Ra = 106 to 5× 107. We observe that

D̃u,bulk ≈ 0.001
ν3

d
Ra1.33, (8)

D̃u,BL ≈ 0.004
ν3

d
Ra1.22, (9)

D̃u,BL

D̃u,bulk

≈ 4Ra−0.11. (10)
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FIG. 4. For Ra = 5 × 107 and Pr = 6.8: (a) PDF of local
dissipation rates in the bulk (green), in the boundary layer
(red), and in the entire volume (blue). The bulk εu has a log-
normal distribution (solid black line). (b) Semilog plot of the
PDF of εu indicates strong tail for εu,BL that fits well with
a stretched exponential curve with α = 0.32 (red line) - 0.35
(orange line).

Clearly, the exponents for Pr = 6.8 are very close to
those for Pr = 1, thus showing that the results of the Let-
ter are generic [see Figs. 3(a) and (b)]. The prefactors for

D̃u,bulk and D̃u,BL are an order of magnitude lower than
those for Pr = 1 case, which is due to lower nonlinearity
of energy flux for Pr = 6.8.

We also compute the PDF of εu(r) for Pr = 6.8 and
Ra = 5 × 107 case. The behaviour for Pr = 6.8 is very
similar to that for Pr = 1 case, where the PDF for the
bulk dissipation rate exhibits log-normal behaviour, and
the PDF for the dissipation rate in the boundary layer
is stretched-exponential [see Figs. 4(a) and (b)]. The
exponent α for Ra = 5× 107 is larger than that for Ra =
1× 108 (Pr = 1) indicating that the latter has longer tail
in the PDF.



Chapter 6

Scaling and spatial distribution of ther-
mal dissipation

6.1 Introduction

In Chapter 5, we discussed the effects of walls on the properties of the viscous dis-
sipation rates in RBC. The walls and their associated boundary layers have a similar
effect on the thermal dissipation rates in RBC as well (see Chapter 1, Sec. 1.6 for an
introductory discussion). To better understand the effects of walls on the thermal dis-
sipation rate, we compare and quantify the thermal dissipation rate separately in the
thermal boundary layers and in the bulk. As discussed in Chapter 1, Sec. 1.6, there
have been several studies on the thermal dissipation rates in the bulk and boundary
layers before. However, these studies either did not take into account the entire bulk
volume for their analysis or took the boundary layer thicknesses to be constant for all
Ra and Pr, which could have affected the accuracy of the results. In this chapter, we
address these limitations by analyzing the scaling and relative strengths of the ther-
mal dissipation rates in the entire volume of the bulk and thermal boundary layers of
RBC, similar to that done for the viscous dissipation rates in the previous chapter. We
compute the thermal boundary layer thicknesses for every set of governing parameters
and hence determine the bulk and boundary layer subvolumes in which we compute
the dissipation rates (see Chapter 2, Sec 2.2.5 for a detailed procedure).
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Scaling and spatial distribution of thermal dissipation

The results presented in this chapter have been published in Physics of Fluids (Bhat-
tacharya et al., 2019b). A summary of our results is as follows.

6.2 A summary of our results

We employ the simulation data of RBC for Pr = 1 obtained in Chapter 5 for conducting
our analysis on the thermal dissipation rates. Further, we conduct additional simula-
tions of RBC for Pr = 100 using OpenFOAM.

Using our numerical data, we show that the thermal dissipation rate in the bulk
scales as

εT,bulk ∼





U∆2

d Ra−0.22, Pr = 1,
U∆2

d Ra−0.25, Pr = 100,

instead of U∆2/d as in homogeneous isotropic turbulence. We further observe that un-
like viscous dissipation, the total thermal dissipation in the boundary layers is stronger
than that in the bulk (by approximately a factor of 3). The ratio of the boundary layer
and the bulk dissipation is roughly constant for Pr = 1 but decreases weakly with Ra
for Pr = 100.

The probability distribution functions of thermal dissipation rate, both in the bulk
and in the boundary layers, are stretched exponential, similar to passive scalar dissi-
pation in homogeneous isotropic turbulence. The tail of the PDFs of boundary layer
dissipation is wider than that of bulk dissipation, implying that extreme events occur
more frequently in the boundary layers than in the bulk. This is expected because the
gradient of temperature is very steep in the boundary layers due to which the thermal
dissipation rate is expected to be large. We also show that the spatial intermittency of
thermal dissipation is stronger for Pr = 1 compared to that for Pr = 100.

6.3 Published manuscript

The details of our numerical simulations and the results are presented in the attached
published manuscript (Bhattacharya et al., 2019b).
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ABSTRACT
We derive scaling relations for the thermal dissipation rate in the bulk and in the boundary layers for moderate and large Prandtl number (Pr)
convection. Using direct numerical simulations of Rayleigh-Bénard convection, we show that the thermal dissipation in the bulk is suppressed
compared to passive scalar dissipation. The suppression is stronger for large Pr. We further show that the dissipation in the boundary layers
dominates that in the bulk for both moderate and large Pr. The probability distribution functions of thermal dissipation rate, both in the bulk
and in the boundary layers, are stretched exponential, similar to passive scalar dissipation.
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I. INTRODUCTION

Scalar fields, such as temperature and concentration, are often
carried along by turbulent flows. Flows with scalars are ubiqui-
tous and frequently encountered in engineering and atmospheric
applications. In general, these scalar fields influence the dynamics
of fluid flow. The resulting coupling between the momentum and
the scalar equations, along with strong nonlinearities, makes such
flows very complex. Obukhov1 and Corrsin2 described the energetics
of a simplified system consisting of homogeneous isotropic turbu-
lence with passive scalar fields; such scalars do not affect the velocity
field. In passive scalar turbulence, both kinetic energy [defined as
(1/2)⟨|u|2⟩] and scalar energy [defined as (1/2)⟨θ2⟩] are supplied
at large scales. Here, θ and u are scalar and velocity fields, respec-
tively, and ⟨⟩ denotes volume average. The supplied kinetic and
scalar energies cascade to intermediate scales and then to dissipa-
tive scales. Similar to kinetic energy in homogeneous turbulence,
the rate of scalar energy supply equals the scalar energy cascade rate
Πθ and the scalar dissipation rate 𝜖θ.3,4 Dimensional analysis gives
𝜖θ ≈ UΘ2/L, where L, U, and Θ are large-scale length, velocity, and
scalar, respectively.

In the present work, we consider turbulence in buoyancy-
driven convection, which is an example of active scalar turbulence

where the scalar field (temperature) influences the flow-dynamics.
We focus on an idealized system called Rayleigh–Bénard convection
(RBC) in which a fluid is enclosed between two horizontal walls,
with the bottom wall being hotter than the top one.5–7 Each hor-
izontal wall is isothermal. RBC is specified by two nondimensional
parameters—Rayleigh number (Ra) and Prandtl number (Pr). These
parameters are defined as

Ra = αgΔd3

νκ
, Pr = ν

κ
,

where α, ν, and κ, respectively, are the thermal expansion coeffi-
cient, kinematic viscosity, and thermal diffusivity of the fluid, g is
the gravitational acceleration, and Δ and d, respectively, are the tem-
perature difference and the distance between the top and bottom
plates.

The energetics of thermally driven convection is more complex
than that of passive scalar turbulence; this is due to the two-way cou-
pling between the governing equations of momentum and thermal
energy (see Sec. II), along with the presence of thermal boundary
layers. Presently, we focus on the properties of thermal dissipation
rate 𝜖T(r) = κ(∇T)2, where T is the temperature field. In RBC, the
volume-averaged thermal dissipation rate is related to the Nusselt
number (Nu) by the following relation derived by Shraiman and

Phys. Fluids 31, 075104 (2019); doi: 10.1063/1.5098073 31, 075104-1
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𝜖T = ⟨κ(∇T)2⟩ = κΔ2

d2 Nu = UΔ2

d
Nu
Pe

. (1)

The Nusselt number is the ratio of the total heat flux and the con-
ductive heat flux, and Pe = Ud/κ is the Péclet number. When the
thermal boundary layers are less significant than the bulk (as in
the ultimate regime proposed by Kraichnan9), or absent (as in a
periodic box10), both Nu and Pe are proportional to

√
RaPr (see

Refs. 7, 11, and 12). These relations, when substituted in Eq. (1), yield
𝜖T ∼ UΔ2/d, similar to passive scalar turbulence.

In RBC, the thermal boundary layers near the conducting walls
play an important role in the scaling of thermal dissipation rate.
In our present work, we focus on the Ra dependence of thermal
dissipation rate and other quantities. For moderate Prandtl num-
bers (of order 1), it has been shown via scaling arguments,11,13–15

experiments,14,16–23 and numerical simulations24–31 that

Pe ∼ Ra0.5, Nu ∼ Ra0.3.

Note that the exponents in the above expressions shown here are
approximate. Substitution of these expressions into Eq. (1) yields

𝜖T ∼ κΔ2

d2 Ra0.3 ∼ UΔ2

d
Ra−0.2. (2)

When compared to passive scalar flow, the additional term Ra−0.2 in
RBC accounts for suppression of nonlinear interactions due to the
presence of walls; Pandey and Verma30 and Pandey et al.31 showed
that in RBC, the ratio of the nonlinear term to the diffusive term in
the equation for thermal energy is proportional to PeRa−0.30 instead
of Pe. The walls truncate some of the Fourier modes, resulting in
several channels of nonlinear interations and energy cascades to be
blocked (see Ref. 4 for details). Consequently, thermal dissipation
in RBC is weakened compared to free passive scalar turbulence. For
large Pr, Pandey and Verma30 and Pandey et al.31 have shown that
𝜖T ∼ (UΔ2/d)Ra−0.25 instead of UΔ2/d.

To better understand the effects of walls, we need to study
the behavior of thermal dissipation separately in the boundary lay-
ers and in the bulk. It is generally believed that dissipation (ther-
mal or viscous) occurs predominantly in the boundary layers.32,33

However, phenomenological arguments and numerical results pre-
sented by Verma, Kumar, and Pandey7 imply that significant dissi-
pation occurs also at large scales, i.e., in the bulk. Motivated by this,
Bhattacharya et al.34 computed the viscous dissipation rate sep-
arately in the bulk and in the boundary layers for moderate Pr.
Interestingly, they found the bulk dissipation to be greater, albeit
marginally, than the boundary layer dissipation. On the other hand,
the thermal dissipation for moderate Pr convection was shown to be
dominant in the boundary layers; refer to the work of Verzicco and
Camussi24 and Zhang, Zhou, and Sun.35

In this paper, we conduct a more detailed analysis of thermal
dissipation rate in the bulk and boundary layers not only for mod-
erate Pr but also for large Pr convection. Note that the statistics of
thermal dissipation for large Pr is less explored in the literature. We
compare and quantify the total and average thermal dissipation rates
in the bulk and in the boundary layers using scaling arguments and
numerical simulations. We also examine the probability distribu-
tion functions (PDFs) of the thermal dissipation in these regions.

Our analysis is similar to that conducted by Bhattacharya et al.34 on
viscous dissipation rate.

The outline of the paper is as follows. In Sec. II, we present
the governing equations of RBC along with their nondimensional-
ization. We discuss the numerical method in Sec. III. In Sec. IV,
we compute the thermal boundary layer thickness and present scal-
ing arguments for the thermal dissipation rate in the bulk and in
the boundary layers. We verify these scaling relations using our
numerical results. We also study the spatial intermittency of thermal
dissipation rate. Finally, we conclude in Sec. V.

II. GOVERNING EQUATIONS
In RBC, under the Boussinesq approximation, the thermal dif-

fusivity (κ) and the kinematic viscosity (ν) are treated as constants.
The density of the fluid is considered to be a constant except for the
buoyancy term in the governing equations. Furthermore, the viscous
dissipation term is considered to be small and is therefore dropped
from the temperature equation. The governing equations of RBC are
as follows:4,36

∂u
∂t

+ (u ⋅ ∇)u = −∇p/ρ0 + αgTẑ + ν∇2u, (3)

∂T
∂t

+ (u ⋅ ∇)T = κ∇2T, (4)

∇ ⋅ u = 0, (5)

where u and p are the velocity and pressure fields, respectively, T is
the temperature field with respect to a reference temperature, α is
the thermal expansion coefficient, ρ0 is the mean density of the fluid,
and g is acceleration due to gravity.

Using d as the length scale,
√
αgΔd as the velocity scale, and Δ

as the temperature scale, we nondimensionalize Eqs. (3)–(5), which
yields

∂u
∂t

+ u ⋅ ∇u = −∇p + Tẑ +

√
Ra
Pr
∇2u, (6)

∂T
∂t

+ u ⋅ ∇T = 1√
Ra Pr

∇2T, (7)

∇ ⋅ u = 0. (8)

In Sec. III, we describe the numerical method used for our
simulations.

