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Study of thermal convection [1, 2, 3, 4] is important for the understanding of
many natural phenomena. For example, in the Sun, convection plays a significant role
at both small and large scales [5]. In the Earth’s outer core, convection helps generate
and maintain the magnetic field [6, 7], and convection in the Earth’s mantle is associated with the plate tectonics [8]. Convection also has applications in many engineering
processes [2, 4]. Researchers usually study a simplified model of convection, RayleighBénard convection (RBC), in which a fluid is kept between two horizontal plates and
is uniformly heated from below and cooled from above. The Prandtl number (Pr), a
ratio of the kinematic viscosity (ν) and the thermal diffusivity (κ) of the fluid, is an important parameter in RBC. The Prandtl number varies vastly in nature; in some parts
of the Sun Pr is as small as 10−7 , whereas in the Earth’s mantle Pr ≈ 1025 . Another important governing parameter is the Rayleigh number (Ra), which is a measure of the
ratio of the destabilizing buoyancy force and the stabilizing viscous forces in the fluid.
The response parameters of RBC are the Reynolds number, Re (= Ud/ν), the Péclet
number, Pe (= Ud/κ ), the Nusselt number Nu, a ratio of the total heat transfer and the
conductive heat transfer, the viscous dissipation rate, eu , and the thermal dissipation
[1] Bhattacharjee, Convection and chaos in fluids, World Scientific (1987)
[2] Ahlers et al., Rev. Mod. Phys. 81, 503–537 (2009)
[3] Lohse and Xia, Annu. Rev. Fluid Mech. 42, 335-364 (2010)
[4] Chillà and Schumacher, Eur. Phys. J. E 35, 58 (2012)
[5] Hanasoge et al., Annu. Rev. Fluid Mech. 48, 191–217 (2016)
[6] Cardin and Olson, Phys. Earth Planet. Inter. 82, 235–259 (1994)
[7] Glatzmaier and Roberts, Nature 377, 203–209 (1995)
[8] McKenzie et al., J. Fluid Mech. 62, 465–538 (1974)
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rate, eT , where U and d are the characteristic velocity and length scales, respectively.
In this thesis we investigate the scaling of large-scale quantities, namely Péclet
and Nusselt numbers, viscous and thermal dissipation rates, and rms value of the temperature fluctuations. We also study the energy and entropy spectra for large Prandtl
numbers. Towards the end of the thesis, we show that for large and infinite Prandtl
numbers, 3D RBC has close resemblance with 2D RBC due to suppression of fluctuations in the second horizontal direction. We perform the above analysis using theoretical modelling and high-resolution direct numerical simulations. A brief outline of the
thesis is as follows:
In Chapter 1 we introduce the governing equations and important nondimensional parameters of RBC, and discuss various boundary conditions for the velocity
and temperature fields which are used in direct numerical simulations (DNS). We review some of the main results regarding theoretical, experimental, and numerical studies of the large-scale quantities. We also discuss the kinetic energy and entropy spectra.
In Chapter 2 we present the details of a pseudo-spectral code, TARANG [9], that
we have used to perform simulations with the stress-free boundary condition. We
discuss the computation of Nu, Pe, rms temperature fluctuations, and the spectra and
fluxes of the kinetic energy and entropy. We also summarize the numerical details of
a finite volume code, O PEN F OAM [10], and a spectral element code, N EK 5000 [11],
which have been used to simulate RBC with the no-slip boundary condition.
In Chapter 3 we derive an analytical formula to compute the Péclet number as a
function of the Rayleigh and Prandtl numbers [12, 13]. The coefficients appearing in
the formula for Pe are determined using numerical simulations. We observe that our
formula fits very well with the simulation and experimental results. In addition, we
observe that in the turbulent regime, the pressure gradient dominates the buoyancy
and viscous terms to provide a large acceleration. However in the viscous regime, the
buoyancy and viscous terms are much larger than the pressure gradient, and oppose
each other to yield a small acceleration. We also compute the volume-averaged viscous
and thermal dissipation rates, and observe that in the turbulent regime the viscous
dissipation in RBC is lower than that in the homogeneous and isotropic turbulence.
In the viscous regime of RBC however eu is higher compared to that in flows without
[9] Verma et al., Pramana 81, 4 (2013)
[10] OpenFoam: The open source CFD toolbox
[11] Fischer, J. Comp. Phys. 133, 1 (1997)
[12] Pandey et al., submitted (2016)
[13] Pandey and Verma, Phys. Fluids 28, 095105 (2016)
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walls. We also find that the Nusselt number computed using our numerical data are
consistent with the earlier experimental and numerical results.
In Chapter 4 we compare the scaling of large-scale quantities under the freeslip boundary condition with those under the no-slip condition, obtained in Chapter 3 [12, 13]. The formula for Pe with the free-slip boundary condition is slightly different from that with the no-slip boundary condition. The predictions of our formula
are in good agreement with those computed using the numerical data. We find that
the Nusselt number scales as Ra0.27 and the Péclet number as Ra0.43 in the turbulent
regime, whereas Nu ∼ Ra0.32 and Pe ∼ Ra0.61 in the viscous regime. We also observe
that in the viscous regime, the pressure gradient is comparable to the buoyancy and
the viscous terms, in contrast to RBC with no-slip boundary condition. However in the
turbulent regime of RBC, the pressure gradient dominates the buoyancy and viscous
terms, similar to that observed under the no-slip boundary condition. Moreover, we
observe that eu in the turbulent regime of RBC with stress-free walls is comparable to
that in the homogeneous and isotropic turbulence.
In Chapter 5 we analytically derive the spectra of kinetic energy and entropy, in
the limit of infinite Prandtl number. We show that the kinetic energy spectrum Eu (k)
scales with wavenumber k as k−13/3 , and the entropy spectrum Eθ (k ) ∼ k−1/3 [14]. To
verify our analytical findings, we perform simulations in a rectangular box for Pr =
100, 1000, ∞ and Ra upto 108 . We compute Eu (k) using the numerical data and observe
that Eu (k) ∼ k−13/3 in the powerlaw range for Pr = ∞, consistent with our analytical
observations. In addition, we observe that the kinetic spectrum scales as k−13/3 for
Pr = 102 and 103 . We also compute the entropy spectrum and find that Eθ (k) exhibits
a dual branch in the powerlaw range for Pr ≥ 100 in contrast to our analytical result.
The entropy flux, computed using the numerical data, is also observed to remain an
approximate constant in the powerlaw regime.
In Chapter 6 we numerically study RBC for very large Prandtl numbers in a twodimensional rectangular box, and compare the scaling of the large-scale quantities,
and the energy and entropy spectra with those obtained in three dimensions [15]. We
observe that for Pr ≥ 100, Eu (k ) ∼ k−13/3 , and Eθ (k) exhibits a dual branch in the
powerlaw range in both two and three dimensions. Furthermore, we observe that the
scaling of Nu and Pe are very similar in 2D and 3D, with Nu ∼ Ra0.30 and Pe ∼ Ra0.60 ,

[14] Pandey et al., Phys. Rev. E 89, 023006 (2014)
[15] Pandey et al., Pramana 87, 13 (2016)
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consistent with the earlier results of Schmalzl et al. [16] and van der Poel et al. [17]. The
viscous and thermal dissipation rates are also observed to scale similarly in both 2D
and 3D convection for very large Prandtl numbers. In addition, we perform simulations for Pr = 100 in a 2D unit box with rigid walls and observe that the scaling of the
Nusselt and Péclet numbers, the viscous and thermal dissipation rates, and the energy
and entropy spectra are very similar to those observed under the free-slip boundary
condition. We compute the most dominant entropy Fourier modes for Pr = ∞ and
Ra = 107 and find them to be very similar in 2D and 3D RBC, which is the reason for
the similarities between two- and three-dimensional convection for very large Prandtl
numbers.
In Chapter 7 we summarize the main results obtained in this thesis, and also
discuss some future projects.

[16] Schmalzl et al., Europhys. Lett. 67, 390–396 (2004)
[17] van der Poel et al., J. Fluid Mech. 736, 177–194 (2013)
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Chapter 1

Introduction

Thermal convection is an important physical process in many natural phenomena and
engineering applications [2,8,26,31,77,171]. For example, convection in Earth’s mantle
is responsible for the motion of tectonic plates [83]. Convection in the outer core of
the Earth helps generate and maintain the magnetic field [21, 51]. In the outermost
layer of the Sun, heat transfer is dominated by convection [59]. Researchers usually
study an idealized model of convection known as Rayleigh-Bénard convection (RBC),
in which a thin layer of fluid kept between two horizontal plates is heated from bottom
and cooled from top [2, 31, 77, 171]. Buoyancy drives the flow when the temperature
gradient is larger than a critical value.
In the next section, we will discuss the governing equations and important parameters of RBC.

1.1

Governing equations and important nondimensional
parameters

The conservation laws for momentum, internal energy, and mass yield RBC equations that govern the movement of fluid parcels. The RBC equations under Oberbeck-
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TABLE 1.1: Fluids and their Prandtl numbers that are typically used to explore RBC
in experiments and simulations.

Fluid
Sun
Sodium
Mercury
Helium

∼ Pr
10−7
0.002
0.022
0.7

Fluid
Air
Water
Silicon oils
Earth’s mantle

∼ Pr
0.7
6.8
O(102 )
1023 − 1024

Boussinesq approximations are

∇σ
∂u
+ (u · ∇)u = −
+ αg( T − T0 )ẑ + ν∇2 u,
∂t
ρ0
∂T
+ (u · ∇) T = κ ∇2 T,
∂t
∇ · u = 0,

(1.1)
(1.2)
(1.3)

where u = (u x , uy , uz ), σ, and T are the velocity, pressure, and temperature fields respectively, ρ0 is the density of the fluid at a reference temperature T0 , and α, ν, κ, g
are respectively the thermal expansion coefficient, the kinematic viscosity, the thermal
diffusivity, and the gravitational acceleration. In the Oberbeck-Boussinesq (OB) approximations all the fluid properties except density are assumed to be independent of
temperature and pressure [26]. Also the flow is considered to be incompressible except
for the density variations in the buoyancy.
As the convective motion starts in the system, the temperature at any point can
be expressed as
T ( x, y, z) = Tc + θ ( x, y, z) = Tbottom −

∆
z + θ ( x, y, z),
d

(1.4)

where Tc = Tbottom − ∆d z is the linear variation of the temperature in the conduction
state, and θ is the fluctuation superimposed on it. Here ∆ and d are respectively the
temperature difference and the distance between the top and bottom plates. The governing equations in terms of the temperature fluctuations are
∂u
∇σ
+ (u · ∇)u = −
+ αgθ ẑ + ν∇2 u,
∂t
ρ0
∂θ
∆
+ (u · ∇)θ = uz + κ ∇2 θ,
∂t
d
∇ · u = 0.