III. NUMERICAL METHOD
We conduct our numerical analysis for (i) Pr = 1 and (ii) Pr

= 100 fluids. For Pr = 1, we use the simulation data of Bhattacharya
et al.34 and Kumar and Verma,37 which were obtained using the
finite volume code OpenFOAM.38 The simulations were conducted
on a 2563 grid for Ra ranging from 106 to 108. No-slip boundary con-
ditions were imposed at all the walls, isothermal boundary condi-
tions at the top and bottom walls, and adiabatic boundary conditions
at the sidewalls. For time marching, second-order Crank-Nicholson
scheme was used. For Pr = 100, we conduct fresh simulations fol-
lowing the aforementioned schemes, boundary conditions, and grid
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TABLE I. Details of our numerical data obtained using direct numerical simulations performed in a cubical box: the Prandtl
number (Pr), the Rayleigh number (Ra), the Péclet number (Pe), the time step (Δt), the ratio of the Batchelor length scale41

(ηθ) to the maximum mesh width Δxmax, the Nusselt number (Nu), the Nusselt number (NuS) deduced from 𝜖T using Eq. (1),
the ratio of the thermal boundary layer thickness δT to the cell height d, the number of grid points in the thermal boundary
layer (NBL), and the number of snapshots over which the quantities are averaged.

Pr Ra Pe Δt ηθ/Δxmax Nu NuS δT/d NBL Snapshots

1 1× 106 150 1× 10−3 3.6 8.40 8.26 0.061 23 56
1 2× 106 212 1× 10−3 2.8 10.1 10.1 0.050 19 56
1 5× 106 342 1× 10−3 2.1 13.3 13.4 0.037 14 55
1 1× 107 460 1× 10−3 1.7 16.0 16.1 0.031 12 100
1 2× 107 654 1× 10−3 1.3 20.0 19.7 0.025 10 100
1 5× 107 1080 1× 10−3 1.0 25.5 25.7 0.019 8 101
1 1× 108 1540 1× 10−3 0.8 32.8 32.0 0.016 7 86
100 2× 106 277 5× 10−4 2.8 11.1 11.1 0.045 17 41
100 5× 106 496 1× 10−3 2.0 14.5 14.4 0.034 13 50
100 1× 107 698 1× 10−3 1.6 17.2 17.1 0.029 12 52
100 2× 107 1036 1× 10−3 1.3 20.1 20.3 0.025 10 99
100 5× 107 1772 1× 10−3 1.0 26.0 26.0 0.019 8 101

resolution for Ra’s ranging from 2 × 106 to 5 × 107. A constant
time step was chosen, with Δt = 10−3 and 5 × 10−4, depending on
the parameters (see Table I for details). Here, t = 1 corresponds to
d/√αgΔd.

We ensure that a minimum of 8 grid points is in the ther-
mal boundary layers, thereby satisfying the resolution criterion set
by Grötzbach39 and Verzicco and Camussi.24 In RBC, the thermal
boundary layer thickness δT is defined as the distance between the
wall and the point where the tangent to the planar-averaged tem-
perature profile near the wall intersects with the average bulk tem-
perature line.5,25,26,40 To ensure that the smallest length scales are
resolved, we note that the ratio of the Batchelor length scale41 ηθ= (νκ2/𝜖u)1/4 to the maximum mesh width Δxmax remains greater
than unity for all runs. The only exception is for the Ra = 108, Pr
= 1 case where ηθ = 0.8, which is marginally less than unity. The
Nusselt numbers computed using our data are consistent with those
obtained in other simulations of RBC for the same geometry;30,31,42

this is how we validate our data. Furthermore, the Nusselt numbers
computed numerically using ⟨uzT⟩ match closely with those com-
puted using 𝜖T and Eq. (1). This further validates our simulations.
See Table I for the comparison of these two Nusselt numbers. All
the quantities analyzed in this work are time-averaged over 40–100
snapshots after attaining a steady-state (see Table I).

In Sec. IV, we discuss the numerical results, focusing on the
scaling of the thermal dissipation rate in the bulk and in the bound-
ary layers, their relative contributions to the total thermal dissipation
rate, and their spatial intermittency.

IV. NUMERICAL RESULTS
A. Boundary layer thickness

Using the simulation results, we first compute the thickness of
the thermal boundary layers. Theoretically, boundary layer thickness
(δT) is related to the Nusselt number as5

δT
d
= 1

2Nu
. (9)

Now, as discussed in Sec. I, Nu ∼ Ra0.3 for Pr of order 1. Numer-
ical simulations30,31,43 reveal that Nu ∼ Ra0.3 for large Pr as well.
Therefore, for both Pr = 1 and 100, we expect

δT
d
∼ Ra−0.3. (10)

We numerically compute δT ’s using the planar averaged tempera-
ture profile and list them in Table I. Furthermore, we plot them vs
Ra in Figs. 1(a) and 1(b) for both Pr = 1 and 100. The best-fit curves
of the data yield

δT
d
= {3.6Ra−0.30, Pr = 1,

2.4Ra−0.28, Pr = 100,
(11)

with the error in the exponents being approximately 0.01. The
obtained fit is reasonably consistent with Eq. (10).

B. Scaling of thermal dissipation rate
In this subsection, we study the scaling of average thermal dis-

sipation rate in the bulk (𝜖T ,bulk) and in the boundary layers (𝜖T ,BL)
using our numerical data. These quantities are dissipation per unit
volume. Based on these, using scaling arguments, we predict the
relations for the total dissipation rate in the bulk (D̃T,bulk) and in
the boundary layers (D̃T,BL), which are the products of average ther-
mal dissipation rates in these regions and their corresponding vol-
umes. We verify their scaling relations using our simulation data
and analyze the relative strength of the bulk and the boundary layer
dissipation.

1. Bulk dissipation
Using our simulation data, we numerically compute 𝜖T,bulk= ⟨κ∣∇T(r)∣2⟩

bulk
and the large-scale mean flow U = √⟨∣u(r)∣2⟩.
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FIG. 1. For (a) Pr = 1 and (b) Pr = 100: plots of normalized thermal boundary
layer thickness δT /d vs Ra, along with Ra−0.30 and Ra−0.28 fits (dashed curves).
The error-bars represent the standard deviation of the dataset with respect to the
temporal average.

In deriving their unifying scaling theory, Grossmann and Lohse11,12

argued that 𝜖T ,bulk ∼ UΔ2/d. However, from our numerical data, we
observe that

𝜖T,bulk ∼ {(UΔ2/d)Ra−0.22, Pr = 1,(UΔ2/d)Ra−0.25, Pr = 100,
(12)

instead of UΔ2/d (see Fig. 2). The errors in the exponents are 0.02
and 0.01 for Pr = 1 and 100, respectively. Thus, the thermal dissi-
pation in the bulk in RBC scales similar to the dissipation in the
entire volume and is distinctly weaker than that in passive scalar
turbulence. For moderate Pr fluids, the decrease in 𝜖T ,bulk/(UΔ2/d)
with Ra has also been observed by Emran and Schumacher44 and
Verzicco and Camussi24 for convection in a cylindrical cell and by
Zhang, Zhou, and Sun35 for two-dimensional RBC. As discussed in
Sec. I, the walls suppress nonlinear interactions in RBC,30,31 conse-
quently weakening the thermal dissipation rate at large scales. Note
that Bhattacharya et al.34 observed similar suppression of viscous
dissipation in the bulk, where 𝜖u ,bulk ∼ (U3/d)Ra−0.18 instead of U3/d
for Pr = 1.

The aforementioned suppression has an important implication
in the scaling of the total thermal dissipation in the bulk (D̃T,bulk).

FIG. 2. Plots of average thermal dissipation rate in the bulk, normalized with
UΔ2/d, vs Ra. The bulk dissipation is distinctly weaker than UΔ2/d. The error
bars represent the standard deviation of the dataset with respect to the temporal
average.

The bulk volume can be approximated as

Vbulk = (d − 2δT)d2 ≈ d3, (13)

because δT≪ d (see Table I). We will now derive the scaling relations
for D̃T,bulk separately for Pr = 1 and 100.

1. Pr = 1: Using Eqs. (12) and (13), we write the following for the
bulk dissipation:

D̃T,bulk = 𝜖T,bulkVbulk ∼ (UΔ2

d
Ra−0.22)d3. (14)

By multiplying the numerator and the denominator of the
rightmost expression in Eq. (14) by d/κ, we rewrite D̃T,bulk as

(UΔ2

d
Ra−0.22)d3 = (κΔ2d)PeRa−0.22, (15)

where Pe = Ud/κ is the Péclet number. As discussed in Sec. I, Pe∼ Ra0.5 for moderate Pr. Substituting this relation in Eqs. (14)
and (15), we obtain

D̃T,bulk ∼ (κΔ2d)Ra0.28. (16)

2. Pr = 100: Applying a similar procedure, we can write the total
dissipation in the bulk for Pr = 100 as

D̃T,bulk ∼ (κΔ2d)PeRa−0.25, (17)

because 𝜖T ,bulk ∼ (UΔ2/d)Ra−0.25 in this case. Now, according
to the predictions of Grossmann and Lohse12 and Shishkina
et al.45 for large Pr convection, Pe ∼ Ra3/5. Pandey, Verma, and
Mishra,43 Pandey and Verma,30 and Pandey et al.31 have also
shown that for large Pr, Pe ∼ Ra0.6. Substituting this relation in
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Eq. (17), we obtain

D̃T,bulk ∼ (κΔ2d)Ra0.35. (18)

Thus, the suppression of thermal dissipation in the bulk
leads to a weaker dependence of the total thermal dissipa-
tion with Ra. Note that in the absence of this suppression,
D̃T,bulk ∼ (κΔ2d)Pe. Had this been the case, D̃T,bulk, normalized
with κΔ2d, would have been proportional to Ra0.5 for Pr = 1
and Ra0.6 for Pr = 100.

2. Boundary layer dissipation
The heat transport in the boundary layers is primarily diffu-

sive due to steep temperature gradients. Thus, we expect the thermal
dissipation in the boundary layers to be given by

𝜖T,BL ∼ κΔ2/δ2
T . (19)

We verify this by plotting the numerically computed 𝜖T,BL/(κΔ2/δ2
T)

vs Ra in Fig. 3, where we observe the slope to be flat. For Pr
= 100 and at lower Ra, however, there is a very slight decrease in
𝜖T,BL/(κΔ2/δ2

T) with Ra. However, we will ignore this in our scaling
analysis.

The total thermal dissipation in the boundary layers is given
by D̃T,BL = 𝜖T,BLVBL. Substituting Eq. (19) in the above relation and
noting that VBL = 2δTd2, we obtain

D̃T,BL ∼ (κΔ2

δ2
T
)δTd2 ∼ κΔ2d( d

δT
). (20)

As discussed in Sec. IV A, δT/d ∼ Ra−0.30 for Pr = 1 and ∼Ra−0.28 for
Pr = 100. Substituting these relations in Eq. (20), we obtain

D̃T,BL ∼ {(κΔ2d)Ra0.30, Pr = 1,(κΔ2d)Ra0.28, Pr = 100.
(21)

FIG. 3. Plots of average thermal dissipation in the boundary layers, normalized with
κΔ2/δ2

T , vs Ra. The error bars represent the standard deviation of the dataset with
respect to the temporal average.

3. Ratio of the boundary layer and the bulk dissipation
To analyze the relative strengths of the thermal dissipation in

the bulk and in the boundary layers, we divide Eq. (21) with Eqs. (16)
and (18) to obtain the ratio of the total dissipation in the boundary
layers and the bulk for Pr = 1 and 100, respectively. The predicted
ratio is

D̃T,BL

D̃T,bulk
∼ {Ra0.02, Pr = 1,

Ra−0.07, Pr = 100.
(22)

Thus, we expect the ratio of the boundary layer and bulk dis-
sipation to have a weak dependence on Ra. For Pr = 1, this ratio
remains approximately constant, implying that the relative strengths
of the bulk and the boundary layer dissipation remain roughly
invariant with Ra. However, for Pr = 100, the above ratio decreases
weakly with Ra; this implies that the relative strength of the bound-
ary layer dissipation decreases with Ra and that of the bulk dis-
sipation increases with Ra. The magnitudes of the prefactors in
Eq. (22) determine whether the bulk or the boundary layer dissi-
pation is dominant. These prefactors are obtained using numerical
simulations.

4. Numerical verification of the scaling arguments
We numerically verify the scaling relations predicted by

Eqs. (16), (18), (21), and (22). We compute D̃T (the total dissipa-
tion in the entire volume), D̃T,bulk, and D̃T,BL using our simulation
data and plot them vs Ra in Fig. 4(a) for Pr = 1 and in Fig. 4(b) for
Pr = 100. Our data fit well with the following expressions:

D̃T = 0.16cRa0.29, Pr = 1, 100, (23)

D̃T,bulk = {0.041cRa0.29, Pr = 1,
0.015cRa0.34, Pr = 100,

(24)

D̃T,BL = {0.12cRa0.29, Pr = 1,
0.15cRa0.28, Pr = 100,

(25)

where c = κΔ2d. The errors in the exponents in the above expres-
sions range from 0.001 to 0.02. The above expressions match with
the scaling arguments presented in Eqs. (21), (16), and (18) within
the fitting error.

The computed ratio of the boundary layer and the bulk dissipa-
tion is

D̃T,BL

D̃T,bulk
≈ {3.0, Pr = 1,

10Ra−0.06, Pr = 100, (26)

which agrees well with Eq. (22). We plot this ratio in Fig. 4(c) for Pr
= 1 and Fig. 4(d) for Pr = 100.