2

(1.5)
(1.6)
(1.7)

1.1 Governing equations and important nondimensional parameters
The above equations are solved using direct numerical simulations (DNS), and it is
customary to solve nondimensional equations. If we nondimensionalize Eqs. (1.5, 1.6,
p
1.7) using d, ∆, and αg∆d as the length, temperature, and velocity scales respectively,
we get
r
∂u
Pr 2
+ (u · ∇)u = −∇σ + θ ẑ +
∇ u,
∂t
Ra
1
∂θ
+ (u · ∇)θ = uz + √
∇2 θ,
∂t
PrRa
∇ · u = 0.

(1.8)
(1.9)
(1.10)

Two important nondimensional parameters appearing in the above equations are the
Rayleigh number Ra = αg∆d3 /νκ, a measure of the destabilizing buoyancy forces in
the fluid, and the Prandtl number Pr = ν/κ, a ratio of the time scales of the heat
diffusion and the momentum diffusion. The Rayleigh number depends only on the
temperature difference ∆ in any RBC system. Another important parameter is the
aspect ratio Γ, which is defined as the ratio of horizontal and vertical dimensions of
the system.
Typical fluids in the Rayleigh-Bénard experiments are listed in Table 1.1. Earth’s
mantle possesses extremely high value of the Prandtl number (Pr ∼ 1025 ), which has
been studied using DNS in the limit of infinite Prandtl number [114].
For large and infinite Prandtl number convection, it is customary to nondimenp
sionalize the above set of equations using αg∆d/Pr, d, and ∆ as the velocity, length,
and temperature scales respectively [134], which yields


1
1 ∂u
+ (u · ∇)u = −∇σ0 + θ ẑ + √ ∇2 u,
Pr ∂t
Ra
1
∂θ
+ (u · ∇)θ = uz + √ ∇2 θ,
∂t
Ra
∇ · u = 0,

(1.11)
(1.12)
(1.13)

where σ0 = σ/Pr [114, 134]. Under the limit of Pr = ∞, the momentum equation
[Eq. (1.11)] gets simplified to [14]
1
− ∇σ + θ ẑ + √ ∇2 u = 0.
Ra

(1.14)

The equations for the temperature field and the incompressibility condition remain
unchanged. Note that the pressure term plays an important role in infinite Prandtl
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number convection, and it cannot be ignored.
The Rayleigh number must reach a critical value before the heat transport starts
via convection. The critical Rayleigh number Rac for an infinitely wide layer of a fluid
placed between stress-free top and bottom walls is 27π 4 /4. For the no-slip boundary
condition, Rac increases to a value of approximately 1708.1.
In direct numerical simulations (DNS), we need to specify boundary conditions
to solve the RBC equations. In case of the no-slip boundary condition, which occurs
at a rigid wall, all the components of velocity vanish at the specified boundary, i.e.,
u = 0. The stress-free condition is observed at the interface of two non-mixing fluids,
where the fluids can slip but cannot penetrate. At a stress-free boundary, the normal
component of velocity as well as the normal derivative of the tangential components
of velocity, vanish, i.e., un = 0; ∂ut /∂n = 0. For the temperature field, usually the
conducting boundary condition is applied at the top and bottom plates, where the
temperature is fixed, i.e., T = constant. On the sidewalls adiabatic condition is usually
employed, where the normal derivative vanishes, i.e., ∂T/∂n = 0. RBC is also studied
in rectangular geometries, where the periodic boundary condition for both the velocity
and the temperature fields are also employed in horizontal directions.
As the Rayleigh number is increased beyond a critical value, the heat transport is
dominated by convection. The Nusselt number (Nu) is defined as a ratio of the total
heat flux to that by conduction. At any horizontal cross-section, i.e., at a fixed height z,
the heat transport is
Nu(z) =

TiA
huz T i A − κ ∂h∂z
TiA
−κ ∂h∂z

.

(1.15)

The Nu(z) is constant and independent of z [118]. Vertical average of the above equation yields

Nu = 1 +

uz d T
κ ∆


,

(1.16)

V

where hi A and hiV denote the averaging over a horizontal cross-section and the whole
volume respectively.
The Reynolds number is defined as a ratio of the nonlinear term, u · ∇u, and the
diffusion term, ν∇2 u, in the momentum equation [Eq. (1.1)], which is computed as
Re = UL/ν,

(1.17)

where U and L are the characteristic velocity and length scales respectively. Various
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definitions of Re exist depending on the choice of the characteristic velocity and length
scales. Another measure of nondimensional velocity is the Péclet number (Pe), which
is defined as a ratio of the advection term, u · ∇ T, and the diffusion term, κ ∇2 T, in the
temperature equation [Eq. (1.2)], and computed as
Pe = UL/κ.

(1.18)

Note that the Péclet number is related to the Reynolds number as Pe = RePr. In this
thesis we have computed Re and Pe based on the root mean square velocity, which in
turn is computed from the volume averaged kinetic energy.
In this thesis we revisit the definitions of the Reynolds and Péclet numbers. We
show that the ratio of the nonlinear term and diffusive term of the momentum equation

|u · ∇u|
= ReRa−0.14 ,
| ν ∇2 u |

(1.19)

not just Re. Similarly, the ratio of the nonlinear term and the diffusive term of the
temperature equation

|u · ∇ T |
= PeRa−0.30 ,
|κ ∇2 T |

(1.20)

which are due to the presence of walls or boundary layers. This will be discussed in
Chapter 3.
Kolmogorov [70] showed that in a turbulent fluid flow the kinetic energy supplied at large length scales cascades down to smaller scales, which finally gets dissipated at the smallest scales due to the molecular viscosity [40, 46, 70, 74, 77, 105, 135].
The length scale below which the dissipation is effective is known as the Kolmogorov
length scale ηu . In a homogeneous and isotropic turbulent fluid flow the kinetic energy
contained in an eddy depends only on its length scale r and the kinetic energy dissipation rate eu , if ηu  r  d. In this range, the second order longitudinal structure
function
S2 (r ) = h[δuk (r )]2 i ∼ r2/3 ,
where
δuk (r, l) = [u(x + r) − u(x)] ·

(1.21)
r
r

(1.22)

is the longitudinal velocity increment [46]. Similar scaling relation has also been observed for the transverse structure function [46].
In RBC, buoyancy provides the kinetic energy at large length scales, which cas-
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cades down to smaller scales [77, 135]. In the Fourier space, the kinetic energy and the
entropy (θ 2 /2) contained in a wavenumber shell of radius (k − 1, k] is defined as the
energy spectrum Eu (k ) and the entropy spectrum Eθ (k) respectively, and computed as
Eu (k ) =

|û(k0 )|2
,
∑
2
0
k−1<|k |≤k

(1.23)

Eθ (k ) =

|θ̂ (k0 )|2
,
∑
2
0
k−1<|k |≤k

(1.24)

where û and θ̂ are the Fourier transforms of u and θ respectively. The energy [Πu (k0 )]
and entropy [Πθ (k0 )] fluxes are defined respectively as the rates of the energy and
the entropy transfer from the modes within a wavenumber sphere of radius k0 to the
modes outside the sphere, which are
Πu (k0 ) =

∑ ∑

δk,p+q =([k · û(q)][û∗ (k) · û(p)]),

(1.25)

∑ ∑

δk,p+q =([k · û(q)][θ̂ ∗ (k) · θ̂ (p)]),

(1.26)

k > k 0 p6k 0

Πθ (k0 ) =

k > k 0 p6k 0

where = is the imaginary part of the argument, and k, p, q are the wavevectors of a
triad with k = p + q. We will discuss the scalings of Eu (k ), Eθ (k ), Πu (k), and Πθ (k ) for
RBC in Sec. 1.3.
The viscous forces dominate in thin boundary layers near the rigid walls, whereas
in the bulk the fluid is mixed due to a large-scale wind. The gradients are smeared
out in the central region due to strong mixing; almost all the temperature and velocity gradients occur in thin boundary layers near the solid walls. Researchers have
studied the temperature and velocity profiles and measured the width of thermal
(δT ) and viscous (δu ) boundary layers, which decrease with increasing Rayleigh number [2, 41–43, 75, 112, 113, 122, 125, 127, 137, 174]. Verzicco [159] and Scheel and Schumacher [113] showed that δu increases, whereas δT remains almost unchanged with
the increase of the Prandtl number. Moreover for a fixed Prandtl number, δT is lower
for a stress-free wall compared to that for a rigid wall, and δu is negligible for stressfree boundary condition [159]. The width of the thermal boundary layer is related to
Nu as

δT
1
=
,
d
2Nu

(1.27)

where δT is measured from the area-averaged temperature profile.
In RBC, the hot and the cold volumes of fluid, known as “plumes”, detach from

6

1.2 Earlier studies of large-scale quantities
the thermal boundary layers [67]. The plumes become sharper with the increase of Ra
and Pr, and the number of plumes increase with increasing Ra. Researchers have investigated the structure of plumes using different criteria [32, 106–108, 128, 130, 143,
144, 169, 179]. Plumes also support a large-scale coherent structure in the system,
known as the large-scale circulation (LSC), whose properties have been studied in detail [16, 18, 37]. It has been observed in experiments [16, 17, 37, 64, 87, 170] as well as
in simulations [14, 24, 25, 84, 100, 141, 156] that LSC reverses its orientation at irregular
intervals.
Researchers have explored the dependence of the Nusselt and Reynolds number
on Ra and Pr using analytical techniques, experiments, and direct numerical simulations [2, 31, 171]. In the next section, we will review some of the earlier theoretical,
experimental and numerical studies of the large-scale quantities in RBC.

1.2

Earlier studies of large-scale quantities

The influence of the temperature difference and the fluid parameters on the convective
heat transport and on the large-scale velocity have been investigated intensely [2, 31,
133, 171]. We refer to Ahlers et al. [2], Chillà and Schumacher [31], Siggia [133], and
Xia [171] for detailed reviews on the scaling of Nu and Re and the structures of the
boundary layers.

1.2.1

Theoretical results

Several theories attempt to explain the observed scalings of the Nusselt and Reynolds
numbers [53–57, 71, 80, 81, 132, 133]. Using the arguments of marginal stability theory,
Malkus [80, 81] deduced Nu ≈ (Ra/Rac )1/3 by assuming that the heat transport is
independent of d. Kraichnan [71] suggested a more efficient heat transport for very
strong thermal forcing. For small Prandtl numbers, where the viscous boundary layer
is thinner compared to the thermal one, the velocity profile is assumed to be logarithmic for very large Rayleigh numbers. Therefore the outermost part of the thermal
boundary layer, which lies outside the viscous sublayer, becomes turbulent. He argued
that in the ultimate regime for Pr ≤ 0.15
Nu ∼ (RaPr)1/2 (ln Ra)−3/2

(1.28)

Re ∼ (Ra/Pr)1/2 (ln Ra)−1/2 ,

(1.29)
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and for 0.15 < Pr ≤ 1
Nu ∼ Ra1/2 Pr−1/4 (ln Ra)−3/2

(1.30)

Re ∼ Ra1/2 Pr−3/4 (ln Ra)−1/2 .

(1.31)

Therefore in the ultimate regime, the heat transport becomes independent of the fluid
properties, ν and κ.
Castaing et al. [23] proposed the existence of a mixing zone where hot rising
plumes meet mildly warm fluid. By matching the velocity of the hot fluid at the end
of the mixing zone with those of the central region, Castaing et al. [23] argued that
Nu ∼ Ra2/7 and Rec ∼ Ra3/7 , where Rec is based on the typical velocity scale in the
central region.
Shraiman and Siggia [132] provided exact relations for the global viscous and
thermal dissipation rates as
ν3 (Nu − 1)Ra
,
d4
Pr2
∆2
= κ h|∇ T |2 i = κ 2 Nu.
d

eu = νh|∇ × u|2 i =

(1.32)

eT

(1.33)

By assuming that a turbulent boundary layer exists and the thermal boundary layer is
nested within the viscous layer [133], Shraiman and Siggia [132] derived that
Nu ∼ Pr−1/7 Ra2/7 ,

(1.34)

Re ∼ Pr−5/7 Ra3/7 [2.5 ln(Re) + 5].

(1.35)

One of the most recent and popular models of the large-scale quantities of RBC
is by Grossmann and Lohse [53–57]. They modelled the scaling of the Nusselt and
Reynolds numbers using Shraiman and Siggia’s exact relations [132] between the dissipation rates and the Nusselt number. For the dissipation rates, they considered the
contributions from the bulk and boundary layers separately. They showed that the parameter space (Ra, Pr) is divided into four regimes — I: for UBL , θBL dominated regime;
II: for Ubulk , θBL dominated regime; III: for UBL , θbulk dominated regime; and IV: for
Ubulk , θbulk dominated regime; here UBL and θBL are respectively the rms values of the
velocity and temperature fields in the boundary layer, while Ubulk and θbulk are the corresponding quantities in the bulk. For the infinite or very large Prandtl number (kinematic viscosity  thermal diffusivity), most of the flow is dominated by the viscous
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force. Grossmann and Lohse [54] denote these regimes as I∞ and III∞ depending on
the dominance of θBL or θbulk respectively. Throughout the thesis we refer to the aforementioned scaling as “GL scaling”. Based on the estimates of the viscous and thermal
dissipation rates, Grossmann and Lohse derived different formulae for the Nusselt and
Reynolds numbers in the bulk and boundary-layer dominated regimes. Later Stevens
et al. [139] updated the coefficients involved in the formulae of Nu and Re by including
more recent simulation and experimental data. GL theory has been quite successful in
explaining the heat transport and Reynolds number in many numerical simulations
and experiments.
Several mathematically rigorous bounds on the Nusselt number exponent also
exist. In the limit of infinite Prandtl number, Constantin and Doering [38] showed
that Nu ≤ cRa1/3 [1 + log(Ra)]2/3 for the top and bottom walls with no-slip boundary condition and vertical walls with periodic boundary condition. Ierley et al. [65]
also investigated the infinite Prandtl number RBC and showed that Nu < cRa1/3 and
Nu < cRa5/12 for the no-slip and the free-slip boundary conditions respectively. Whitehead and Doering [166] studied two-dimensional RBC with stress-free horizontal walls
and found that Nu ≤ 0.2891Ra5/12 for 0 < Pr ≤ ∞. For Pr = ∞, Whitehead and
Doering [167] derived Nu ≤ 0.2876Ra5/12 for three-dimensional RBC with stress-free
(periodic) horizontal (vertical) walls.
We also derive the scaling of the Péclet number as a function of Ra and Pr using a dimensional analysis of the momentum equation. We perform direct numerical
simulations in a unit box to determine certain coefficients appearing in the formula for
Pe. We observe that the predictions of our formula are in good agreement with those
computed using numerical simulations or experiments. Our formula yields Pe ∼ Ra0.6
in the viscous regime, whereas Pe ∼ Ra0.4 and Ra0.5 in the turbulent regime, which are
consistent with the earlier results observed in experiments and numerical simulations
(see Chapter 3 and Chapter 4 for details).
In the next subsection, we will discuss the scaling results of Nu and Re obtained
in some earlier experiments.

1.2.2

Experimental results

In a typical RBC experiment, a fluid is placed in a cylindrical or rectangular container
with conducting top and bottom walls maintained at constant temperatures. Above a
critical temperature gradient, motion in the fluid begins and consequently, more heat
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transport takes place due to the convective motion. As the temperature difference
is increased further, the convective transport of heat and momentum increase. The
temperature and the velocity fields are measured at several points within the fluid to
estimate various quantities.
The Nusselt number can be measured by using the electrical heating power as
Nu =

Qd
,
κ∆

(1.36)

where Q is the heat flux divided by the volumetric heat capacity of the fluid [37]. The
Reynolds number can be measured in various ways: based on the maximum velocity of
the horizontal velocity profiles [75,174], absolute peak value of the vertical velocity [63,
134], and the peak frequency in power spectra of the temperature or the velocity crosscorrelation functions [37,75,89,109]. It can also be estimated from the root mean square
velocity [75, 98, 113, 158].
Many researchers have exploited the cryogenic helium gas at low temperatures
to achieve very high Rayleigh numbers [1, 3, 23, 27, 88–92, 111]. Castaing et al. [23] performed experiments with helium gas in a cylinder of aspect ratio one. They observed
that the Nusselt number scales with the Rayleigh number as Nu ∼ Raγ with γ close to
2/7 for Ra between 4 × 107 and 6 × 1012 . In addition, they developed a mixing zone
model to explain the observed exponent. Niemela et al. [88] measured Nu for helium
gas in a cylinder by achieving Ra upto 1017 , which is the highest Rayleigh number
achieved till date. Throughout the whole range of Ra, they obtained a single powerlaw with scaling exponent γ = 0.309 and did not notice any signature of the “ultimate
regime”, where the heat transport is hypothesized to occur more efficiently, following
Nu ∼ Ra0.50 [71]. Niemela et al. [89] observed that the Péclet number based on the
large-scale wind scales as Pe ∼ Ra0.50 .
Ahlers et al. [3] explored the heat transport in SF6 in high-Ra regime, and reported
a transition near Ra∗ ≈ 1.4 × 1013 , below which RBC is in a classical state with γ ≈
0.312. However for Ra∗ < Ra / 5 × 1014 , both the viscous and thermal boundary
layers were reported to be turbulent and γ ≈ 0.37. A transition to the ultimate regime
in helium is also reported by Chavanne et al. [27] for Ra ' 1011 ; they observed γ ≈ 0.50
beyond Ra ≈ 1011 . However, the transitional Ra is more than 2 orders of magnitude
lower than the value reported by Ahlers et al. [3]. Roche et al. [111] investigated RBC
with rough boundaries and reported a transition to the ultimate regime in helium gas
near Ra ≈ 2 × 1012 .

10

1.2 Earlier studies of large-scale quantities
Owing to the difficulty in visualizing the flow due to opaqueness, RBC in liquid
metals have not been explored in great detail [28,29,36,37,52,142]. For mercury, Cioni et
al. [36,37] obtained γ = 0.26 for 4.6 × 106 < Ra < 4.5 × 108 and γ = 0.20 for 4.5 × 108 <
Ra < 2.1 × 109 , and then a sharp increase in the exponent. They also computed Re
based on the oscillation frequency and observed that Re ∼ Ra0.42 . Takeshita et al. [142]
measured the heat transport and the Reynolds number in a mercury experiment for
106 < Ra < 108 , and observed Nu ∼ Ra0.27 and Re ∼ Ra0.46 . Glazier et al. [52]
investigated high-Ra convection in mercury reaching upto Ra = 8 × 1010 , where they
could fit the entire range of Rayleigh number by a single powerlaw with γ = 0.285,
and no signature of a transition to the ultimate regime was observed.
For fluids whose Prandtl number is greater than unity, the thermal boundary
layer is nested within the viscous one. Xin and Xia [174] measured the heat transport
in water (Pr ≈ 7.0) and observed γ ≈ 0.29 for 4.8 × 107 < Ra < 1.5 × 1010 . They also
computed a Péclet number based on the maximum horizontal velocity and reported
Pe ∼ Ra0.50 . Funfschilling et al. [47] explored RBC with water (Pr ≈ 4.6) in various
cylindrical samples of Γ ≈ 1. They measured local scaling exponents and observed
that γ ≈ 2/7 near Ra = 108 , which increases to a value of γ ≈ 1/3 near Ra = 7 × 1010 .
Xu et al. [175] carried out experiments with acetone (Pr ≈ 4.0) and also noted that
γ increases from 0.27 at Ra = 107 to 0.30 at Ra = 1010 . Zhou et al. [177] measured
Nu in various rectangular cells filled with water and found the heat transport nearly
independent of the aspect ratio.
Xia et al. [172] explored the Rayleigh and the Prandtl number dependence of
the heat transport using 1-pentanol, triethylene glycol, dipropylene glycol, and water, which resulted in a vast range of Pr from 4 to 1350. They reported that Nu decreases by 20% when Pr is increased to the maximum value, and by varying Ra between 2 × 107 and 3 × 1010 they obtained a scaling law Nu ∼ Pr−0.03 Ra0.297 . Ashkenazi and Steinberg [5] investigated SF6 in the vicinity of its critical point and observed
Nu ∼ Ra0.3 Pr−0.2 and Re ∼ Ra0.43 Pr−0.75 . Lam et al. [75] measured Re based on
the oscillation frequency in the large-scale flow for a wide range of Pr and observed
Re ∼ Ra0.43 Pr−0.76 . Xie et al. [173] measured a Reynolds number using the oscillation
frequency of LSC at Pr = 19.4 and found Re ∼ Ra0.43 .
Near-wall plume structures in a natural convection has also been studied where
the convection is driven by the concentration differences across a membrane [33, 34,
106–108] instead of the temperature differences in RBC. Convection is established by
putting distilled water in the bottom part of a tank and brine in the top part, where the
bottom and top parts are separated by a membrane. The Schmidt number, a ratio of
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the kinematic viscosity and molecular diffusivity, analogous to the Prandtl number in
RBC, plays an important role in this convective system. Similarly, a Rayleigh number
based on the concentration gradient, and the flux of NaCl correspond to the thermal
Rayleigh number and heat flux in RBC.
Puthenveettil et al. [106] and Puthenveettil and Arakeri [107, 108] studied the
plume structures by performing experiments in the aforementioned set-up for the high
Schmidt number (≈ 602) and the Rayleigh numbers between 1010 and 1011 . Puthenveettil et al. [106] studied the scaling of flux with the concentration gradient and observed a scaling relation which correspond to Nu ∼ Ra1/3 scaling in RBC. Cholemari
and Arakeri [33, 34] performed experiments in a long vertical pipe using brine in the
top part and distilled water in the bottom part. For Ra ≥ 108 , a fully developed turbulent flow was observed in the pipe, and the flux exhibited the ultimate regime scaling,
i.e., Nu ∼ Ra1/2 , proposed by Kraichnan [71].
In the next subsection, we will review some scaling results obtained from direct
numerical simulations of RBC.