Because of the prefactors in Eq. (26), the ratio of the boundary
layer and the bulk dissipation remains above unity, implying that
the boundary layer dissipation is larger than the bulk dissipation,
although they are of the same order. As shown in Figs. 4(c) and 4(d),
the boundary layer dissipation is approximately 3–4 times greater
than the bulk dissipation. This is unlike viscous dissipation for Pr
= 1, where the dissipation in the bulk is greater, albeit marginally,
than that in the boundary layers.34 This is because while the tem-
perature is fairly constant in the bulk (except for a few regions of
localized plumes), the velocity in the bulk is not so, as illustrated in
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FIG. 4. For (a) Pr = 1 and (b) Pr = 100: plots of thermal dissipation rates D̃T—total, bulk, and in the boundary layers (BL)—vs Ra. For (c) Pr = 1 and (d) Pr = 100: plots of the
dissipation rate ratio, D̃T,BL/D̃T,bulk, vs Ra. The error bars represent the standard deviation of the dataset with respect to the temporal average.

Fig. 5. Here, we show the temperature density plot superimposed
with velocity vector plot on the x–z plane at y = d/2, for Ra = 108,
Pr = 1. Clearly, the velocity fluctuations are large near the walls (just
outside the viscous boundary layers) but small near the center. On
the other hand, T ≈ 0.5 in the bulk. Thus, the velocity gradients in

FIG. 5. For Ra = 108, Pr = 1: Density plot of temperature field, superimposed with
velocity vector plot, on the x–z plane at y = d/2. The temperature is approximately
constant in the bulk, unlike the velocity fluctuations.

the bulk are more pronounced than the temperature gradients; this
results in stronger viscous dissipation compared to thermal dissipa-
tion in the bulk. However, one must note that for Pr = 100, the vis-
cous boundary layers will occupy almost the entire volume; thus, the
viscous dissipation in the boundary layers will be dominant. Also,
we need to carefully simulate low Pr convection to find out whether
bulk or boundary layer dissipation dominates in this regime.

The dominance of the total thermal dissipation in the bound-
ary layers has been reported previously for convection in a slender
cylindrical cell24 and for two-dimensional convection.35

C. Spatial intermittency of thermal dissipation rate
In this subsection, we will study the intermittency of the local

thermal dissipation rate 𝜖T(r). Since δT/d ≪ 1 (see Fig. 1), the
boundary layers occupy a much smaller volume than the bulk.
Therefore, 𝜖T(r) is much stronger in the boundary layers than in the
bulk.

We compute the probability distribution functions (PDFs) of
𝜖∗T(r) = 𝜖T(r)/𝜖T in the entire volume, bulk and boundary layers
to quantify the spatial intermittency of thermal dissipation rate. The
PDFs are computed for Ra = 5 × 107 for both Pr = 1 and 100. We plot
these quantities in Fig. 6(a) for Pr = 1 and in Fig. 6(b) for Pr = 100.
From the inset of Fig. 6(a), we observe that for Pr = 1, P(𝜖∗T,bulk)≫ P(𝜖∗T,BL) for 𝜖∗T < 10, while P(𝜖∗T,bulk) ≪ P(𝜖∗T,BL) for 𝜖∗T > 10.
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FIG. 6. For Ra = 5 × 107 and (a) Pr = 1 and (b) Pr = 100: probability distribu-
tion functions (PDF) of normalized local dissipation rate 𝜖T (r)/𝜖T in the bulk (blue
squares) and in the boundary layers (red diamonds). The PDFs of both 𝜖T ,BL and
𝜖T ,bulk fit well with stretched exponential curves (black solid lines). The insets in (a)
and (b) show the log-log plots of the PDFs of 𝜖T (r) in the bulk and the boundary
layers.

This clearly shows that thermal dissipation is weak in the bulk and
strong in the boundary layers. We observe a similar behavior for Pr
= 100, but with cutoff 𝜖∗T ≈ 5 [see the inset of Fig. 6(b)].

It has been analytically shown by Chertkov, Falkovich, and
Kolokolov46 that the passive scalar dissipation has a stretched expo-
nential distribution. This profile is given by P(𝜖T) ∼ β exp(−m𝜖∗αT )
for 𝜖∗T ≫ 1. Interestingly, the PDFs of thermal dissipation for RBC
are also stretched exponential for both bulk and boundary layers.
Our observation is consistent with earlier studies.35,44,47 For bulk dis-
sipation, the stretching exponent α = 0.47 for Pr = 1 and α = 0.67 for
Pr = 100. The corresponding exponents for the boundary layers are
0.32 and 0.40, respectively.

Clearly, for both Pr, the tails of the PDFs are stretched more
for the boundary layer dissipation. This is expected because extreme
events are more frequent in the boundary layers than in the bulk;
note that 𝜖T(r) is stronger in the boundary layers. Furthermore, for
both bulk and boundary layer dissipation, α’s are smaller for Pr = 1.
Thus, the tails of the PDFs are stretched more for Pr = 1, implying

stronger spatial intermittency of thermal dissipation for the lower Pr
fluid. This is because for Pr = 1, convection is more turbulent than
that for Pr = 100, causing the temperature fluctuations to be more
pronounced for the former.

V. CONCLUSIONS
In this paper, we present scaling relations for the thermal dis-

sipation rate in the bulk and in the boundary layers in turbulent
convection. Using numerical simulations of RBC, we show that com-
pared to passive scalar turbulence, the thermal dissipation rate in
the bulk is suppressed by a factor of Ra−0.22 for Pr = 1 and Ra−0.25

for Pr = 100. Furthermore, unlike viscous dissipation, the total
thermal dissipation in the boundary layers is greater than that in
the bulk. The ratio of the boundary layer and the bulk dissipation
is roughly constant for Pr = 1 and decreases weakly with Ra for
Pr = 100.

We also show that the probability distribution functions of
thermal dissipation rate, both in the bulk and in the boundary lay-
ers, are stretched exponential, similar to passive scalar dissipation.
The stretching exponent for the PDFs of boundary layer dissipation
is lower than that of bulk dissipation, implying that extreme events
occur more often in the boundary layers than in the bulk. We also
show that the spatial intermittency of thermal dissipation is stronger
for lower Pr fluids.

The results presented in this paper are important for modeling
thermal convection. For example, we may need to incorporate the
suppression of thermal dissipation in the bulk in the scaling analysis
for Pe and Nu. Thus far, our analysis has been for Pr ≥ 1. We need
to extend them to low Pr convection for a comprehensive modeling
of thermal convection.
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Chapter 7

Revisiting Reynolds and Nusselt num-
bers in turbulent thermal convection

7.1 Introduction

A well-known model to predict the Reynolds and Nusselt numbers in RBC for a given
set of governing parameters was developed by Grossmann and Lohse (2000, 2001,
2002, 2003). This model, referred to as the GL model, has been quite successful in
predicting large scale velocity and heat transport in many experiments and simula-
tions. However, the GL model is based on the following assumptions: (i) the viscous
boundary layer thickness follows Prandtl-Blasius relation of δu ∼ Re−1/2, and (ii) the
viscous and thermal dissipation rates in the bulk scale as U3/d and U∆2/d respec-
tively, similar to homogeneous isotropic turbulence away from the walls. However, as
shown in Chapters 5 and 6, the viscous and the thermal dissipation rates in the bulk
for moderate-Pr RBC get additional correction factors, respectively, of approximately
Ra−0.18 and Ra−0.21. Further, in RBC, the viscous boundary layer thickness, δu, devi-
ates marginally from∼ Re−1/2, as shown in Chapter 5 and also in earlier works (Breuer
et al., 2004; Scheel et al., 2012; Shi et al., 2012).

In this chapter, we significantly enhance the GL model by incorporating the addi-
tional Ra dependence on the bulk viscous and thermal dissipation rates. We also take
into account the deviation in the scaling of the viscous boundary layer thickness. The
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results presented in this chapter are published in Physics of Fluids (Bhattacharya et al.,
2021b).

A summary of our results is as follows.

7.2 A summary of our results

Grossmann and Lohse (2000, 2001) derived their predictive model by substituting the
bulk and the boundary layer contributions of viscous and thermal dissipation rates in
the exact relations of Shraiman and Siggia (1990). The bulk and the boundary layer
contributions were written in terms of Re, Nu, Ra, and Pr and thus a system of equa-
tions for Re and Nu in terms of Ra and Pr were obtained. The prefactors of the bulk and
boundary layer dissipation rates in these equations were considered to be constants.
We extend the GL model by writing these prefactors as functions, instead of constants,
in these equations. The functional forms of the prefactors arise due to the additional Ra
dependence in the scaling of the bulk dissipation rates and the deviation of the viscous
boundary layer thickness from Prandtl-Blasius theory. Using these revised equations,
we arrive at a cubic polynomial equation for Re and Nu that reduces to power-law
expressions in the limit of viscous dissipation rate dominating in the bulk.

We perform 60 direct numerical simulations of RBC covering a wide range of Ra
and Pr and compute the prefactors of the bulk and boundary layer dissipation rates.
As expected, we find the prefactors to be functions of Ra. Additionally, these prefactors
are found to be weakly dependent on Pr as well. The functional forms of these prefac-
tors are determined using machine learning algorithm (regression analysis) and were
then plugged into the aforementioned cubic polynomial equation for Re and Nu. The
revised predictions are in better agreement with the past numerical and experimental
results than those of the GL model. We observe significant improvements in the pre-
dictions of Re, which is important because Re is more sensitive to modeling parameters
compared to Nu. The improvement in the predictions of Nu is more pronounced for
extreme Pr regimes (Pr ≤ 0.02 and ≥ 100).

Our results underscore the importance of applying data-driven methods to im-
prove existing models, a practice that has recently been picking up pace in research
on turbulence (Parish and Duraisamy, 2016; Pandey et al., 2020). Our work presently
takes inputs from data that are restricted to Ra < 1010 and unit aspect ratio. Our pre-
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7.3 Published manuscript

dictions can be further enhanced after taking inputs from simulations or experiments
for Ra > 1010 and for different aspect ratios.

7.3 Published manuscript

The details of our numerical simulations and the results are presented in the attached
published manuscript (Bhattacharya et al., 2021b).
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ABSTRACT
In this paper, we extend Grossmann and Lohse’s (GL) model [S. Grossmann and D. Lohse, “Thermal convection for large Prandtl numbers,”
Phys. Rev. Lett. 86, 3316 (2001)] for the predictions of Reynolds number (Re) and Nusselt number (Nu) in turbulent Rayleigh–Bénard
convection. Toward this objective, we use functional forms for the prefactors of the dissipation rates in the bulk and boundary layers. The
functional forms arise due to inhibition of nonlinear interactions in the presence of walls and buoyancy compared to free turbulence, along
with a deviation of the viscous boundary layer profile from Prandtl–Blasius theory. We perform 60 numerical runs on a three-dimensional
unit box for a range of Rayleigh numbers (Ra) and Prandtl numbers (Pr) and determine the aforementioned functional forms using machine
learning. The revised predictions are in better agreement with the past numerical and experimental results than those of the GL model,
especially for extreme Prandtl numbers.
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I. INTRODUCTION

A classical problem in fluid dynamics is Rayleigh–Bénard con-
vection (RBC), where a fluid is enclosed between two horizontal
walls with the bottom wall kept at a higher temperature than the
top wall. RBC serves as a paradigm for many types of convective
flows occurring in nature and in engineering applications. RBC is
primarily governed by two parameters: the Rayleigh number, Ra,
which is the ratio of the buoyancy and the dissipative force, and the
Prandtl number, Pr, which is the ratio of kinematic viscosity and
thermal diffusivity of the fluid. In this paper, we derive a relation to
predict two important quantities—the Nusselt number, Nu, and the
Reynolds number, Re, which are respective measures of large-scale
heat transport and velocity in turbulent RBC.

The dependence of Nu and Re on RBC’s governing parame-
ters (Ra and Pr) has been extensively studied in the literature.1–5

Malkus6 proposed Nu ∼ Ra1/3 based on marginal stability theory.
For very large Ra called the ultimate regime, Kraichnan7 deduced
Nu ∼√RaPr, Re ∼√Ra/Pr for Pr ≤ 0.15 and Nu ∼√RaPr−1/2,
Re ∼√Ra/Pr3/2 for 0.15 < Pr ≤ 1, with logarithmic corrections.
Subsequently, Castaing et al.8 argued that Nu ∼ Ra2/7 and Re ∼ Ra3/7

based on the existence of a mixing zone in the central region of the
RBC cell, where hot rising plumes meet the mildly warm fluid. Cas-
taing et al.8 also deduced that Reω ∼ Ra1/2, where Reω is the Reynolds
number based on the frequency ω of torsional azimuthal oscillations
of the large-scale wind in RBC. Later, Shraiman and Siggia9 derived
that Nu ∼ Ra2/7Pr−1/7 and Re ∼ Ra3/7Pr−5/7 (with logarithmic cor-
rections) using the properties of boundary layers. They also derived
exact relations between Nu and the viscous and thermal dissipation
rates.