1.2.3

Direct numerical simulations

Rayleigh-Bénard convection has also been studied by performing direct numerical simulations in rectangular, cylindrical, and spherical geometries [2,31,77,171]. In DNS, the
governing equations are solved at discrete points in a computational domain to obtain
the velocity and temperature fields at every grid point, which is difficult to measure
in experiments. Moreover, the Prandtl and Rayleigh numbers can be kept fixed during the entire simulation. Another benefit of DNS is that the boundary conditions can
be chosen at will. Due to computational cost, however, the accessible parameters are
limited; performing simulations for very large Rayleigh numbers and extreme Prandtl
numbers are challenging. Moreover, the Kolmogorov length scale ηu and the Batchelor
length scale ηθ should be resolved properly.
Kerr [68] performed one of the first DNS of RBC for Pr = 0.7 in a rectangular
box of dimension 6:6:1 with rigid horizontal walls and periodic sidewalls. He computed the heat transport for 5 × 104 ≤ Ra ≤ 2 × 107 and found Nu ∼ Ra0.28 , consistent with 2/7-scaling [23, 37, 132, 133]. Kerr and Herring [69] investigated the Pr- and
Ra-dependence of Nu by performing numerical experiments for 0.07 ≤ Pr ≤ 7 and
moderate Rayleigh numbers. They observed the exponent γ ≈ 0.26 for Pr = 0.07 and
γ ≈ 0.285 for Pr ≥ 0.3. Moreover, up to Pr = 0.7 they noted an increase in the heat
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transport with increasing Prandtl number satisfying Nu ∼ Pr0.12 , and then a gradual
decrease in Nu was observed with increasing Pr.
Using the finite difference method, Verzicco and Camussi [160] explored RBC in
cylindrical geometry. They performed simulations for Ra = 5 × 106 and Pr between
0.022 and 15, and obtained Nu ∼ Pr0.14 till Pr = 0.35, whereas Nu was observed to be
independent of Pr for Prandtl numbers greater than 0.35. The Reynolds number was
observed to decrease as Pr−0.73 for Pr ≤ 0.5 and as Pr−0.94 for Pr > 0.5. Moreover, the
Ra-dependence of Nu was consistent with earlier observations, which yielded γ ≈ 0.25
for Pr = 0.022 and γ ≈ 0.285 for Pr ≥ 0.35. The Reynolds number for Pr = 0.02
was observed to scale as Ra0.53 , inconsistent with the experimental results of Cioni et
al. [37]. For Γ = 1/2, Verzicco and Camussi [161] performed numerical experiments for
Pr = 0.7 and Ra upto 2 × 1011 . They noted that a single large-scale circulation (LSC),
which existed for Ra ≤ 109 − 1010 , breaks into two rolls above this Ra.
Verzicco [159] studied the effect of viscous boundary layers on flow dynamics by
comparing RBC with the no-slip and the free-slip boundary conditions. He observed
that the scaling exponent γ is roughly the same, although the actual value of Nu is
more in case of free-slip boundaries. In this thesis, we also observe that the scaling
exponents for Nu and Pe in RBC with the no-slip and the free-slip boundary conditions
are similar. Verzicco [159] also measured the width of thermal and viscous boundary
layers and found that with increasing Pr, δu increases, whereas δT remains unchanged.
Also, δT was observed to be smaller in case of stress-free boundaries compared to that
with the no-slip boundaries.
Verzicco and Sreenivasan [162] performed DNS to compare the effect of constant
temperature boundary condition with that of the constant heat flux boundary condition on the heat transport, and concluded that Nu is smaller for the constant heat flux
condition when Ra > 109 , whereas the heat transports are approximately same for
both the boundary conditions when Ra < 109 .
Using the finite volume method, Shishkina and Wagner [129] explored the spatial distribution of local heat flux for Pr = 0.7 in a wide cylindrical cell (Γ = 5). With
the increasing Ra, they observed an increase in the portion of the fluid associated with
negative heat flux; approximately one-third fractional volume is associated with negative values of the local heat flux at Ra = 108 . Shishkina and Wagner [130] analyzed
various characteristics of sheet-like plumes for Pr = 5.4. Shishkina and Thess [127]
studied the horizontally averaged temperature profiles for Pr = 4.38 and Ra between
108 and 109 , and noted that the profiles are inconsistent with both the powerlaw or the
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logarithmic-law near the horizontal plates.
Shishkina and Horn [124] investigated RBC in inclined cylindrical containers by
varying the tilt angle between 0 and π/2. They studied the effect of tilt angle on the
Nusselt and Reynolds numbers and concluded that the dependences of Nu and Re
are generally complicated functions of Ra and Pr. Shishkina and Wagner [131] explored the laminar horizontal convection, in which a fraction the bottom plate is heated
and another fraction is cooled, in contrast to RBC where the full bottom (top) plate is
heated (cooled). They observed Nu ∼ Ra1/5 Pr1/10 and Re ∼ Ra2/5 Ra−4/5 for small
Pr, whereas Nu ∼ Ra1/4 and Re ∼ Ra1/2 Pr−1 was observed for large Prandtl numbers. Shishkina et al. [123] developed a theory for the heat and momentum transport in
horizontal convection, which is similar to the theory of Grossmann and Lohse [53–55].
Amati et al. [4] computed the heat transport in a cylinder of aspect ratio half (same
as that of Niemela et al. [88]) for Pr = 0.7 by varying Ra from 2 × 106 to 2 × 1014 , and
found Nu ∼ Ra1/3 for the last four decades of the Rayleigh number. Later, Stevens et
al. [140] performed simulations for the Rayleigh numbers between 2 × 106 and 2 × 1011
in the same set-up as used by Amati et al. [4], but with more grid points in the boundary layers. They concluded that the Nusselt number is overestimated and the thermal
dissipation rate is underestimated if the grid resolution is not sufficient. Stevens et
al. [137] performed simulations for 0.5 < Pr < 10 and 2 × 106 ≤ Ra ≤ 2 × 1012 in cylindrical samples of Γ = 1/2 and 0.23, and observed that for smaller Prandtl numbers, Nu
increases with increasing Pr, however for large Prandtl numbers Nu is independent of
Pr. Furthermore, the dependence of Nu on Pr becomes weaker as the Rayleigh number is increased. Stevens et al. [138] investigated the effect of the temperature boundary
condition on sidewalls and found that the heat transport is more in case of the isothermal sidewalls compared to the adiabatic one, however, the difference in Nu for the two
boundary conditions decreases with the increase of Ra.
Kraichnan [71] showed that in the ultimate regime of RBC, the boundary layers
eventually become turbulent and the flow becomes fully turbulent. To test the scaling of Nu and Re in the ultimate regime, Lohse and Toschi performed simulations for
Pr = 1 in a periodic box, so that the effects of boundary layers can be removed. They
observed Nu ∼ Ra0.51 and Re ∼ Ra0.55 , consistent with the predictions of Kraichnan [71]. Later, Calzavarini et al. [19] explored Pr- and Ra-dependence and found
Nu ∼ Ra0.50 Pr0.43 and Re ∼ Ra0.50 Pr−0.55 , and rms temperature fluctuations to be independent of both Ra and Pr. Verma et al. [158] also performed simulations in a periodic
box for Pr = 1 and observed Nu ∼ Ra0.46 and Pe ∼ Ra0.50 .
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Bailon-Cuba et al. [6] explored the aspect ratio dependence of Nu for Pr = 0.7
by varying Γ from 0.5 to 12. They observed a minimum Nu at Γ = 2.5 (2.25) for
Ra = 107 (108 ), where the large-scale circulation breaks into two roll structure. They
also reported that Nu becomes independent of Γ for Γ ≥ 8. Schumacher et al. [120]
compared the RBC, the homogeneous and isotropic flow in a periodic box, and the
flow between two parallel walls to study the universality at small scales. They performed simulations for Pr = 0.7 and 3 × 105 ≤ Ra ≤ 1010 in a cylinder of aspect ratio
one and reported that a Reynolds number based on the standard deviation of velocity
scales as Re ∼ Ra0.49 . Schumacher et al. [119] studied RBC for Pr = 0.7 and Pr = 0.021
and investigated how the enstrophy generation is enhanced in RBC for very small
Prandtl numbers.
RBC has also been investigated using the Lagrangian method [117, 118], where
a fluid parcel is tracked along its path [147, 176]. Schumacher [117] studied acceleration and dispersion properties of the Lagrangian tracers by performing simulations for
Pr = 0.7 and Ra = 1.2 × 108 in a rectangular box with free-slip boundary condition
on top and bottom walls and periodic boundary condition on sidewalls. He simultaneously tracked 106 Lagrangian tracers with the flow and concluded that the motion
of the tracers is strongly anisotropic. Schumacher [118] compared the Lagrangian and
Eulerian studies and observed that the Nusselt number converges slowly in time for
both the studies.
Tilgner [145] investigated RBC in a spherical shell with the no-slip and conducting boundary conditions. He performed simulations in a shell of radius ratio 0.4, which
is a ratio of the inner and the outer radii of the shell, and reported Nu ∼ Ra0.24 and
Re ∼ Ra0.50 for 8 × 104 ≤ Ra ≤ 8 × 105 . He noted transitions in both the Nusselt and
Reynolds number scalings near Pr = 1; Nu increases with increasing Pr up to Pr ≈ 1,
then becomes approximately constant beyond this Pr. Gastine et al. [49] performed
simulations in various spherical shells (radius ratios between 0.2 and 0.95) for Pr = 1
and 105 ≤ Ra ≤ 109 , and found γ ≈ 0.29 and Re ∼ Ra0.48 . They adapted GL formalism
for the spherical geometry and computed the local exponent γ, which increases from
0.28 at Ra = 106 to 0.32 at Ra = 109 .
Numerical study of large Prandtl number convection are limited [14, 15, 60, 63, 98,
114, 115, 134, 152, 156]. Silano et al. [134] carried out DNS in a cylindrical container of
Γ = 1/2 for a wide range of Prandtl numbers (Pr = 10−1 − 104 ) and 105 ≤ Ra ≤ 109 .
They investigated the variation of heat transport with Ra and Pr and observed γ = 2/7
for Ra ≤ 108 , which increases to 0.31 beyond Ra = 108 . For Pr = 103 however the
exponent changes from 1/3 for Ra < 107 to 0.31 for Ra ≥ 107 . Moreover, they observed
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approximately Pr-independent heat transport for Pr ≥ 1. For Pr = 1, they found that
a Péclet number based on the time-averaged peak vertical velocity, Pewpeak , scales as
Ra0.52 , whereas another Pe based on the maximum value of the rms horizontal velocity
profile Peurms ∼ Ra0.49 . For Pr = 103 however they observed that Pewpeak ∼ Ra0.60 and
Peurms ∼ Ra0.56 for lower Rayleigh numbers, whereas the corresponding exponents are
0.63 and 0.53 for high Rayleigh numbers respectively.
Horn et al. [63] numerically investigated RBC for glycerol (Pr = 2547.9) in a cylindrical cell of aspect ratio unity for 105 ≤ Ra ≤ 109 . By exploiting the temperature
dependent fluid properties, they compared the flow structures and the temperature
profiles under the non-Oberbeck Boussinesq (NOB) approximations with those under
the OB approximations. They found that in the NOB case, Nu is lower than that in the
OB case and follows Nu ∼ Ra0.30 . The Reynolds number however is higher in NOB
case than that in OB case. We also study RBC for Pr = 102 , 103 , ∞ in a rectangular box
and find that Nu ∼ Ra0.30 and Pe ∼ Ra0.60 [98], consistent with the results of Silano et
al. [134] and Horn et al. [63].
It has been observed that for large Prandtl numbers, the flow structures and the
large-scale quantities show similar features in two (2D) and three (3D) dimensions [114,
115, 152]. Schmalzl et al. [114] studied RBC in a rectangular geometry with free-slip
boundary condition on all the walls, and explored the Prandtl number dependence of
the Nusselt and Reynolds numbers. Later, Schmalzl et al. [115] compared RBC in 2D
and 3D rectangular boxes with the no-slip (free-slip) horizontal (vertical) walls. They
studied the flow structures and scalings of Nu and Re for Prandtl numbers between
10−3 and 102 at a fixed Ra (= 106 ), and observed that the flow structures as well as the
scalings of Nu and Re are similar in two and three dimensions for Pr & 1. For Pr . 1
however, behaviour of the aforementioned quantities are different in 2D and 3D. van
der Poel et al. [152] studied the scalings of Nu and Re for large Rayleigh numbers
and observed similarity between 2D and 3D RBC for large Prandtl numbers. We also
compare 2D and 3D RBC for very large Prandtl numbers in a rectangular box and
obtain that 2D and 3D RBC exhibit similar scaling for the large-scale quantities as well
as for the energy and entropy spectra for large Prandtl numbers (see Chapter 6).
Various aspects of RBC have also been investigated in two dimensions [66, 86,
99, 110, 149–153, 163, 164]. Roberts [110] simulated two-dimensional RBC in the limit
of Pr → ∞ and Ra → ∞ and reported that Nu ∼ Ra1/3 for the free-slip runs, and
Nu ∼ Ra1/5 for the no-slip runs. Johnston and Doering [66] compared the constant
heat flux boundary condition at the top and bottom plates with that of the constant
temperature condition, and concluded that the Nusselt number is consistent with 2/7
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scaling for Ra ≥ 107 in both the cases. van der Poel et al. [151, 153] investigated the
aspect ratio dependence of the heat transport and found that the Nusselt number will
become independent of Γ for Γ & 26. van der Poel et al. [149] explored the effects
of the velocity boundary condition on sidewalls and observed that for the stress-free
sidewalls Nu is higher for lower Γ, whereas for the no-slip sidewalls, Nu is higher for
higher Γ.
In most of the convective flows occurred in nature, the rotation and/or magnetic
field are also present [50, 51, 59], and affect the flow. To understand such systems, RBC
has been studied in presence of rotation to explore the scaling of large-scale quantities [61, 62, 101], energy and entropy spectra [103, 104], spectrum of the Nusselt number [102].
In the next section, we will discuss the energy and entropy spectra in RayleighBénard convection.

1.3

Energy spectra and fluxes

For the stably stratified turbulence, Bolgiano [12] and Obukhov [93] proposed that
the kinetic energy spectrum follows a more steeper scaling in the buoyancy subrange,
where the buoyancy is strong. In this range, the buoyancy converts the kinetic energy
to the potential energy, and consequently, the kinetic energy flux, Πu (k ), decreases
with wavenumber k, in contrast to the Kolmogorov’s constant energy flux. For k < k B ,
where k B is the Bolgiano wavenumber, the buoyancy term is balanced by the nonlinear
term in the momentum equation [Eq. (1.1)]. At any length scale l in the buoyancy
subrange,
u2l /l ≈ αgθl ⇒ ul ≈ (αgθl l )1/2 .

(1.37)

Assuming a constant entropy flux Πθ (k ), i.e., eT ≈ Πθ = ul θl2 /l, we have
3/5
ul ≈ (αg)2/5 e1/5
,
T l

(1.38)

1/5
θl ≈ (αg)−1/5 e2/5
,
T l

(1.39)

which in the Fourier space translate to
−3/5
uk ≈ (αg)2/5 e1/5
,
T k

(1.40)

−1/5
θk ≈ (αg)−1/5 e2/5
,
T k

(1.41)

17

Introduction
Therefore for k < k B , the kinetic energy and entropy spectra, and fluxes scale as follows:
4/5 −11/5
Eu (k) = u2k /k = c1 e2/5
k
,
T ( αg )

−2/5 −7/5
Eθ (k ) = θk2 /k = c2 e4/5
k
,
T ( αg )
6/5 −4/5
k
,
Πu (k) = u3k k = c3 e3/5
T ( αg )

Πθ (k ) = uk θk2 k = eT ,

(1.42)

where c1 , c2 , c3 are constants. For k > k B , the buoyancy becomes weaker, and the
spectra and fluxes follow the Kolmogorov-Obukhov scaling, i.e.,
Eu (k ) = KKo eu2/3 k−5/3 ,
Eθ (k ) = Kθ eθ eu−1/3 k−5/3 ,
Π u ( k ) ≈ eu ,
Πθ (k ) ≈ eT ,

(1.43)

where KKo and Kθ are constants.
For the Rayleigh-Bénard convection, L’vov [78] and L’vov and Falkovich [79] argued that the Bolgiano-Obukhov (BO) scaling [Eq. (1.42)] follows for small wavenumbers [12, 93]. According to L’vov [78] and L’vov and Falkovich [79], the BO scaling
should also exist in RBC for k < k B . For the wavenumbers k > k B , they proposed that
the Kolmogorov-Obukhov (KO) scaling [Eq. (1.43)] should exist.
To test whether the kinetic energy and entropy spectra follow BO or KO scaling, various experiments have been performed [77]. Wu et al. [168] performed experiments with helium gas and reported BO scaling for the temperature power spectrum.
Niemela et al. [88] measured the temperature power spectrum in the center of the cylindrical cell and found dual spectra: BO scaling at low frequencies and KO scaling at
high frequencies. Chilla et al. [30], Shang and Xia, [121] and Zhou and Xia [178] reported BO scaling for temperature and velocity power spectra for water. Ashkenazi
and Steinberg [5] carried out experiments in a rectangular box with SF6 and observed
BO scaling for velocity and temperature power spectra. Mashiko et al. [82] obtained
BO scaling for the velocity power spectrum in mercury. The Kolmogorov-Obukhov
scaling has also been observed for the temperature spectrum by Castaing et al. [22] in
helium and by Cioni et al. [35] in mercury.
Direct numerical simulations of RBC have also been performed to study the ki-
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netic energy and entropy spectra [13, 20, 68, 72, 77, 85, 163]. Borue and Orszag [13] simulated RBC for Pr = 1 with periodic boundary condition in all directions and reported
KO scaling. Kerr [68] also observed Eu (k ) ∼ k−5/3 for Pr = 0.7 in the numerical
simulations in a box with no-slip horizontal and periodic vertical walls. For the entropy spectrum however he found k−1 scaling, inconsistent with both KO as well as
BO scaling. Mishra et al. [85] simulated RBC for Pr = 0 and 0.02 confined between the
free-slip horizontal and the periodic vertical walls and observed KO scaling for Eu (k)
and a dual branch in Eθ (k). Vincent and Yuen [163] performed RBC simulations for
Pr = 1 and Ra = 108 in a 2D box of aspect ratio three, and observed Eu (k ) ∼ k−3 and
Eθ (k) ∼ k−5/3 .
Recently, Kumar et al. [72] studied the kinetic energy and entropy spectra in buoyancy driven flows. They argued that in Rayleigh-Bénard convection Πu (k ) increases
with the wavenumber for k < k t due to the energy supply from the buoyancy, whereas
Πu (k) remains approximately constant for k t < k < k d (see Fig. 1.1). Here k d is the dissipation wavenumber and k t is a transition wavenumber. This is in contrast to Πu (k)
for the stably stratified flows. As a result, only KO scaling is applicable in the inertial range of RBC. To affirm their arguments, Kumar et al. [72] conducted direct numerical simulations for both the systems, and observed BO scaling in stably stratified
flows, whereas KO scaling was observed in RBC. Kumar and Verma [73] constructed
a shell model to investigate the stably stratified and convective turbulence, and observe Eu (k ) ∼ k−11/5 for the stably stratified flows, whereas Eu (k ) ∼ k−5/3 for RBC,
consistent with the findings of Kumar et al. [72].
In this thesis we investigate the spectra and fluxes of the kinetic energy and
entropy for very large Prandtl numbers. Using analytical arguments we derive that
Eu (k ) ∼ k−13/3 in the limit of infinite Prandtl number. We perform numerical simulations for Pr = 102 , 103 , ∞ and moderate Rayleigh numbers and observe that Eu (k) ∼
k−13/3 for Pr ≥ 100, which is consistent with our analytical finding. This is because for
large Prandtl numbers, the kinetic energy flux is very small due to a weak nonlinearity
in the momentum equation, whereas the entropy flux is significant. This is in contrast
to moderate Prandtl numbers where both the energy and entropy fluxes are significant.
Bhattacharjee [10] deduced Eu (k ) ∼ k−13/3 for Pr = ∞ using the self consistent
field theory. He further argued that sweeping adds a contribution to Eu (k ) and the
kinetic energy spectrum scales as
Eu (k ) = b1 k−13/3 + b2 k−7/2 ,
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(b)

Convective system

F IGURE 1.1: Schematic diagrams of energy flux Πu (k ): (a) In a stably stratified flow,
Πu (k) decreases with k due to a negative energy supply rate Rehuz (k )θ ∗ (k )i; (b) In
Rayleigh-Bénard convection, Rehuz (k)θ ∗ (k )i > 0, hence Πu (k ) first increases for
k < k t , then Πu (k ) ≈ constant for k t < k < k d ; Πu (k ) decreases for k > k d . (Figure
taken from Kumar et al. [72].)

where b1 and b2 are constants. Moreover, he observed that k−13/3 holds in two dimensions too. Bhattacharjee [9] argued that BO scaling is observed if the fluid is stably
stratified, i.e., heated from the top and cooled from the bottom.