Many experiments and simulations of RBC have been per-
formed to obtain the scaling of Nu and Re. These studies also
revealed a power-law scaling of Nu and Re as Nu ∼ RaαPrβ and
Re ∼ RaγPrδ . For the scaling of Nu, the exponent α ranges from
1/4 for Pr ≪ 1 to approximately 1/3 for Pr ≳ 18,10–29 and β from
approximately zero for Pr ≳ 1 to 0.14 for Pr ≪ 1.30,31 Thus, Nu has
a relatively weaker dependence on Pr. For the scaling of Re, the
exponent γ was observed to be approximately 2/5 for Pr ≪ 1, 1/2
for Pr ∼ 1, and 3/5 for Pr ≫ 1;8,10,11,15–18,22–24,32–35 and δ has been
observed to range from −0.7 for Pr ≲ 1 to −0.95 for Pr ≫ 1.30,36 A
careful examination of the results of the above references reveals that
the above exponents also depend on the regime of Ra as well. The
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ultimate regime, characterized by Nu ∼√Ra, has been observed in
simulations of RBC with periodic boundary conditions,34,37 in free
convection with the density gradient,38–40 and in convection with
only lateral walls.41 Using numerical simulations, Calzavarini et al.42

showed that Re ∼ Pr1/2 and Nu ∼ Pr1/2 for convection with periodic
walls. However, some doubts have been raised on the ultimate scal-
ing observed in RBC with periodic walls because of the presence
of elevator modes in the system.43,44 Some experiments and simu-
lations of RBC with non-periodic walls and very large Ra (∼ 1015)
have reported a possible transition to the ultimate regime;15,38,45,46

however, some others47,48 argue against such transition.
The above studies show that the scaling of Re and Nu depends

on the regime of Ra and Pr, highlighting the need for a unified model
that encompasses all the regimes. Grossmann and Lohse49–52 con-
structed one such model, henceforth referred to as the GL model. To
derive this model, Grossmann and Lohse49,50 substituted the bulk
and boundary layer contributions of viscous and thermal dissipa-
tion rates in the exact relations of Shraiman and Siggia.9 The bulk
and boundary layer contributions were written in terms of Re, Nu,
Ra, and Pr using the properties of boundary layers (Prandtl–Blasius
theory)53 and those of hydrodynamic and passive scalar turbulence
in the bulk. Finally, using additional crossover functions, Gross-
mann and Lohse50 obtained a system of equations for Re and Nu
in terms of Ra, Pr, and four coefficients that were determined using
inputs from experimental data.54 Using the momentum equation of
RBC, Pandey et al.22,23 constructed a model to predict the Reynolds
number as a function of Ra and Pr. The predictions of Kraichnan,7
Castaing et al.,8 and Shraiman and Siggia9 are limiting cases of the
GL model.

The GL model has been quite successful in predicting large-
scale velocity and heat transport in many experiments and sim-
ulations. However, it does not capture large Pr convection very
accurately5 and has been reported to under-predict the Reynolds
number.1 Note that the scaling exponent for Re has a longer range
(0.40–0.60) compared to that for Nu (0.25–0.33); hence, the predic-
tions for Re are more sensitive to modeling parameters. Further-
more, the GL model is based on certain assumptions that are not
valid for RBC. For example, the model assumes the viscous and
the thermal dissipation rate in the bulk scale as U3/d and UΔ2/d
(for Pr ≲ 1), respectively, as in passive scalar turbulence with open
boundaries.55,56 Here, U is the large-scale velocity, and Δ and d
are, respectively, the temperature difference and distance between
the top and bottom walls. However, subsequent studies of RBC
have shown that the aforementioned viscous and thermal dissipa-
tion rates in the bulk are suppressed by approximately Ra−0.2 for
Pr ∼ 1.11,17,22,23,57–59 The above suppression is due to the inhibi-
tion of nonlinear interactions because of walls22,23 and buoyancy.60

Moreover, recent studies have revealed that the viscous boundary
layer thickness in RBC considerably deviate from Re−1/2 as assumed
in the GL model.58,61,62

In the present work, we address the above limitations of the
GL model and propose a new relation for the Reynolds and Nus-
selt numbers involving a cubic polynomial equation for Re and Nu.
For implementation of the viscous and thermal dissipation rates in
the bulk and boundary layers, we employ machine-learning tools on
60 datasets that were obtained using numerical simulations of RBC.
The new relation rectifies some of the limitations of the GL model,
especially for small and large Prandtl numbers.

The outline of the paper is as follows: In Sec. II, we discuss
the governing equations of RBC and briefly explain the GL model.
Then, we extend the GL framework by using functional forms for
the prefactors of the dissipation rates in the bulk and boundary lay-
ers and incorporate the deviation in the scaling of viscous boundary
layer thickness described earlier. Simulation details are provided in
Sec. III. In Sec. IV, we report the scaling of boundary layer thick-
nesses and dissipation rates using our data, following which we
describe the machine-learning tools used to determine the afore-
mentioned functional forms. We also test the revised predictions
with experiments and numerical simulations, and compare them
with those of the GL model. We conclude in Sec. V.

II. RBC EQUATIONS AND THE GL MODEL
We consider RBC under the Boussinesq approximation, whose

governing equations are as follows:5,63

∂u
∂t
+ (u ⋅ ∇)u = −∇p/ρ0 + αgTẑ + ν∇2u, (1)

∂T
∂t
+ (u ⋅ ∇)T = κ∇2T, (2)

∇ ⋅ u = 0, (3)

where u and p are the velocity and pressure fields, respectively, T
is the temperature field, ν is the kinematic viscosity, κ is the ther-
mal diffusivity, α is the thermal expansion coefficient, ρ0 is the mean
density of the fluid, and g is the acceleration due to gravity.

Using d as the length scale,
√

αgΔd as the velocity scale, and
Δ as the temperature scale, we non-dimensionalize Eqs. (1)–(3) that
yield

∂u
∂t
+ u ⋅ ∇u = −∇p + Tẑ +

√
Pr
Ra
∇2u, (4)

∂T
∂t
+ u ⋅ ∇T = 1√

RaPr
∇2T, (5)

∇ ⋅ u = 0, (6)

where Ra = αgΔd3/(νκ) is the Rayleigh number and Pr = ν/κ is the
Prandtl number. The large-scale velocity and heat transfer are quan-
tified by two important non-dimensional quantities, namely, the
Reynolds number (Re) and the Nusselt number (Nu). The Nusselt
number, Nu, is the ratio of the total heat flux to the conductive heat
flux and is defined as Nu = 1 + ⟨uzT⟩/(κΔ/d). The Reynolds num-
ber Re is defined as Re = Ud/ν, where U is the large-scale velocity. In
our work, we will consider U to be the root mean square (rms) veloc-

ity, that is, U =√⟨u2
x + u2

y + u2
z⟩, where ⟨⋅⟩ represents the volume

average.
The dissipation rates of kinetic and thermal energies, repre-

sented as ϵu and ϵT , respectively, are important quantities in our
study. These are defined as ϵu = 2ν⟨SijSij⟩ and ϵT = κ⟨∣∇T∣2⟩, where
Sij is the strain rate tensor. Shraiman and Siggia9 derived two exact
relations between Nu and the dissipation rates; these are

ϵu = ν3

d4 (Nu − 1) Ra
Pr2 , (7)
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ϵT = κΔ2

d2 Nu. (8)

The above relations will be the backbone of our present work.
Now, we will briefly summarize the GL model to predict Nu

and Re. Grossmann and Lohse49,50 split the total viscous and thermal
dissipation rates (D̃u = ϵuV and D̃T = ϵTV , respectively, V being the
domain volume) into their bulk and boundary layer contributions.
Thus,

D̃u = D̃u,bulk + D̃u,BL, (9)

D̃T = D̃T,bulk + D̃T,BL. (10)

The GL model assumes the Prandtl–Blasius relation of δu ∼ Re−1/2

above a critical Reynolds number Rec for viscous boundary layers
and δT = d/2Nu for thermal boundary layers. Here, δu and δT are the
viscous and thermal boundary layer thicknesses, respectively. For
Re < Rec, the viscous boundary layer is assumed to occupy the entire
RBC cell. Using the above relations and the properties of hydro-
dynamic and passive scalar turbulence in the bulk (see Sec. IV A),
Grossmann and Lohse49,50 deduced that

1
V

D̃u,bulk ∼ U3

d
= c1

ν3

d4 Re3, (11)

1
V

D̃u,BL ∼ νU2

δ2
u

δu

d
= c2

ν3

d4 Re2.5, (12)

1
V

D̃T,bulk ∼ UΔ2

d
= c3

κΔ2

d2 RePr, (13)

1
V

D̃T,BL ∼ κΔ2

δ2
T

δT

d
= c4

κΔ2

d2 Nu, (14)

where c1, c2, c3, and c4 are constants. Note that for δu > δT (Pr ≫ 1),
Grossmann and Lohse49 modified Eq. (13) as

1
V

D̃T,bulk ∼ δT

δu

UΔ2

d
= c3

κΔ2

d
Re3/2PrNu−1. (15)

By approximating the dominant terms of Eq. (2) in the ther-
mal boundary layers, Grossmann and Lohse49,50 further deduced
that Nu ∼ Re1/2Pr1/2 for δu < δT and Nu ∼ Re1/2Pr1/3 for δu > δT . To
ensure smooth transition through different regimes of boundary
layer thicknesses and Reynolds number, Grossmann and Lohse50

introduced two crossover functions, f (x) = (1 + x4)−1/4 and
g(x) = x(1 + x4)−1/4, and applied them in the RHS of Eqs. (12)–(15).
Finally, Grossmann and Lohse50 put the modeling and splitting
assumptions [Eqs. (9)–(15)] together with the exact relations given
by Eqs. (7) and (8) to obtain the following set of equations for Nu
and Re:

(Nu − 1) Ra
Pr2 = c1Re3 + c2

Re2

g(√Rec/Re) , (16)

Nu = c3PrRe f
⎡⎢⎢⎢⎢⎣

2aNu√
Rec

g
⎛⎝
√

Rec

Re
⎞⎠
⎤⎥⎥⎥⎥⎦

+ c4
√

RePr
⎧⎪⎪⎨⎪⎪⎩ f
⎡⎢⎢⎢⎢⎣

2aNu√
Rec

g
⎛⎝
√

Rec

Re
⎞⎠
⎤⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭

1/2
. (17)

The values of the constants, obtained from experiments, are
c1 = 1.38, c2 = 8.05, c3 = 0.0252, c4 = 0.487, a = 0.922, and Rec= 3.401.54 The above equations can be solved iteratively to obtain
Re and Nu for given Ra and Pr.

Although the GL model has been quite successful in predict-
ing Re and Nu, it has certain deficiencies due to some assump-
tions that are invalid for RBC. First, recent studies reveal that the
relation δu ∼ Re−1/2 for the viscous boundary layers is not strictly
valid for RBC.58,61,62 The viscous boundary layer thickness becomes
a progressively weaker function of Re as Pr is increased.64 Thus,
the relation given by Eq. (12) is not accurate. Second, as discussed
earlier, studies have shown that for Pr ∼ 1, the thermal and vis-
cous dissipation rates in the bulk are suppressed relative to free
turbulence,17,57–59

1
V

D̃u,bulk ∼ U3

d
Ra−0.18,

1
V

D̃T,bulk ∼ UΔ2

d
Ra−0.20.

Contrast the above relations with Eqs. (11) and (13) 58,59 used in the
GL model. This clearly signifies that c1 and c3 from Eqs. (11) and
(13) cannot be treated as constants. Thus, it becomes imperative to
study how ci varies with Ra and Pr in different regimes of RBC.

We propose a modified relation for Re and Nu by incorporat-
ing the aforementioned suppression of the total dissipation rates, as
well as the modified law for the viscous boundary layers. Toward this
objective, we make the following modifications to Eqs. (11)–(14),

1
V

D̃u,bulk = f1(Ra, Pr)U3

d
= f1(Ra, Pr) ν3

d4 Re3, (18)

1
V

D̃u,BL = f2(Ra, Pr)νU2

δ2
u

δu

d
= f2(Ra, Pr) ν3

d4
d
δu

Re2, (19)

1
V

D̃T,bulk = f3(Ra, Pr)UΔ2

d
= f3(Ra, Pr)κΔ2

d2 RePr, (20)

1
V

D̃T,BL = f4(Ra, Pr)κΔ2

δ2
T

δT

d
= f4(Ra, Pr)κΔ2

d2 Nu. (21)

Note that we replaced the coefficients ci with functions fi(Ra, Pr).
Furthermore, we do not express d/δu in terms of Re in Eq. (19).
The above modified formulas are inserted in the exact relations of
Shraiman and Siggia9 that lead to

(Nu − 1) Ra
Pr2 = f1(Ra, Pr)Re3 + f2(Ra, Pr) d

δu
Re2, (22)

Nu = f3(Ra, Pr)RePr + 2 f4(Ra, Pr)Nu. (23)

The functions fi(Ra, Pr) will be later determined using our simula-
tion results. For the sake of brevity, we will skip the arguments within
the parenthesis of f i’s henceforth.

Equations (22) and (23) constitute a system of two equations
with two unknowns (Re and Nu). To solve these equations, we
will now reduce them to a cubic polynomial equation for Re by
eliminating Nu. We rearrange Eq. (23) to obtain

Nu = f3

1 − 2 f4
RePr. (24)
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Substitution of Eq. (24) in Eq. (22) yields the following cubic equa-
tion for Re:

f1Re3 + f2
d
δu

Re2 − f3

1 − 2 f4

Ra
Pr

Re + Ra
Pr2 = 0. (25)

The above equation for Re can be solved for a given Ra and Pr once
fi and δu have been determined. We determine Nu using Eq. (24)
once Re has been computed.

Now, we will show that in the limit of the viscous dissipa-
tion rate dominating in the bulk or in the boundary layers (D̃u,bulk≫ D̃u,BL or vice versa), Eqs. (22) and (23) are reduced to power-law
expressions for Re and Nu. In the following discussion, we consider
scaling for these limiting cases.

Case 1: D̃u,bulk ≫ D̃u,BL
First, let us consider the case where the viscous dissipation rate

in the bulk is dominant. This regime is expected for large Ra (≫ 108)
or for small Pr (≪ 1), where the boundary layers are thin. In this
regime, f 2(d/δu)Re2 ≪ f 1Re3. Assuming Nu≫ 1, Eq. (22) reduces
to

Nu
Ra
Pr2 ≈ f 1Re3. (26)

Using Eqs. (24) and (26), we arrive at

Re =√ f 3

f 1(1 − 2 f 4) Ra
Pr

, (27)

Nu =
¿ÁÁÀ 1

f 1
( f 3

1 − 2 f 4
)3

RaPr. (28)

Note that f1 and f3 are expected to be constants and f4 ≈ 0 when
the boundary layers are absent (as in a periodic box) or weak (as
in the ultimate regime proposed by Kraichnan7). For this case,
Re ∼√Ra/Pr and Nu ∼√RaPr, consistent with the arguments of
Kraichnan7 for large Ra and small Pr. However, for RBC with walls,
the relations for Re and Nu will deviate from the above relations
because f1 and f3 are functions of Ra and Pr.

Case 2: D̃u,BL ≫ D̃u,bulk
Now, we consider the other extreme when the viscous dissipa-

tion rates in the boundary layers are dominant, which is expected for
small Ra (≪ 105) or for large Pr (≫ 7).49,50,57 In this regime, again
assuming Nu≫ 1, Eq. (22) reduces to

Nu
Ra
Pr2 ≈ f 2

d
δu

Re2. (29)

Using Eqs. (24) and (29), we obtain

Re = { f3

f2(1 − 2 f4) δu

d
}Ra

Pr
, (30)

Nu = 1
f 2

δu

d
( f 3

1 − 2 f 4
)2

Ra. (31)

We will examine these cases once we deduce the forms of fi using
our numerical simulations.

We remark that the aspect ratio of the RBC cell also influences
the scaling of Ra and Pr.52 In the current work, we do not con-
sider the effect of aspect ratio. We intend to include the aspect ratio
dependence in a future work.

In Sec. III, we will discuss the simulation method.

III. SIMULATION DETAILS
We perform direct numerical simulations of RBC by solving

Eqs. (4)–(6) in a cubical box of unit dimensions using the finite dif-
ference code SARAS.66,67 We carry out 60 runs for Pr ranging from
0.02 to 100 and Ra ranging from 5 × 105 to 5 × 109. The grid size
was varied from 2573 to 10253 depending on parameters. Refer to
Tables I and II for the simulation details.

We impose isothermal boundary conditions on the horizontal
walls and adiabatic boundary conditions on the sidewalls. No-slip
boundary conditions were imposed on all the walls. A second-order
Crank–Nicholson scheme was used for time-advancement, with the
maximum Courant number kept at 0.2. The solver uses a multi-
grid method for solving the pressure-Poisson equations. We ensure
a minimum of five points in the viscous and thermal boundary
layers (see Tables I and II); this satisfies the resolution criterion
of Grötzbach,68 and Verzicco and Camussi.57 The simulations are
run up to 3–263 non-dimensional time units (tND) after attain-
ing a steady state. For post-processing, we employ a central differ-
ence method for spatial differentiation and Simpson’s method for
computing the volume average.

In order to resolve the smallest scales of the flow, we ensure
that the grid spacing Δx is smaller than the Kolmogorov length scale
η = (ν3ϵ−1

u )1/4 for Pr ≤ 1 and the Batchelor length scale ηT= (νκ2ϵ−1
u )1/4 for Pr > 1. We numerically compute ϵu and ϵT and

use these values to compute Nuu and NuT employing Shraiman and
Siggia’s exact relations9 [see Eqs. (7) and (8)]. The Nusselt numbers
computed using ⟨uzT⟩match with Nuu and NuT within two percent
on an average; this further confirms that our runs are well-resolved
(see Tables I and II). All the above quantities are averaged over 12 to
259 snapshots taken at equal time intervals after attaining a steady
state.

In Sec. IV, we analyze our numerical results, construct the cubic
polynomial relation for Re and Nu using the data from our simu-
lations, and compare our revised predictions with those of the GL
model.

IV. RESULTS
Using our numerical data, we determine the scaling of dissi-

pation rates, boundary layer thicknesses, and the functional forms
of f i. We construct the relations for Re and Nu given by Eqs. (22)
and (23) using these inputs and compare the revised predictions
with those of the original GL model. We also analyze how the
proposed relation performs in the limit of D̃u,bulk ≫ D̃u,BL and
vice versa.

A. Viscous and thermal dissipation rates
Here, we examine the scaling of viscous and thermal dissipation

rates and explore how their scaling deviates from that of free turbu-
lence. First, we present theoretical arguments on the above scaling,
following which we verify our arguments with our numerical results.
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TABLE I. Details of our direct numerical simulations performed in a cubical box for Pr ≤ 1: the Prandtl number (Pr), the Rayleigh Number (Ra), the grid size, the ratio of the
Kolmogorov length scale65 (η) to the mesh width Δx, the number of grid points in viscous and thermal boundary layers (NVBL and NTBL, respectively), the Reynolds number
(Re), the Nusselt number computed using ⟨uzT⟩ and the exact relations given by Eqs. (7) and (8) (Nu, Nuu, and NuT , respectively), the ratio of the total viscous dissipation
rate in the boundary layer (D̃u,BL) and that in the bulk (D̃u,bulk), the ratio of the total thermal dissipation rate in the boundary layer (D̃T ,BL) and that in the bulk (D̃T ,bulk), and the
number of non-dimensional time units (tND) and snapshots over which the quantities are averaged.

Pr Ra Grid size η/Δx NVBL NTBL Re Nu Nuu NuT
D̃u,BL

D̃u,bulk

D̃T,BL
D̃T,bulk

tND Snapshots

0.02 5 × 105 5133 1.99 7 58 2440 4.48 4.54 4.49 0.751 2.90 95 95
0.02 1 × 106 5133 1.55 6 46 3200 5.78 5.79 5.78 0.564 2.89 41 41
0.02 2 × 106 5133 1.24 5 38 4290 6.90 6.88 6.91 0.468 2.72 30 30
0.02 5 × 106 10253 1.81 7 59 6650 8.85 9.18 8.89 0.381 2.68 7 71
0.02 1 × 107 10253 1.45 7 48 9420 10.3 11.0 10.8 0.357 2.62 3 31
0.1 5 × 105 5133 4.06 11 43 749 6.11 6.11 6.11 0.911 2.89 107 107
0.1 1 × 106 5133 3.23 9 36 1030 7.34 7.39 7.35 0.787 2.71 66 66
0.1 2 × 106 5133 2.58 7 30 1380 8.85 8.83 8.86 0.646 2.66 88 88
0.1 5 × 106 5133 1.91 6 24 2090 11.3 11.4 11.3 0.539 2.63 83 83
0.1 1 × 107 5133 1.52 6 20 2870 13.9 14.0 13.9 0.474 2.63 33 66
0.1 2 × 107 5133 1.22 5 17 3870 16.4 16.4 16.4 0.389 2.41 37 73
0.1 5 × 107 10253 1.83 7 25 6020 20.8 20.8 21.3 0.337 2.22 12 12
0.1 1 × 108 10253 1.45 6 21 8140 26.7 26.1 26.3 0.288 2.28 5 26
0.5 1 × 106 5133 6.96 13 32 285 8.38 8.36 8.37 1.01 3.25 71 71
0.5 3 × 106 5133 4.85 10 24 482 11.4 11.4 11.4 0.745 2.94 140 140
0.5 1 × 107 5133 3.28 8 17 874 15.9 16.0 16.0 0.682 2.95 91 91
0.5 3 × 107 5133 2.30 7 13 1480 21.6 21.8 21.6 0.550 2.73 48 48
0.5 1 × 108 5133 1.55 5 9 2610 30.6 30.8 30.6 0.475 2.58 37 37
1 1 × 106 2573 4.92 7 17 147 8.18 8.45 8.48 0.765 2.83 101 101
1 2 × 106 2573 3.94 7 14 213 10.1 10.1 10.2 0.791 2.98 101 101
1 5 × 106 2573 2.90 6 11 340 13.3 13.3 13.4 0.709 2.97 101 101
1 1 × 107 2573 2.31 5 9 491 16.3 16.3 16.4 0.679 2.93 101 101
1 2 × 107 2573 1.85 5 7 702 19.8 19.7 19.9 0.682 2.91 91 91
1 5 × 107 5133 2.73 7 11 1100 26.0 26.0 26.1 0.561 2.81 103 103
1 1 × 108 5133 2.19 6 9 1530 31.4 31.3 31.5 0.512 2.69 101 101
1 2 × 108 5133 1.75 6 8 2170 38.6 38.3 38.7 0.490 2.68 101 101
1 5 × 108 5133 1.30 5 6 3330 49.2 49.6 49.2 0.437 2.51 101 101
1 1 × 109 10253 2.06 7 9 4700 61.2 61.6 61.4 0.426 2.35 15 30
1 2 × 109 10253 1.62 7 8 6580 76.8 81.1 76.7 0.392 2.47 13 26

In free turbulence, the viscous and scalar dissipation rates are
estimated as follows:

ϵu ∼ U3

d
, ϵT ∼ UΔ2

d
. (32)

However, in wall-bounded convection, the scaling of the dissipation
rates is different. To understand this, let us rewrite the exact relations
of Shraiman and Siggia9 given by Eqs. (7) and (8) as

ϵu = U3

d
1

Re3 (Nu − 1) Ra
Pr2 , (33)

ϵT = UΔ2

d
1

RePr
Nu. (34)

Recall from Sec. I that the Reynolds number scales as Re ∼ Ra1/2 for
Pr ∼ 1 and Re ∼ Ra0.6 for Pr ≫ 1, and the Nusselt number scales as

Nu ∼ Ra0.3 for Pr ≳ 1. Substituting the above relations in Eqs. (33)
and (34) yields

ϵu ∼
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

U3

d
Ra−0.2, Pr ∼ 1,

U3

d
Ra−0.5, Pr≫ 1,

(35)

instead of U3/d, and

ϵT ∼
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

UΔ2

d
Ra−0.2, Pr ∼ 1,

UΔ2

d
Ra−0.3 Pr≫ 1,

(36)

instead of UΔ2/d. Pandey and Verma22 and Pandey et al.23 argued
that the additional Ra dependence is due to the suppression of
nonlinear interactions due to the presence of walls. Some Fourier
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TABLE II. Details of our direct numerical simulations performed in a cubical box for Pr > 1: the Prandtl number (Pr), the Rayleigh Number (Ra), the grid size, the ratio of the
Batchelor length scale65 (ηT ) to the mesh width Δx, the number of grid points in viscous and thermal boundary layers (NVBL and NTBL, respectively), the Reynolds number (Re),
the Nusselt number computed using ⟨uzT⟩ and the exact relations given by Eqs. (7) and (8) (Nu, Nuu, and NuT , respectively), the ratio of the total viscous dissipation rate in the
boundary layer (D̃u,BL) and that in the bulk (D̃u,bulk), the ratio of the total thermal dissipation rate in the boundary layer (D̃T ,BL) and that in the bulk (D̃T ,bulk), and the number of
non-dimensional time units (tND) and snapshots over which the quantities are averaged.