1.4

Outline of the subsequent chapters

Rest of the thesis is organized as follows.
In Chapter 2 we discuss the details about a pseudospectral code TARANG [157],
which we have used to perform simulations in 3D and 2D boxes with free-slip walls.
We discuss the method of computation of large-scale quantities, and energy and entropy spectra, and fluxes. We will also provide details about a finite volume code
O PEN F OAM [94] and a spectral element code N EK 5000 [45], which have been used to
perform simulations with no-slip walls.
In Chapter 3 we derive a general formula to compute the Péclet number as a function of Ra and Pr. We quantify various terms of the momentum equation using our
numerical data, and by performing a dimensional analysis of the momentum equation
we obtain an analytical formula for Pe(Ra, Pr). We perform numerical simulations
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to determine certain coefficients ci ’s appearing in the general formula for Pe, which
are the functions of Ra and Pr. We solve the RBC equations for Pr = 1, 6.8, 100 and
Ra = 106 − 5 × 108 in a cubic box with the no-slip boundary condition on all the walls
and the conducting (insulating) boundary condition on horizontal (vertical) walls. We
analytically compute the Péclet number using the coefficients ci ’s and observe that our
predictions of Pe are in very good agreement with our simulation results as well as
with earlier experimental and numerical results. We also compute the volume averaged dissipation rates and find that in the turbulent (viscous) regime of RBC the viscous dissipation is suppressed (enhanced) compared to that in the homogeneous and
isotropic turbulence.
In Chapter 4 we perform simulations in a unit box with free-slip walls to compare our results obtained in Chapter 3 with no-slip walls. We simulate RBC for Pr =
0.02, 1, 4.38, 102 , 103 , ∞ and Ra between 106 and 2 × 108 to determine the functional dependence of ci ’s. We analytically compute the Péclet number from the general formula
and observe good agreement with our numerically computed values. The viscous dissipation rate in the turbulent regime is approximately similar to that in the homogeneous and isotropic turbulence, in contrast to the RBC with rigid walls. We also find
that in the viscous regime under the free-slip boundary condition, the pressure gradient is comparable to the buoyancy and viscous terms, whereas it is very small compared to the buoyancy and viscous terms in RBC with the no-slip boundary condition.
In the turbulent regime however the behaviour is similar in RBC with stress-free and
with rigid boundaries, where the acceleration is dominated by the pressure gradient,
and buoyancy and viscous terms are weak. We also perform simulations for very large
Prandtl numbers in a rectangular box with stress-free and conducting horizontal walls
and periodic sidewalls, and observe similar scaling for the large-scale quantities.
In Chapter 5 we study the kinetic energy spectrum Eu (k) and the entropy spectrum Eθ (k ) for very large Prandtl numbers. We derive analytical relations for Eu (k ) and
Eθ (k) in the limit of infinite Prandtl number, by completely suppressing the nonlinearity in the momentum equation. We show using analytical calculations that Eu (k) ∼
k−13/3 and Eθ (k ) ∼ k−1/3 . To complement our analytical findings, we perform simulations for Pr = 102 , 103 , ∞ and moderately large Rayleigh numbers in a rectangular
box with free-slip and isothermal boundary conditions on the top and bottom plates
and periodic boundary condition on the lateral walls. We observe that Eu (k ) computed
using our numerical data shows k−13/3 scaling, which in a good agreement with our
analytical expression. However the entropy spectrum exhibits a dual branch in the
powerlaw range, inconsistent with our analytical observation. We also observe con-
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stancy of the entropy flux Πθ (k ) in the powerlaw range.
In Chapter 6 we compare the scaling of large-scale quantities, and the energy and
entropy spectra in 2D and 3D RBC for very large Prandtl numbers. We compute the ten
most dominant entropy Fourier modes for Pr = ∞ and interestingly find that they are
very similar in two- and three-dimensional convection. Moreover, we observe that in
both 2D and 3D, the kinetic spectrum scales as k−13/3 and the entropy spectrum shows
a dual branch in the powerlaw range. We observe that the scaling exponents as well as
the prefactors for Nu, Pe, rms temperature fluctuations, and normalized thermal and
viscous dissipation rates are also similar in both the cases.
In Chapter 7 we conclude the main results of the present study. We also propose
some future exploration of the methods and tools used in this thesis.
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Numerical methods
In this chapter we present the details of numerical methods used to simulate the RBC
equations. We have performed most of our simulations using a pseudospectral code
TARANG [157]. We have also investigated RBC with no-slip boundaries by performing
simulations with a finite volume code O PEN F OAM [94], and a spectral element code
N EK 5000 [45].
This chapter is organized as follows: In Sec. 2.1, we will provide the details of
the spectral method, and the computation schemes for the large-scale quantities, and
those of the spectra and fluxes of the kinetic energy and entropy. In Sec. 2.2, details of
our simulations with rigid walls will be discussed.

2.1

Spectral simulations of RBC with free-slip boundaries

In this section we provide the details of simulations with stress-free/periodic boundaries which are performed using a pseudospectral solver TARANG [157].

2.1.1

Details of TARANG

We solve the governing equations of RBC [Eqs. (1.8–1.10)] in two- and three-dimensional
rectangular boxes. We consider two different geometries in three dimensions. In one
case, we perform simulations in a unit box with free-slip boundary condition for the velocity field in all directions, isothermal condition for the temperature field on horizon-
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tal boundaries, and adiabatic condition for the vertical walls. To satisfy these boundary conditions, we expand the velocity and temperature fields using sin and cos basis
functions as follow:
u x ( x, y, z) =

∑

û x (k x , k y , k z )8 sin(k x x ) cos(k y y) cos(k z z),

(2.1)

∑

ûy (k x , k y , k z )8 cos(k x x ) sin(k y y) cos(k z z),

(2.2)

∑

ûz (k x , k y , k z )8 cos(k x x ) cos(k y y) sin(k z z),

(2.3)

∑

θ̂ (k x , k y , k z )8 cos(k x x ) cos(k y y) sin(k z z),

(2.4)

k x ,k y ,k z

uy ( x, y, z) =

k x ,k y ,k z

uz ( x, y, z) =

k x ,k y ,k z

θ ( x, y, z) =

k x ,k y ,k z

where k x = i x π, k y = iy π, and k z = iz π, with i x , iy , iz being grid indices, k = (k x , k y , k z )
is the wavevector, u = (u x , uy , uz ) and θ are the velocity and temperature fluctuation
fields respectively and û and θ̂ are their Fourier transforms.

√
√
In the other case, we consider a rectangular box of dimension 2 2 : 2 2 : 1 with
free-slip and conducting boundary conditions on top and bottom walls, and periodic
boundary condition for both the velocity and temperature fields on the sidewalls. The
basis functions consist of the complex exponential function in horizontal directions and
sin and cos functions in the vertical direction. The velocity and temperature fields are
expanded as follows:
u x ( x, y, z) =

∑ [ûx (k x , ky , 0) + ∑ ûx (k x , ky , kz )2 cos(kz z)] exp i(k x x + ky y), (2.5)

k x ,k y

uy ( x, y, z) =

∑ [ûy (k x , ky , 0) + ∑ ûy (k x , ky , kz )2 cos(kz z)] exp i(k x x + ky y), (2.6)

k x ,k y

uz ( x, y, z) =

kz

kz

∑

ûz (k x , k y , k z )2 sin(k z z) exp i (k x x + k y y),

(2.7)

∑

θ̂ (k x , k y , k z )2 sin(k z z) exp i (k x x + k y y),

(2.8)

k x ,k y ,k z

θ ( x, y, z) =

k x ,k y ,k z

√
√
where, k x = i x π/ 2, k y = iy π/ 2, and k z = iz π.
The nondimensionalized RBC equations [Eqs. (1.8–1.10)] in the Fourier space are
r
∂û(k)
Pr 2
= −N̂u (k) − ikσ̂(k) + θ̂ (k)ẑ −
k û(k),
∂t
Ra
∂θ̂ (k)
1
= −N̂θ (k) + ûz (k) − √
k2 θ̂ (k),
∂t
RaPr
k · û(k) = 0,
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(2.10)
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where
N̂u (k) = i

∑

[k · û(q)]û(p),

(2.12)

∑

[k · û(q)]θ̂ (p)

(2.13)

p+q=k

N̂θ (k) = i

p+q=k

are the nonlinear terms in the Fourier space. We solve Eqs. (2.9–2.11) using pseudospectral method in which the nonlinear terms are computed in the real space. The
time to compute a nonlinear term is significantly reduced in pseudospectral method,
which requires O( N log N ) operations, where N (= Nx × Ny × Nz ) is the number of
grid points.
The computation of the fields and time-stepping in pseudospectral method are
performed as follows:

1. We compute the nonlinear terms (u · ∇)u and (u · ∇)θ in real space using following steps:
(a) We compute u(r) and θ (r) by performing inverse Fourier transforms of û(k)
and θ̂ (k) using the Fast Fourier Transform (FFT) [157].
(b) We compute the products ui (r)u j (r) and u j (r)θ (r) at each grid point in real
space, where i, j ∈ ( x, y, z).
(c) For a rectangular box with free-slip (periodic) boundary condition on horizontal (vertical) walls, we compute the nonlinear terms using ik j FT[ui (r)u j (r)]
and ik j FT[u j (r)θ (r)] for j ∈ ( x, y). For the temperature field the nonlinear
term is computed using k z FT[uz (r)θ (r)] since we use the sin and cos transforms in the z-direction. Similar computation is performed for the velocity
field. Here FT represents the Fourier transform of a given real field.
(d) For a cubic box with free-slip walls, the nonlinear terms are computed in a
similar manner.
2. In computation of the nonlinear terms, wavenumber of some generated modes is
larger than the maximum wavenumber, kmax , and therefore they introduce errors
in computation. We use 2/3 dealiasing rule to remove this error, in which we set
the coefficients of the last one-third Fourier modes to zero before computing the
nonlinear terms, and consider only the first two-third modes.
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3. Using the incompressibility condition (k · û(k) = 0), we compute the pressure
field as
σ̂ (k) =

i
[k · N̂u (k) − k z θ̂ (k)],
k2

(2.14)

where N̂u (k) is computed in the previous step.
4. Having computed each term on the RHS of Eqs. (2.9) and (2.10), we evolve the
fields û(k) and θ̂ (k) in time using the fourth order Runge-Kutta (RK4) method.
The time step dt is computed using the Courant-Friedrichs-Lewy (CFL) condition.
5. The aforementioned steps are repeated until the steady state is reached.

2.1.2

Initial Conditions

We need to specify initial values of the fields as well as the boundary conditions to
get the solution of a differential equation. We start a simulation for a lower Ra using random initial condition, in which the initial amplitude of the Fourier modes are
generated using
E(k) =

ak4
exp(−bk1.1 ),
( k 4 + q 4 )1+ α

(2.15)

where b = 0.02, q = 1.5, α = 2.8/12, and a is a parameter whose value is specified
when we start a simulation. The initial phases of the modes are generated randomly.
We then feed the steady-state field values to start a new simulation for higher Ra with
finer resolution.

2.1.3

Computation of large-scale quantities

The Nusselt number is computed using the volume averaged correlation between vertical velocity and temperature fluctuations as
Nu = 1 + huz θ iV = 1 + Real

∑ ûz (k)θ̂ ∗ (k)

!
.

(2.16)

k

We then perform the time averaging in a steady state to compute Nu for a given Ra
and Pr.
The Reynolds and Péclet numbers are the nondimensionalized velocities. In our
study we compute velocity by volume averaging the kinetic energy. The total kinetic
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energy per unit mass is
1 2
h u iV =
2

Eu =

1

∑ 2 |û(k)|2,

(2.17)

k

where u2 = u2x + u2y + u2z . Similarly, the total entropy is defined as
1 2
h θ iV =
2

Eθ =

1

∑ 2 |θ̂ (k)|2.

(2.18)

k

To compute the root mean square velocity and temperature fluctuations, we perform
time averaging of the kinetic energy and entropy, i.e.,
U=
θL =

q
q

2h Eu it

(2.19)

2h Eθ it ,

(2.20)

where hit denotes the averaging over time.