Pr Ra Grid size ηT/Δx NVBL NTBL Re Nu Nuu NuT
D̃u,BL

D̃u,bulk

D̃T,BL
D̃T,bulk

tND Snapshots

6.8 1 × 106 2573 5.02 9 17 24.9 7.90 7.87 7.87 0.822 3.08 101 101
6.8 2 × 106 2573 4.01 8 15 35.6 9.46 9.43 9.48 0.744 2.94 101 101
6.8 5 × 106 2573 2.93 7 11 59.7 12.9 12.9 13.0 0.646 2.97 101 101
6.8 1 × 107 2573 2.33 6 9 89.2 15.9 15.8 16.0 0.605 2.93 101 101
6.8 2 × 107 2573 1.85 6 8 128 19.5 19.4 19.3 0.579 2.97 107 101
6.8 5 × 107 2573 1.37 5 6 217 26.1 25.7 25.9 0.588 2.99 101 101
6.8 1 × 108 5133 2.18 8 9 314 31.6 31.6 31.7 0.614 2.85 56 56
6.8 2 × 108 5133 1.75 7 8 452 38.5 37.7 39.3 0.529 2.84 26 51
6.8 5 × 108 5133 1.29 7 6 729 50.5 50.4 50.8 0.521 2.83 58 58
6.8 1 × 109 10253 2.06 11 9 1070 65.7 61.9 62.0 0.518 2.69 14 28
6.8 2 × 109 10253 1.64 10 8 1520 77.0 77.6 77.5 0.463 2.83 20 40
6.8 5 × 109 10253 1.22 9 6 2400 101 101 101 0.440 2.72 17 33
50 1 × 106 5133 9.92 17 33 3.53 8.17 8.16 7.99 0.815 3.23 131 131
50 2 × 106 5133 7.96 16 27 5.19 9.66 9.60 9.61 0.722 3.42 51 51
50 5 × 106 5133 5.74 14 20 9.38 13.8 13.7 13.5 0.627 3.19 130 130
50 1 × 107 5133 4.58 13 17 14.0 16.7 16.7 16.2 0.581 3.12 65 65
50 2 × 107 5133 3.67 12 14 21.1 20.2 20.1 20.0 0.525 3.13 55 55
50 5 × 107 5133 2.72 11 11 35.2 26.4 26.2 26.0 0.489 3.07 57 57
50 1 × 108 5133 2.18 10 9 50.8 31.8 31.6 31.6 0.436 2.92 111 111
50 2 × 108 5133 1.74 9 8 76.4 38.7 38.8 38.7 0.433 3.10 101 101
50 5 × 108 5133 1.29 9 6 137 51.8 51.6 50.4 0.481 2.88 62 62
50 1 × 109 5133 1.03 8 5 202 61.5 63.0 69.3 0.599 2.79 101 101
100 1 × 106 2573 5.01 10 17 1.80 7.94 7.93 7.94 1.04 3.41 259 259
100 2 × 106 2573 3.91 9 14 2.78 10.4 10.3 10.2 0.862 3.42 263 263
100 5 × 106 2573 2.87 8 10 4.90 13.9 13.9 14.0 0.731 3.36 153 153
100 1 × 107 2573 2.30 7 9 7.02 16.8 16.7 16.6 0.585 3.30 101 101
100 2 × 107 2573 1.84 7 7 9.91 20.1 20.0 19.9 0.485 3.00 101 101
100 5 × 107 2573 1.37 6 6 17.1 26.1 25.9 26.1 0.467 3.20 101 101
100 1 × 108 5133 2.18 10 9 26.0 31.8 31.7 31.7 0.433 2.96 107 107
100 2 × 108 5133 1.74 9 8 37.5 39.1 38.8 38.8 0.373 3.08 108 108
100 5 × 108 5133 1.30 10 6 71.4 49.7 49.2 50.3 0.429 2.95 86 86

modes that are otherwise present in free turbulence are absent
in wall-bounded RBC; this results in several channels of nonlin-
ear interactions and energy cascades to be blocked.5 Note that the
horizontal walls seem to have a more pronounced effect on the afore-
mentioned suppression than the lateral walls, as Schmidt et al.41

observed passive scalar scaling for homogeneous laterally confined
RBC. In addition, buoyancy also appears to suppress the energy
cascade rate,60 similar to the role played by the magnetic field in
magnetohydrodynamic turbulence.69

Now, for Pr ≪ 1, recall that Re ∼ Ra0.42 and Nu ∼ Ra0.25 (see
Sec. I). Substitution of these expressions in Eqs. (33) and (34)
yields

ϵu ∼ U3

d
, ϵT ∼ UΔ2

d
Ra−0.17. (37)

Thus, the viscous dissipation rate scales similar to free turbulence
for small Pr. However, the additional Ra dependence is still present
in the scaling of thermal dissipation rates because of the presence of
thick thermal boundary layers.

Using our data, we numerically compute the viscous and ther-
mal dissipation rates and normalize them with U3/d and UΔ2/d,
respectively. We plot the normalized dissipation rates vs Ra and
exhibit these plots in Figs. 1(a) and 1(b). We observe that for small
Pr, the normalized viscous dissipation rate is independent of Ra,
whereas for larger Pr, the aforementioned quantity decreases with
Ra. The decrease becomes steeper as Pr increases, with ϵu/(U3d−1)∼ Ra−0.21 for Pr = 1 and ∼ Ra−0.45 for Pr = 100. The normalized
thermal dissipation rate decreases with Ra for all Pr values, with
ϵT/(UΔ2d−1) ∼ Ra−0.15 for Pr = 0.02 to ∼ Ra−0.28 for Pr = 100,
which are consistent with the earlier estimates.
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FIG. 1. Plots of (a) normalized viscous dissipation rate vs Ra and (b) normalized
thermal dissipation rate vs Ra. The error bars represent the standard deviation of
the dataset with respect to the temporal average. Both the viscous and thermal
dissipation rates exhibit additional Ra dependence.

In Subsection IV B, we discuss the computations of the bound-
ary layer thicknesses and their dependence on Re and Nu for
different Pr.

B. Boundary layer thicknesses
There are several ways to define the viscous and thermal bound-

ary layer thicknesses in RBC.1,61 In our paper, the viscous boundary
layer thickness δu is defined as the depth where a linear fit of the
velocity profile near the wall intersects with the tangent to the veloc-
ity profile at its local maximum. Similarly, the thermal boundary
layer thickness δT is defined as the depth where a linear fit of the
temperature profile near the wall intersects with the mean temper-
ature T = 0.5. The above methods are described in detail in Refs. 1,
61, and 64.

Using the data generated from our simulations, we first com-
pute the thicknesses of the thermal and viscous boundary layers. We
report the average thicknesses of the viscous boundary layers near all
the six walls and the thermal boundary layers near the top and bot-
tom walls. We examine the validity of the Prandtl–Blasius relation
of δu ∼ Re−0.5 for the viscous boundary layers and δT = 0.5Nu−1 for
the thermal boundary layers. Toward this objective, we plot δTNu vs
Nu in Fig. 2(a) and δuRe1/2 vs Re in Fig. 2(b).

We observe from Fig. 2(a) that δTNu ≈ 1/2, independent of
Nu, which is consistent with the definition. On the other hand,
from Fig. 2(b), it is evident that δuRe1/2 is constant in Re only for
Pr = 0.5 and 0.1. However, δuRe1/2 increases as ∼ Re0.31 for large
Pr and decreases marginally as ∼ Re−0.07 for Pr = 0.02. This shows
that for large Pr, δu becomes a weak function of Re; this is consis-
tent with the observation of Breuer et al.64 We also plot Grossmann

FIG. 2. Plots of (a) normalized thermal boundary layer thickness vs Nu and (b)
normalized viscous boundary layer thickness vs Re. The error bars represent
the standard deviation of the dataset with respect to the temporal average. The
viscous boundary layer thickness deviates from the Prandtl–Blasius relation of
δu ∼ Re−1/2, as well as from Grossmann and Lohse’s estimate of g(√Rec/Re).

and Lohse’s50 estimate of viscous boundary layer thickness, which is
given by g(√Rec/Re); here, g(x) = x(1 + x4)−1/4 and Rec = 3.401. It
is clear that Grossmann and Lohse’s estimate deviates significantly
from the actual values.

Therefore, we cannot assume δu ∼ g(Re−1/2) for viscous
boundary layers in RBC, and it is more prudent to obtain the
scaling of f2δ−1

u with Ra, where f2 is the function from Eq. (19).
The above deviation from the Prandtl–Blasius profile has also been
observed in previous studies.58,61,62 This is because δu ∼ Re−1/2 is
valid asymptotically for very large Reynolds numbers.53

C. fi vs Ra for different Pr
In this subsection, we numerically compute fi using our simula-

tion data and discuss how these quantities vary with Ra for different
Pr. We also obtain the limiting cases for the scaling of fi with Ra.

We numerically compute the total viscous and thermal dissipa-
tion rates in the bulk and in the boundary layers for all the simulation
runs. Using these values and boundary layer thicknesses, we com-
pute f1, f2, f3, and f4 and plot them vs Ra in Fig. 3. We observe
that f1 and f3 are, in general, not constants as in free turbulence.
f1 decreases with Ra except for Pr = 0.1 and 0.02, where it is nearly
constant. The above decrease is more prominent for large Pr (≥ 50),
where f1 ∼ Ra−0.35. In a similar fashion, f3 also decreases with Ra for
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FIG. 3. Plots of (a) f 1, (b) f 2, (c) f 3, and (d) f 4 vs Ra. The error bars represent the standard deviation of the dataset with respect to the temporal average. f 2 remains
roughly independent of Ra and Pr, albeit with fluctuations; however, f 1, f 3, and f 4 decrease with Ra.

all Pr values and is more pronounced for large Pr ( f3 ∼ Ra−0.26) and
less pronounced for small Pr ( f3 ∼ Ra−0.15). The above observations
imply that the scaling of the dissipation rates in the bulk is similar to
that in the entire volume58,59 (see Sec. IV A). This is because the bulk
occupies a large fraction of the total volume, and its contribution to
the total dissipation is significant.58,59

The Ra and Pr dependences of f2 cannot be clearly estab-
lished from Fig. 3(b); we can only infer that f2 is independent of
Ra and Pr, albeit with significant fluctuations. This is consistent with
ϵu,BL ∼ νU2/δ2

u as predicted by Grossmann and Lohse.49,50 The func-
tion f4 of Fig. 3(d) appears flat, but a careful examination shows
that f4 decreases weakly with Ra, with f4 ∼ Ra−0.013 for small Pr and
f4 ∼ Ra−0.0036 for large Pr. The reason for the marginal decrease of f4
with Ra needs investigation and is not in the scope of this paper.

As discussed earlier, the solution of Eq. (25) for Re and Nu
depends on the quantity f 2δ−1

u . Hence, we plot this quantity vs Ra for
different Pr in Fig. 4. Since f 2 is nearly constant, f 2δ−1

u is inversely
proportional to the viscous boundary layer thickness. Thus, f 2δ−1

u
increases marginally for large Pr (∼ Ra0.052) and steeply for small
Pr (∼ Ra0.26), which is in agreement with the scaling of viscous
boundary layer thickness discussed in Sec. IV B.

In Subsection IV D, we describe the machine-learning tools
used to determine the functional forms of fi.

D. Machine-learning algorithm to obtain fi (Ra, Pr)
So far, we have examined the variation of fi with only Ra for dif-

ferent Prandtl numbers and obtained the limiting cases. Now, using

machine-learning and matching functions, we will combine these
scalings to determine fi as functions of both Ra and Pr. We make use
of the machine-learning software WEKA70 for obtaining the func-
tional forms of fi. The values of fi computed for every Ra and Pr
using our simulation data serve as training sets for our machine-
learning algorithm. For simplicity, we will look for a power-law rela-
tion of the form fi = ARaαPrβ, take logarithms of this expression, and
employ linear regression to obtain A, α, and β. The linear regression
algorithm works by estimating coefficients for a hyperplane that best
fits the training data using the least squares method.

FIG. 4. Plot of f 2δ−1
u vs Ra. The error bars represent the standard deviation of the

dataset with respect to the temporal average. The dependence of f 2δ−1
u on Ra is

stronger for small Pr and becomes weaker as Pr increases.
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Since the dependence of fi on Ra is not uniform (see Sec. IV C),
we split our parameter space into three regimes such that for each
regime, the scaling of fi with Ra is approximately the same. We
choose the regimes as follows:

Small Pr : Pr ≤ 0.5,
Moderate Pr : 0.5 ≤ Pr ≤ 6.8,

Large Pr : Pr ≥ 6.8.

We then determine the prefactor A and the exponents α and
β for each regime. To ensure continuity between the regimes, we
introduce the following matching functions:

H1(Pr) = 1
1 + e−k1(0.5−Pr) , (38)

H2(Pr) = 1
1 + e−k1(Pr−0.5) − 1

1 + e−k2(Pr−6.8) , (39)

H3(Pr) = 1
1 + e−k2(Pr−6.8) , (40)

where k1 and k2 are taken to be 10 and 0.75, respectively. The
functions H1, H2, and H3 become unity inside the regimes given
by Pr < 0.5, 0.5 < Pr < 6.8, and Pr > 6.8, respectively, and become
negligible outside their regimes. The value of these functions is 1/2 in
the boundaries of their respective regimes. See Fig. 5 for an illustra-
tion of the behavior of the matching functions. Using these functions
and employing regression for each regime, we obtain the following
fits for f i:

f 1 = 0.67H1Pr0.28 + 27H2Ra−0.21Pr0.55 + 170H3Ra−0.34Pr0.78, (41)

f 2

δu
= 4.4H1Ra0.25Pr−0.26 + 7.4H2Ra0.22Pr−0.29 + 27H3Ra0.14Pr−0.18,

(42)

FIG. 5. Plot of the matching functions Hi(Pr) vs Pr. H1, H2, and H3 become unity in
the regimes given by Pr < 0.5, 0.5 < Pr < 6.8, and Pr > 6.8, respectively. They
attain the value of 1/2 at the regime boundaries and become negligible outside
their respective regimes.

f 3 = 0.095H1Ra−0.15Pr−0.17 + 0.25H2Ra−0.21Pr−0.17

+ 0.45H3Ra−0.25Pr−0.093, (43)

f 4 = 0.46H1Ra−0.013Pr0.010 + 0.43H2Ra−0.0081Pr0.0053

+ 0.39H3Ra−0.0036Pr0.0093. (44)

The average deviation between the f i’s predicted by the fits and
the actual values are 24%, 19%, 12%, and 58% for f 1, f 2/δu, f 3, and
f 4, respectively. As we will see later, incorporation of the aforemen-
tioned functional forms results in more accurate predictions than
the GL model; thus, the above uncertainty in f i is acceptable. In the
Appendix, we employ the same regression algorithm over a reduced
training set consisting of half of our data points and show that the
fits so obtained are close to Eqs. (41)–(44). Thus, the estimated
parameter values are reasonably robust.