2.1.4

Computation of spectra and fluxes

In Rayleigh-Bénard convection, larger eddies supply the kinetic energy and entropy
to smaller eddies [77]. In the Fourier space, the energy and entropy contained in a
wavenumber shell (k − 1, k ] are called the energy spectrum Eu (k) and entropy spectrum Eθ (k) respectively, i.e.,
Eu (k ) =

|û(k0 )|2
,
∑
2
k−1<|k0 |≤k

(2.21)

Eθ (k ) =

|θ̂ (k0 )|2
.
∑
2
k−1<|k0 |≤k

(2.22)

Nonlinear interactions lead to a transfer of energy and entropy from smaller
wavenumber modes to larger wavenumber modes. These transfers are quantified using energy flux Πu (k0 ) and entropy flux Πθ (k0 ), which are the fluxes coming out of
a wavenumber sphere of radius k0 [85, 155]. These are computed using mode-to-mode
energy transfer formalism [39, 155]
Πu (k0 ) =

∑ ∑

δk,p+q =([k · û(q)][û∗ (k) · û(p)]),

(2.23)

∑ ∑

δk,p+q =([k · û(q)][θ̂ ∗ (k) · θ̂ (p)]),

(2.24)

k > k 0 p6k 0

Πθ (k0 ) =

k > k 0 p6k 0
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where = is the imaginary part of the argument, and k, p, q are the wavevectors of a
triad with k = p + q.
At present, TARANG does not have the facility to simulate RBC with no-slip
boundaries. Therefore we use a finite volume code O PEN F OAM to perform simulations in 3D unit box with no-slip boundary condition. We also use a spectral element
code N EK 5000 to study the scaling of large-scale quantities, and the energy and entropy spectra in a 2D unit box with rigid walls.

2.2

Simulations with finite volume and spectral element
methods for RBC with no-slip boundaries

We solve Eqs. (1.8–1.10) in a unit box for Pr = 1, 6.8, and 102 and Ra between 106 and
5 × 108 using an open source finite-volume code O PEN F OAM [94]. The no-slip condition for the velocity field at all the walls, the conducting condition on horizontal wall
and adiabatic condition at vertical walls for the temperature field are imposed. Second
order Crank-Nicolson method is used for the time stepping. The velocity, temperature,
and pressure fields on the non-uniform mesh are linearly interpolated to obtain the
field values on the uniform mesh, and the large-scale quantities are computed using
data on the uniform mesh. We provide further details of the simulations in Chapter 3.
We perform simulations in a two-dimensional unit box with no-slip boundary
condition using a spectral element code N EK 5000 [45], in which the RBC equations
[Eqs. (1.8–1.10)] are transformed into a weak formulation. In the computational domain, the equations are discretized using the spectral basis functions. The time-stepping
is performed using the second-order backward difference formula (BDF2). The resulting linear, symmetric Stokes problem is solved using implicit methods. The solutions
are represented in terms of the nth order polynomials within each spectral element.
In our study, we perform simulations with 28 × 28 spectral elements and 7th-order
polynomials within each element. We refer to Fischer [45] for more details.
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Chapter 3

Scaling of large-scale quantities in RBC
with rigid walls
Researchers have attempted to model the large-scale velocity and the convective heat
transport in Rayleigh-Bénard convection [23, 37, 53–57, 71, 80, 81, 132, 133]. GL theory [53–57] has been quite successful in explaining the Nusselt and Reynolds number
in many numerical simulations and experiments. In this chapter, we derive an analytical formula for the Péclet number using a different approach that can explain the
experimental and numerical results quite well. The formula however involves certain
coefficients that are determined using direct numerical simulations. In addition to the
Péclet number, we also discuss the scaling of the Nusselt number and dissipation rates.
We quantify various terms in the momentum equation and obtain an analytical
relation for Pe(Ra, Pr). Our derivation of Pe, which is different from that of Grossman
and Lohse [53–55], has a single formula for Pe. We show in this chapter that the predictions of our formula match with most of the experimental and numerical simulations.
We also discuss the Pr- and Ra-dependence of the Nusselt number and dissipation
rates. Our analysis also shows that in the turbulent regime, the acceleration of a fluid
parcel is dominated by the pressure gradient. However in the viscous regime, the most
dominant terms, the buoyancy and the viscous force balance each other. The results
presented in this chapter have been submitted for publication in Physical Review E [95]
and Physics of Fluids [96].
The outline of the chapter is following. In Sec. 3.1, we discuss the properties of
the average temperature profile in RBC. In Sec. 3.2, we construct a model to compute
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Pe as a function of Ra and Pr. Simulation details and comparison of our model predictions with earlier results are discussed in Sec. 3.3, and the scaling of Nusselt number
and normalized thermal and viscous dissipation rates are presented in Sec. 3.4. We
conclude in Sec. 3.5.

3.1

Temperature profile and boundary layer

The temperature T ( x, y, z) in a Rayleigh-Bénard cell fluctuates in time, and it can be
decomposed into a conductive profile and fluctuations superimposed on it, i.e.,
T ( x, y, z) = Tc (z) + θ ( x, y, z) = 1 − z + θ ( x, y, z).

(3.1)

Here we work with a nondimensionalized system for which the bottom and the top
plates are separated by a unit distance, and are kept at temperatures 1 and 0 respectively. We define the planar average of temperature, Tm (z) = h T i xy . Experiments
and numerical simulations reveal that under the Oberbeck-Boussinesq approximation
Tm (z) ≈ 1/2 in the bulk, and it drops abruptly in the boundary layers near the top and
bottom plates [43, 127], as shown in Fig. 3.1. The quantitative expression for Tm (z) can
be approximated as



1 − 2δzT , if 0 < z < δT


Tm (z) = 1/2,
if δT < z < 1 − δT



 1− z ,
if 1 − δT < z < 1
2δT

(3.2)

where δT is the thickness of the thermal boundary layer.
Horizontal averaging of Eq. (3.1) yields
θm (z) = Tm (z) + z − 1,

(3.3)

where θm (z) is
 

1

z
1
−

2δT ,


θm (z) = z − 1/2,




 ( z − 1) 1 −

if 0 < z < δT
if δT < z < 1 − δT
1
2δT



,

(3.4)

if 1 − δT < z < 1

as exhibited in Fig. 3.1. Now we compute the Fourier transform of θm (z). For thin
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Bulk

BL

BL

F IGURE 3.1: A schematic diagram of the planar-averaged temperature as a function
of the vertical coordinate. The temperature drops sharply to 1/2 in the boundary
layers.

boundary layers, the Fourier transform θ̂m (0, 0, k z ) is dominated by the contributions
from the bulk that yields
θ̂m (0, 0, k z ) =

≈

Z 1
Z 1

0

≈

θm (z) sin(k z πz)dz

0

(z − 1/2) sin(k z πz)dz

−

1
πk z

0

for even k z

(3.5)

otherwise

The above result plays a crucial role in the scaling of global quantities, as we will show
below. Earlier, Mishra and Verma [85] and Pandey et al. [98] had observed the above
features in numerical simulations; Mishra and Verma [85] had explained it using energy transfer arguments on the Fourier modes θ̂ (2n, 0, 2n). A consequence of Eq. (3.5)
is that the entropy spectrum
Eθ (k ) =

1
|θ (k0 )|2
2
k −1< k ≤ k

∑0

(3.6)

exhibits a dual branch—k−2 corresponding to Eq. (3.5) as the first branch, and a second
branch for the rest of θ̂ modes [85, 98].
It is interesting to note that the corresponding velocity mode, ûz (0, 0, k z ) = 0
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because of the incompressibility condition k · û(0, 0, k z ) = k z ûz (0, 0, k z ) = 0. Also,
û x (0, 0, k z ) = ûy (0, 0, k z ) = 0 in the absence of a mean flow along the horizontal direction. Hence for k = (0, 0, k z ) modes, the momentum equation yields
0=−

ikσ̂(k)
+ αgθ̂ (k)ẑ
ρ0

(3.7)

or dσm (z)/dz = ρ0 αgθm . The dynamics of the remaining set of Fourier modes is governed by the momentum equation as
ikσ̂res (k)
∂û(k)
+ i ∑ [k · û(q)]û(p) = −
+ αgθ̂res (k)ẑ − νk2 û(k),
∂t
ρ
0
p+q=k

(3.8)

where
θ = θres + θm ,

(3.9)

σ = σres + σm .

(3.10)

Hence, the modes θ̂m (0, 0, k z ) and σ̂m (0, 0, k z ) do not couple with the velocity modes in
the momentum equation, but θres and σres do.
In the next section, we will quantify the large-scale velocity in RBC.

3.2

General formula for U or Péclet number

We derive an expression for the large-scale velocity U from the momentum equation
[Eq. (1.1)]. According to this equation, the material acceleration Du/Dt of a fluid element results from the pressure gradient, buoyancy, and the viscous force. Under steady
state, we assume that h∂u/∂ti ≈ 0, hence, a dimensional analysis of the momentum
equation yields
c1

U2
U2
U
= c2
+ c3 αg∆ − c4 ν 2 ,
d
d
d
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3.2 General formula for U or Péclet number
where ci ’s are dimensionless coefficients. As discussed in the previous section, the
momentum equation contains θres = θ − θm , not θ. The coefficients are defined as

|u · ∇u|
,
U 2 /d
|∇σ|res /ρ0
,
=
U 2 /d
= |θres /∆|,
|∇2 u|
=
.
U/d2

c1 =
c2
c3
c4

(3.12)

We will show later that ci ’s are functions of Ra and Pr that yields very interesting and
nontrivial scaling relations. Note that typical dimensional arguments in fluid mechanics assume ci ’s to be constants, which is valid for free or unbounded turbulence.
Multiplication of Eq. (3.11) with d3 /κ 2 yields
c1 Pe2 = c2 Pe2 + c3 RaPr − c4 PePr,

(3.13)

whose solution is

Pe =

−c4 Pr +

q

c24 Pr2 + 4(c1 − c2 )c3 RaPr
2( c1 − c2 )

.

(3.14)

Now we can compute the Péclet number using Eq. (3.14) given ci (Pr, Ra). We compute
these coefficients in subsequent sections.
In the viscous regime, the nonlinear term, u · ∇u, and the pressure gradient,

−∇σ, are much smaller than the buoyancy and the viscous terms, hence in this regime
c3 RaPr − c4 PePr ≈ 0,
which yields
Pe ≈

c3
Ra.
c4

(3.15)

(3.16)

We can deduce the properties under the turbulent regime by ignoring the viscous term
in Eq. (3.13), which yields
c1 Pe2 ≈ c2 Pe2 + c3 RaPr.

(3.17)

The solution of the above equation is
Pe ≈

r

c3
RaPr.
| c1 − c2 |
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The above two limiting expressions of Pe can be derived from Eq. (3.14). We obtain
turbulent regime when
Ra 

c24 Pr
4c3 |c1 − c2 |

(3.19)

and viscous regime for Ra  c24 Pr/(4c3 |c1 − c2 |). We will examine these cases once we
deduce the forms of ci ’s using numerical simulations.
In the next section, we compute the coefficients ci ’s using our numerical simulation. Then we predict the functional dependence of Pe(Ra, Pr).