Having obtained the functional forms of f i, we can plug them
in Eqs. (25) and (24) to complete the relation for Re and Nu. We
remark that f i obtained above are valid for RBC cells with a unit
aspect ratio. We suspect that they are weak functions of the aspect
ratio; this study will be taken up in the future work. Furthermore,
efforts are ongoing to make the functional forms of f i(Ra, Pr)more
compact.

E. Enhancement of the GL model
In this subsection, we will examine the enhancement of the

GL model brought about by using the obtained functional forms
for the prefactors of the dissipation rates. We will test both, the
original GL model and the revised estimates with our numerical
results, as well as those of Scheel and Schumacher11 (Pr = 0.005 and
0.02), Wagner and Shishkina18 (Pr = 0.7), Emran and Schumacher17

(Pr = 0.7), Kaczorowski and Xia19 (Pr = 4.38), and Horn, Shishk-
ina, and Wagner16 (Pr = 2547.9). We also include the experimental
results of Cioni, Ciliberto, and Sommeria10 (Pr = 0.02), and Niemela
et al.32 (Pr = 0.7) for our comparisons. The simulations of Wagner
and Shishkina18 and Kaczorowski and Xia19 involved a cubical cell
such as ours, whereas the rest of the above simulations and exper-
iments involved a cylindrical cell. All the above work involve RBC
cells with a unit aspect ratio. We compute the percentage deviations
(DRe and DNu) between the estimated and actual values according to
the following formula:

D = ∣Predicted value −Actual value
Actual value

∣ × 100. (45)

In Table III, we list the average of the deviations computed for all the
points for every Pr.

In Figs. 6(a) and 6(b), we plot the normalized Reynolds num-
ber, ReRa−0.5, computed using our simulation data and those of Refs.
10, 11, 16–18, and 32, vs Ra. To avoid clutter, we exhibit the results
for Pr < 1 in Fig. 6(a) and those for Pr ≥ 1 in Fig. 6(b). The dashed
and solid curves in Fig. 6 denote Re predicted by the GL model and
our revised estimates, respectively. From Fig. 6 and Table III, it is
clear that the revised estimates of Re are in better agreement with
the observed results compared to the original GL model, especially
for extreme Prandtl numbers. Furthermore, the trend of estimated
Re is also in better agreement with the numerical and experimental
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TABLE III. Quantitative comparison between the predictions the GL model and the revised estimates of Nu and Re for different sets of simulation and experimental data. DRe
is the percentage difference between the observed and predicted values of Re, and DNu is the percentage difference between the observed and predicted values of Nu [see
Eq. (45)]. Note that no data on Re are available for Pr = 4.38.19

Range of Ra DRe DRe Range of Ra DNu DNu
Pr (Re) (Revised estimate) (%) (GL Model) (%) (Nu) (Revised estimate) (%) (GL Model) (%)

0.005 3 × 105–107 11 48 3 × 105–107 9.6 17
0.02 3 × 105–3 × 109 9.1 62 3 × 105–3 × 109 10 15
0.1 5 × 105–108 1.3 30 5 × 105–108 3.1 5.0
0.5 106–108 1.9 14 106–108 1.4 5.4
0.7 105–1013 6.8 25 105–109 3.8 9.9
1.0 106–2 × 109 2.8 20 106–2 × 109 3.6 5.8
4.38 . . . . . . . . . 106–3 × 109 5.7 6.3
6.8 106–5 × 109 3.4 27 106–5 × 109 5.6 6.5
50 106–109 6.0 84 106–109 3.2 7.2
100 106–5 × 108 3.4 150 106–5 × 108 2.7 3.9
2547.9 105–109 85 560 105–109 2.3 17

results (note that the trend of Re computed based on different large-
scale velocities does not change even though there may be minor
differences in absolute values1). This improvement in the estimation
of Re is crucial because the predictions of Re are more sensitive to
modeling parameters compared to Nu due to a larger range of the
scaling exponent.

In Figs. 7(a) and 7(b), we plot the normalized Nusselt num-
ber, NuGr−0.3, computed using our simulation data along with those

FIG. 6. Comparison between the predictions of Re vs Ra using the original GL
model (dashed curves) and our proposed modifications (solid curves) with the
results from our work and from the literature10,11,16–18,32 for (a) Pr < 1 and (b)
Pr ≥ 1. The error bars (shown only for our datasets) represent the standard
deviation of the dataset with respect to the temporal average.

of Refs. 10, 11, and 16–19, vs Ra. We employ the Grashof num-
ber Gr = Ra/Pr in the y axis to avoid clutter; this is because Nu ∼
Ra0.3 (with a weak dependence on Pr). These figures, along with
Table III, indicate that the revised estimates of Nu (solid curves)
are more accurate compared to those predicted by the original GL
model (dashed curves). It is interesting to note that for extreme

FIG. 7. Comparison between the predictions of Nu vs Ra using the original GL
model (dashed curves) and our proposed modifications (solid curves) with the
results from our work and from the literature10,11,16–19 for (a) Pr < 1 and (b)
Pr ≥ 1. The error bars (shown only for our datasets) represent the standard
deviation of the dataset with respect to the temporal average.
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Prandtl numbers (Pr = 0.005, 2547.9), the accuracy of the revised
estimates of Nu is significantly improved with only 2.3% devia-
tion from the actual values for Pr = 2547.9% and 9.6% deviation
for Pr = 0.005. Contrast this with the GL model, where we observe
17% deviation for both Pr = 2547.9 and 0.005. For Pr ∼ 1, the accu-
racy of the revised estimates of Nu and those predicted by the GL
model are comparable, with the former being more accurate for
Ra < 108 but marginally less for larger Ra. Thus, we observe an
overall improvement in the predictions of Nu, though it is not as
significant as it was for Re.

In Figs. 8(a) and 8(b), we contrast the Pr dependence on our
estimates of Re and Nu and those of the GL model. Here, we plot
the predictions of Re(Pr) and Nu(Pr) along with the actual values
computed using our data and those of Refs. 11 and 16–19. We choose
four Rayleigh numbers for our comparisons: 106, 107, 108, and 109.
As expected based on our earlier discussions, the revised estimates of
Re(Pr) are more accurate than those of the GL model [see Fig. 8(a)].
We also observe improvements in the predictions of Nu, especially
for Pr ≪ 1 and Pr ≫ 1 [see Fig. 8(b)]. This is again consistent with
our earlier discussions.

The improvements, thus, in the predictions of Re and Pr
underscore the importance of considering the additional Ra and Pr
dependences on the scaling of the dissipation rates and the viscous
boundary layers in convection.

F. Limiting cases: Power-law expressions
Recall from Sec. II that Eqs. (22) and (23) reduce to power-

law scaling in the limiting cases: D̃u,bulk ≫ D̃u,BL and D̃u,bulk ≪ D̃u,BL.

FIG. 8. Comparison between the predictions of (a) Re and (b) Nu vs Pr using the
original GL model (dashed curves) and our proposed modifications (solid curves)
with the results from our work (filled markers) and from Refs. 11, and 16–19
(unfilled markers). The error bars (shown only for our datasets) represent the
standard deviation of the dataset with respect to the temporal average.

First, we will estimate the regimes of Ra and Pr, where the vis-
cous and thermal dissipation rates dominate in the bulk or in the
boundary layers. Using f i’s and Eqs. (11)–(14), we deduce that

D̃u,BL

D̃u,bulk
= f 2

f 1

d
δu

1
Re

, (46)

D̃T,BL

D̃T,bulk
= 2 f 4

f 3

Nu
RePr

. (47)

In Figs. 9(a) and 9(b), we exhibit the plots of the above estimates
for Pr = 0.02, 1, and 50. We also exhibit the numerically computed
points in Fig. 9; these points are consistent with the estimates given
by Eqs. (46) and (47). On the other hand, the ratio of the dissipa-
tion rates estimated using the GL model [by employing the bulk and
the boundary layer terms of Eqs. (16) and (17)] deviates significantly
from the numerically computed points.

The plots show that the thermal dissipation rate in the bound-
ary layers exceeds that in the bulk by a factor of two to four for
all Pr values. On the other hand, the viscous dissipation rate in the
bulk exceeds that in the boundary layers for Ra ≳ 105. These obser-
vations are in agreement with previous studies.58,59 The plots imply
that D̃u,BL dominates D̃u,bulk only for Ra≪ 105, where Nu ≈ 1. How-
ever, recall that the power-law relations for this limiting case, given
by Eqs. (30) and (31), are invalid for small Nu. Thus, we do not
examine this limiting case further.

FIG. 9. Estimates of (a) D̃u,BL/D̃u,bulk and (b) D̃T ,BL/D̃T ,bulk using Eqs. (46) and
(47) (solid curves) and the GL model (dashed curves) for Pr = 0.02 (purple), Pr= 1 (red), and Pr = 50 (black). Points obtained from our simulation data are
also displayed. The dotted horizontal lines in (a) and (b) represent D̃u,BL/D̃u,bulk= 1 and D̃T ,BL/D̃T ,bulk = 1, respectively. The error bars represent the standard
deviation of the dataset with respect to the temporal average.
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For the regimes characterized by D̃u,bulk ≫ D̃u,BL, we plug the
best-fit relation for f i in Eqs. (27) and (28) to obtain the following:

Re =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0.76Ra0.42Pr−0.72, Small Pr,

0.20Ra0.50Pr−0.86, Moderate Pr,

0.11Ra0.55Pr−0.94, Large Pr,

(48)

Nu =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0.30Ra0.27Pr0.11, Small Pr,

0.21Ra0.29Pr−0.03, Moderate Pr,

0.21Ra0.30Pr−0.03, Large Pr.

(49)

Since f 4 is a very weak function of Ra and Pr, we assume it to
be a constant (≈ 0.37). The Ra dependence described by Eqs. (48)
and (49) is consistent with the scaling observed for large Rayleigh
numbers (108 ≪ Ra≪ 1012) in the literature.8,11,16–18,22,23,36,57,61,71–73

Furthermore, the above relation for Re and Nu in the small Pr
regime is not very far from GL’s predictions of Re ∼ Ra2/5Pr−3/5 and
Nu ∼ Ra1/5Pr1/5. The derived relation for Nu is also in agreement
with analytically derived upper bounds of Nu ≲ Ra1/3 ln(Ra2/3)74

and Nu ≤ 0.644Ra1/3 ln(Ra1/3).75 Equation (49) also suggests that Nu
is a weak function of Pr for moderate and large Pr [see Fig. 8(b)].

For very large Ra (≫ 1012), some recent works48,76 reveal that
the Nusselt number scales in the band from Ra0.33 to Ra0.35. Unfor-
tunately, our predictions are not very accurate in this regime;
this is because the functional forms of f i are constructed using
data from simulations with Ra ≲ 1010. Note that for larger Ra, we
expect the suppression of viscous and thermal dissipation rates to
weaken because of the thin boundary layers. This can, in turn, cause
the scaling exponent for Nu to increase. For example, f 1 and f 3
may scale as

f 1 ∼ Ra−0.14, f 3 ∼ Ra−0.16, (50)

instead of Ra−0.21 as per Eqs. (41) and (43). Plugging the above
expressions for f 1 and f 3 in Eq. (28) gives

Nu ∼ Ra0.33,

which is consistent with the results of Iyer et al.48 However, the scal-
ings for f 1 and f 3, given by Eq. (50), are conjectures that need to
be verified using simulations with large Ra’s. In a future work, we
plan to upgrade our present work by taking inputs from large Ra
simulations.

We conclude in Sec. V.

V. CONCLUSIONS
In this paper, we enhance Grossmann and Lohse’s model to

provide improved predictions of Reynolds and Nusselt numbers
in turbulent Rayleigh–Bénard convection. The process of obtain-
ing this relation involves Grossman and Lohse’s idea of splitting the
total viscous and thermal dissipation rates into bulk and bound-
ary layer contributions and using the exact relations of Shraiman
and Siggia. In the present work, we address the additional Ra and
Pr dependences on the viscous and thermal dissipation rates in the
bulk compared to free turbulence, as well as the deviation of viscous
boundary layer thickness from Prandtl–Blasius theory.

The Reynolds and Nusselt numbers are obtained by solving a
cubic polynomial equation consisting of four functions f i(Ra, Pr)
that are prefactors for the dissipation rates in the bulk and bound-
ary layers. Note that these prefactors were constants in the origi-
nal GL model. The aforementioned functions are determined using
machine learning (regression analysis) on 60 datasets obtained from
direct numerical simulations of RBC. The cubic polynomial equa-
tion reduces to power-law expressions in the limit of the viscous
dissipation rate dominating in the bulk.

Using functional forms for the prefactors for the dissipation
rates improves the predictions for both Re and Nu compared to the
GL model. We observe significant improvements in the predictions
of Re, which is important because Re is more sensitive to modeling
parameters compared to Nu. The improvement in the predictions
of Nu is more pronounced for extreme Pr regimes (Pr ≤ 0.02 and ≥
100). Our results underscore the importance of applying data-driven
methods to improve existing models, a practice that has recently
been picking up pace in research on turbulence.77,78 Presently, our
work takes inputs from data that are restricted to Ra < 1010 and unit
aspect ratio. Our predictions can be further enhanced after deter-
mining f i for Ra > 1010 and for different aspect ratios. Moreover, our
work can be extended to convection with magnetic fields following
the approach of Zürner et al.79,80

We believe that our results will be valuable to the scientific
and engineering community, especially where flows with extreme
Prandtl numbers are involved. For example, they will help under-
stand the fluid dynamics and heat transport in liquid metal batteries
that involve small Pr convection.81 On the other end, our analysis
will help strengthen our knowledge on mantle convection, which
involves a large Pr flow.1,2,82 This will, in turn, enable us to make
better predictions of seismic disturbances and the earth’s magnetic
field. Apart from this, our present work should also aid in expanding
our knowledge on oceanic and atmospheric flows and, thus, enable
us to make improved weather predictions.
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APPENDIX: ROBUSTNESS OF THE ESTIMATED
PARAMETER VALUES FOR fi (Ra, Pr)

In this section, we check the robustness of the parameter val-
ues for f i(Ra, Pr) estimated in Sec. IV D. Toward this objective, we
employ the regression algorithm, used in Sec. IV D, on a reduced
training set consisting of 30 data points, which is half of the total
number of data points, and test the algorithm on the remaining 30
data points. Starting from the point corresponding to Pr = 0.02 and
Ra = 5 × 105, we take alternate data points from Tables I and II for
training and the remaining data points for testing. We obtain the
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following fits for fi for the reduced training set:

f 1 = 0.72H1Pr0.30 + 28H2Ra−0.21Pr0.52 + 150H3Ra−0.33Pr0.79, (A1)

f 2

δu
= 4.1H1Ra0.26Pr−0.27 + 6.9H2Ra0.23Pr−0.30 + 21H3Ra0.15Pr−0.18,

(A2)

f 3 = 0.087H1Ra−0.14Pr−0.16 + 0.26H2Ra−0.21Pr−0.17

+ 0.40H3Ra−0.24Pr−0.095, (A3)

f 4 = 0.45H1Ra−0.012Pr0.0075 + 0.42H2Ra−0.0078Pr0.0050

+ 0.36H3Pr0.0161. (A4)

We observe that the fits given by Eqs. (A1)–(A4) are similar to those
of Eqs. (41)–(44), which correspond to the fits obtained when all the
data points were used as training sets. The average deviation between
the f i’s predicted by the fits and the actual values of the test set
are 25%, 20%, 13%, and 71% for f1, f2/δu, f3, and f4, respectively.
These deviations are almost the same as those observed when all the
datasets were used for training and testing. Furthermore, if we train
our algorithm using only 15 datasets (every fourth set from Tables I
and II), we obtain

f 1 = 0.68H1Pr0.31 + 25H2Ra−0.20Pr0.47 + 238H3Ra−0.37Pr0.81, (A5)

f 2

δu
= 3.7H1Ra0.26Pr−0.27 + 5.8H2Ra0.24Pr−0.33 + 23H3Ra0.15Pr−0.19,

(A6)

f 3 = 0.060H1Ra−0.12Pr−0.17 + 0.23H2Ra−0.20Pr−0.19

+ 0.40H3Ra−0.24Pr−0.090, (A7)

f 4 = 0.42H1Ra−0.0099 + 0.41H2Ra−0.0069Pr0.0059 + 0.38H3, (A8)

with the average deviation between the f i’s predicted by the fits and
the actual values of the test set being 26%, 21%, 16%, and 71% for
f 1, f 2/δu, f 3, and f 4, respectively. We observe that there are visible
changes in the parameter values estimated using 15 datasets. Thus,
we infer that the parameter values estimated using more than 30
datasets are reasonably robust.
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Chapter 8

Conclusions and scope for future work

8.1 Conclusions of the thesis

Rayleigh-Bénard convection (RBC) is a classical problem and a paradigm for different
convective flows occurring in nature and in engineering applications. Despite its sim-
plicity, its dynamics is very rich and has been explored by researchers for decades. In
this thesis, we studied turbulent RBC over a wide range of Rayleigh and Prandtl num-
bers and comprehensively analyzed the characteristics of viscous and thermal dissipa-
tion rates, structure functions, the spectra and fluxes of kinetic energy and entropy, the
local and global heat fluxes, and the large-scale velocity.

We simulated turbulent RBC in a three-dimensional cubical box with rigid walls
on all sides. We employed a finite difference code, SARAS, and a finite volume code,
OpenFOAM, for our simulations. The Rayleigh number ranged from 5× 105 to 5× 109,
and the Prandtl number from 0.02 to 100.Additionally, we also used highly-resolved
simulation data of Verma et al. (2017) with free-slip walls (Ra = 1.1× 1011 and Pr = 1)
and of Kumar and Verma (2018) with no-slip walls (Ra = 1× 108 and Pr = 1). The
former dataset was used for the analysis of structure functions only.

We computed the longitudinal velocity structure functions of turbulent convec-
tion using our simulation data. We obtained a wide inertial range and showed conclu-
sively that for Pr ≤ 1, the third-order velocity structure functions obey Kolmogorov
scaling of Su

3 (l) ∼ −l in this range, which is similar to that of homogeneous isotropic

121



Summary and conclusions

turbulence. For q 6= 3, the structure functions of turbulent convection fit well with
the hierarchy model of She and Leveque (1994) that was analytically derived for ho-
mogeneous isotropic turbulence. These results are in agreement with Kolmogorov’s
energy spectrum observed in turbulent convection for moderate and small Prandtl
numbers (Mishra and Verma, 2010; Kumar et al., 2014; Kumar and Verma, 2018; Verma
et al., 2017). However, for large Prandtl numbers, the velocity structure functions ex-
hibit steeper scaling due to strong viscous dissipation in the inertial range. Our results
agree with the steeper kinetic energy spectrum observed for large Pr (Pandey et al.,
2014, 2016b).

We also studied the probability distribution functions (PDFs) of the transverse
velocity increments, given by δu = {u(r + l) − u(r)} · l̂, for different values of the
separation distance l. The PDFs are non-Gaussian with stretched-exponential tails for
small l and become closer to Gaussian as l is increased, as has also been observed for
homogeneous isotropic turbulence (Donzis et al., 2008).

We studied the Prandtl number (Pr) dependence of amplitudes of the spectra
and fluxes of kinetic energy, as well as the energy injection rates and dissipation rates,
of turbulent thermal convection using numerical data. We present novel results and
showed that the amplitudes of the kinetic energy fluxes and spectra and those of struc-
ture functions increase with the decrease of Pr, thus exhibiting stronger nonlinearity
for flows with small Prandtl numbers. Consistent with these observations, the kinetic
energy injection rates and the dissipation rates too increase with the decrease of Pr. For
small Prandtl numbers, kinetic energy injection by buoyancy occurs mostly at large
scales. This results in the kinetic energy flux in the inertial range to be approximately
equal to the viscous dissipation rate, similar to hydrodynamic turbulence. However,
for moderate and large Prandtl numbers, significant kinetic energy is injected at small
scales as well, causing the energy flux in the inertial range to be a fraction of the viscous
dissipation rate.

We analyzed the statistics of local convective heat flux in thermal convection us-
ing our numerical data and studied their variations with Prandtl numbers. The fluc-
tuations of the local heat flux were found to become stronger with the increase of Pr.
This is because the plumes transferring heat become thinner as Pr is increased, thereby
increasing inhomogeneity in the heat flux.

We studied the scaling and relative strengths of the viscous and thermal dissipa-
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tion rates in the bulk and boundary layers of RBC cell. For this work, we determined
the boundary layer thicknesses for each data and computed the scaling of the dissi-
pation rates over the entire bulk and boundary layer volumes. We showed that for
moderate and large Pr, the viscous dissipation rate in the bulk, εu,bulk, does not scale as
U3/d as in homogeneous isotropic turbulence; instead, it gets a correction of approxi-
mately Ra−0.18 for moderate Pr to Ra−0.35 for large Pr. However, for small Pr, εu,bulk was
found to scale as U3/d without any additional Ra dependence. The thermal dissipation
rate in the bulk also does not scale as U∆2/d as in homogeneous isotropic turbulence
with passive scalar but gets an additional correction of approximately Ra−0.15 for small
Pr to Ra−0.25 for large Pr. Further, the viscous boundary layer thickness was observed
to deviate marginally from Prandtl-Blasius’s relation of δu ∼ Re−1/2.

We showed that the viscous dissipation rate is stronger, albeit marginally, in the
bulk than in the boundary layers for all the Rayleigh numbers employed in our study.
This is contrary to the general assumption that most of the viscous dissipation oc-
curs near the walls. The thermal dissipation rate, on the other hand, was found to be
stronger in the boundary layers by a factor of approximately three. We also showed
that the velocity gradients in the bulk are more pronounced than the thermal gradi-
ents; thus, viscous dissipation rate is stronger in the bulk compared to the thermal
dissipation rate.

The intensity of the dissipation rates was found to be more in the boundary lay-
ers than in the bulk because the former occupy much less volume than the bulk. The
probability distribution function (PDF) of the viscous dissipation rates was observed
to be log normal in the bulk (as in homogeneous isotropic turbulence) but stretched ex-
ponential in the boundary layers. This implies that extreme events occur in the bound-
ary layers. We also showed the PDF of the thermal dissipation rates to be stretched
exponentials both in the bulk and in the boundary layers. However, the tails of the
PDFs were observed to be much wider in the boundary layers, again implying that the
extreme events of thermal dissipation occur in the boundary layers. Further, the fluc-
tuations of both viscous and thermal dissipation rates become stronger as the intensity
of turbulence is increased by increasing Ra or decreasing Pr.

Finally, we used our results to extend Grossmann and Lohse’s model (Grossmann
and Lohse, 2000, 2001) for predicting the Nusselt and Reynolds numbers for arbitrary
sets of governing parameters. Towards this objective, we derived a cubic polynomial
equation for Re and Nu that consists of four functions fi(Ra, Pr); these functions are
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prefactors for the dissipation rates in the bulk and boundary layers. These functional
forms arise due to the modification of the scaling of bulk dissipation rates and the
viscous boundary-layer thickness, as discussed earlier. The aforementioned functions
were determined using a regression algorithm on 60 datasets obtained from our nu-
merical simulations. The revised predictions were observed to be in better agreement
with the past numerical and experimental results compared the GL model, especially
for very large and very small Prandtl numbers.

We believe that our work will be valuable to the scientific and engineering com-
munity. The enhancement in the predictions of Re and Nu will be of significant im-
portance for flows with extreme Prandtl numbers. For example, our results will be
useful for modeling the heat transfer in liquid metal batteries, a promising technology
for energy storage because of its long cycle life (Kelley and Weier, 2018). In addition,
our analysis should help understand mantle convection involving large Pr flow, which
may enable us to make better predictions of seismic disturbances and the earth’s mag-
netic fields. Further, our analysis on small-scale statistics in RBC will be important for
modeling flows in stars and bubbly turbulence. Our results should also help in de-
veloping accurate subgrid models for convection; these subgrid models can be used
to simulate more complex convective flows such as heat sinks, combustion chambers,
and building interiors.

8.2 Scope of future work

In the present thesis, we numerically analyzed the velocity structure functions and
studied the Prandtl number dependence of the local heat fluxes and the spectra of
kinetic energy and entropy in Rayleigh-Bénard convection. We also studied the scal-
ing and spatial intermittency of viscous and thermal dissipation rates, and using these
results, enhanced Grossmann and Lohse’s model for predicting the Reynolds and Nus-
selt numbers.

Based on the above results, we discuss some possible projects which may be in-
vestigated in the future.

1. We studied the scaling of velocity structure functions in detail in this work. It
would be useful to study the structure functions of the temperature fluctuations
(θ) and relate them to the dual branches observed in the spectrum of entropy (θ2).

124



8.2 Scope of future work

2. The boundary layers exhibit different physics than the bulk. It would be instruc-
tive to study the spectra and fluxes of kinetic energy and entropy in the boundary
layers. The structure functions of velocity and temperature inside the boundary
layers would also be interesting to analyze.

3. For large Prandtl number RBC, the flow becomes anisotropic (Nath et al., 2016). It
would thus be instructive to study the structure functions and the spectral quan-
tities in terms of horizontal and vertical length scales in this regime to understand
the small-scale dynamics of the system better.

4. Presently, we studied the scaling of the dissipation rates using data that are re-
stricted to Ra < 1010. For larger Rayleigh numbers, we expect weaker depen-
dence of Ra and Pr for the prefactors for the dissipation rates due to thin bound-
ary layers. Thus, it is suggested to test this out by conducting high-resolution
simulations for Ra � 1010. However, with the current computational resources,
it is difficult to achieve such large Rayleigh numbers for 3D simulations. Large-
eddy simulation (LES) is a promising technique to achieve this goal.

5. In the current thesis, we enhanced the GL model by considering the prefactors for
the dissipation rates, fi, to be functions of Ra and Pr. However, we believe that
these prefactors also weakly depend on the aspect ratio of the convective cell. It
would be instructive to perform simulations of RBC for different aspect ratios to
ascertain their dependence of the above prefactors, and hence of Reynolds and
Nusselt numbers.

6. It would also be interesting to study convection under the influence of rota-
tion. Rotation introduces interesting dynamics such as inertial waves (Ranjan
and Davidson, 2021), and it would be instructive to study their effects on heat
transfer and small-scale dynamics.

Rayleigh-Bénard convection is an important topic exhibiting a rich set of dynam-
ics. Our work is a small attempt to uncover some of these mysteries.
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