3.3

Numerical simulation and results

We perform RBC simulations by solving Eqs. (1.8–1.10) in a unit box for Pr = 1, 6.8,
and 102 and Ra between 106 and 5 × 108 using an open-source finite-volume code
O PEN F OAM [94]. We employ no-slip boundary condition for the velocity field at all
the walls. For the temperature field, we impose isothermal condition on the top and
bottom plates, and adiabatic condition at the vertical walls. The time stepping is performed using the second-order Crank-Nicolson method. Total number of grid points in
our simulations vary from 603 and 2563 with finer grids employed near the boundary
layers [58,126]. We employ nonuniform mesh with higher concentration of grid points,
from 4 to 6, near the boundaries. We validate our code by comparing the Nusselt number with those computed in earlier numerical simulations and experiments. We show
that our results are grid-independent by showing that for Pr = 1 and Ra = 108 , the
Nusselt numbers for 1003 and 2563 grids are close to each other within 3%.
Table 3.1 summarizes our simulation parameters, as well as the Péclet and Nusselt numbers, and kmax ηθ . For most of our runs, kmax ηθ ≥ 1, where ηθ is the Batchelor
scale. The Batchelor scale ηθ = (κ 3 /eu )1/4 is related to the Kolmogorov scale ηu as
ηθ = ηu Pr−3/4 . For Pr ≥ 1, ηθ ≤ ηu , and therefore the mean grid spacing should be
smaller than ηθ . We continue the simulation till it reaches a steady state, and then we
compute averages of the rms values of |u · ∇u|, |(−∇σ)res |, |αgθres ẑ| and |ν∇2 u|. We
compute these quantities by first taking a volume average and then taking a time average. We performed these computations for a wide range of Pr and Ra and plot them
as function of Ra in Fig. 3.2 for Pr = 1 and Pr = 100.
We observe that for Pr = 1 and Ra near 108 [the shaded region of Fig. 3.2(a)], the
nonlinear term (|u · ∇u|) and the pressure gradient (|∇σ|) are much larger than the
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TABLE 3.1: Details of our simulations with no-slip boundary condition: N 3 is the
total number of grid points.

Pr
1
1
1
1
1
1
1
1
1
6.8
6.8

Ra
1 × 106
2 × 106
5 × 106
1 × 107
2 × 107
5 × 107
1 × 108
1 × 108
5 × 108
1 × 106
2 × 106

N3
603
603
603
803
803
803
1003
2563
2563
603
603

Nu
8.0
10.0
13.4
16.3
20.2
26.8
32.9
31.9
51.2
8.4
9.9

Pe
146.1
211.3
340.3
485.4
687.4
1103
1554
1537
3408
182.7
252.8

kmax ηθ
3.8
3.0
2.3
2.4
1.9
1.5
1.4
3.5
2.1
2.3
1.9

Pr
6.8
6.8
6.8
6.8
102
102
102
102
102
102
–

Ra
5 × 106
1 × 107
2 × 107
5 × 107
1 × 106
2 × 106
5 × 106
1 × 107
2 × 107
5 × 107
–

N3
603
803
803
803
603
603
603
803
803
803
–

Nu
Pe
13.1 413.6
16.2 608.6
20.3 903.2
27.7 1536
8.5 190.7
11.2 278.2
14.5 500.0
17.1 704.2
20.7 1044
27.7 1826
–
–

kmax ηθ
1.4
1.5
1.2
0.8
1.2
0.9
0.7
0.7
0.6
0.4
–

viscous and the buoyancy terms. It is evident from the fact that the Reynolds number
for Ra = 5 × 107 , 108 , 5 × 108 are approximately 1103, 1537, and 3408 respectively. In
the other limit, for Pr = 100 [Fig 3.2(b)], the viscous force and buoyancy are always
larger than the nonlinear term and the pressure gradient. We depict the force balance in
Fig. 3.3. Our numerical results are consistent with the intuitive pictures of the turbulent
and viscous flows.
Using the rms values of the above quantities we deduce that the functional dependence of ci ’s are of the form of Eqs. (3.20–3.23). Following the similar approach
as by Lam et al. [75] and Xia et al. [172] to determine the functional dependence of
Re(Ra, Pr) and Nu(Ra, Pr) respectively, we first determine the Ra dependence of ci ’s
for Pr = 1, 6.8, and 102 and find that the scaling exponents are nearly similar for these
Prandtl numbers. Then we determine the Pr dependence of ci ’s for Ra = 2 × 107 .
Combining these results, we obtain
c1 = 1.5Ra0.10 Pr−0.06 ,

(3.20)

c2 = 1.6Ra0.09 Pr−0.08 ,

(3.21)

c3 = 0.75Ra−0.15 Pr−0.05 ,

(3.22)

c4 = 20Ra0.24 Pr−0.08 ,

(3.23)

where the errors in the above exponents are / 0.01. We also obtain nearly same prefactors and exponents by fitting the coefficients with the least square method. Clearly, ci ’s
are weak functions of Pr, but their dependence on Ra is reasonably strong so as to affect
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100

(a)

100

Pr =1

10-1

10-1

10-2

10-2

10-3

|u ·∇u|
|∇σ|res

107

106

αgθres
|ν∇2 u|

108

109

10-3

Ra

(b)
Pr =102 , Viscous

107

106

108

Ra

F IGURE 3.2: The comparison of the rms values of u · ∇u, (−∇σ)res , αgθres ẑ, and
ν∇2 u as function of Ra for (a) Pr = 1 and (b) Pr = 102 . The shaded region of Fig. (a)
corresponds to the turbulent regime, while all the runs of Pr = 100 belong to the
viscous regime.

(a)

(b)

Viscous

Turbulent

F IGURE 3.3: The relative strengths of the forces acting on a fluid parcel. In the
turbulent regime, the acceleration u · ∇u is provided primarily by the pressure gradient. In the viscous regime, the buoyancy and the viscous force dominate the
pressure gradient, and they balance each other.
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c1 ,c2 ,c3 ,c4

106

c1

c2

c3

c4

103
100
10-3

100

101

102

103

Pr
F IGURE 3.4: The variation of ci ’s with Pr for Ra = 2 × 107 . All the coefficients
decrease weakly with the increase of the Prandtl number.

the Pe scaling significantly. In Fig. 3.4, we plot ci ’s as function of Pr for Ra = 2 × 107
that exhibits approximately constant values. In Fig. 3.5, we exhibit the variation of ci ’s
with Ra for Pr = 1, 6.8, and 102 .
In Fig. 3.6, we plot the normalized Péclet number, PeRa−1/2 , computed using our
simulation data for Pr = 1, 6.8, 102 . The figure also contains the numerical results of
Silano et al. [134] (Pr = 103 ), Reeuwijk et al. [154] (Pr = 1), Scheel and Schumacher [113]
(Pr = 0.7), and the experimental results of Xin and Xia [174] (water, Pr ≈ 6.8), Cioni et
al. [37] (mercury, Pr ≈ 0.022), and Niemela et al. [89] (helium, Pr ≈ 0.7). The continuous
curves of Fig. 3.6 are the analytically computed Pe using Eq. (3.14) with the coefficients
ci ’s of Eqs. (3.20−3.23). We observe that the theoretical predictions of Eq. (3.14) match
quite well with the numerical and experimental results, thus exhibiting usefulness of
the model. The predictions of Eq. (3.14) for Pr = 0.022 and Pr = 6.8 have been multiplied with 2.5 and 1.2, respectively, to fit the experimental results from Cioni et al. [37]
and Xin and Xia [174].
Using ci ’s and Eq. (3.19) we deduce that Ra  106 Pr belong to the viscous regime.
For Pr = 100, the Ra in our simulations belong to this regime, for which our formula
predicts
Pe =

c3
Ra ≈ 0.038Ra0.60 .
c4

(3.24)

Our model prediction of Pe is approximately independent of Pr, and it is consistent
with the results of Silano et al. [134], Horn et al. [63], and Pandey et al. [98]. Encouraged
by this observation, we compare our theoretical predictions with the observations of
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F IGURE 3.5: The coefficients ci ’s as a function of Ra. c1 , c2 , and c4 increase with
increasing Ra, whereas c3 decreases. The scaling exponents are nearly the same for
all the Prandtl numbers. Legend applies to all the plots.

Earth’s mantle for which Pr  1. The parameters for the mantle are [48, 116, 148]
d ≈ 2900km, κ ≈ 10−6 m2 /s, Pr ≈ 1023 − 1024 , Ra ≈ 5 × 107 , and U ≈ 2 cm/yr that
yields Peest. ≈ 1840. For these parameters, Eq. (3.14) predicts Pemodel ≈ 1580, which is
very close to the estimated value.
Insertion of ci ’s in Eq. (3.19) yields the condition for the turbulent regime as Ra 
106 Pr. For the parameters ci ’s, the prediction of Eq. (3.18) yields
r
Pe =

√
√
c3
RaPr ≈ 7.5PrRa0.38 .
| c1 − c2 |

(3.25)

Cioni et al. [37] observed that the Reynolds number scales as Re ∼ Ra0.424 for Pr =
0.025, which is near our predicted exponent of 0.38. According to the model estimates,
the range of Ra of Cioni et al. [37], 5 × 106 ≤ Ra ≤ 5 × 109 , belongs to the turbulent
regime. Hence our results are in good agreement with the experimental results of Cioni
et al. [37]. Interestingly, the predicted exponent of 0.38 for the turbulent regime is quite
close to the predictions of 2/5 by Grossmann and Lohse [53] for regime II, which is
dominated by eu,bulk and eT,BL .
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F IGURE 3.6: The normalized Péclet number (PeRa−1/2 ) vs. Ra for our numerical data for Pr = 1 (red squares), Pr = 6.8 (blue triangles), and Pr = 102 (black
diamonds); numerical data of Silano et al. [134] (magenta pentagons, Pr = 103 ),
Reeuwijk et al. [154] (red circles, Pr = 1), Scheel and Schumacher [113] (green
crosses, Pr = 0.7); and the experimental data of Xin and Xia [174] (orange pluses,
Pr ≈ 6.8), Cioni et al. [37] (brown right triangles, Pr ≈ 0.022), and Niemela et al. [89]
(Pr ≈ 0.7, green down-triangles). The continuous curves represent Pe computed
using our model [Eq. (3.14)].

Our numerical results for Pr = 1 and those of Verzicco and Camussi [160], Reeuwijk
et al. [154], and Niemela et al. [89] yield Pe ∼ Ra1/2 , which differs from the predictions
of Eq. (3.25). It may be due to the fact that our data for Pr = 1 do not clearly satisfy
the inequality Ra  106 Pr. The data for Pr = 6.8 lie at the boundary between the two
regimes, and those for Pr = 102 are in viscous regime. The Rayleigh numbers in the experiment of Niemela et al. [89] are very high, hence we expect Eq. (3.25) to hold instead
of Pe ∼ Ra1/2 . The discrepancy between the model prediction and Niemela et al.’s [89]
experimental exponent may be due to the fact the experimental U was measured by
probes near the wall of the cylinder, which is not same as the volume average assumed
in the derivation of Eq. (3.25).

In the next section, we will discuss the scaling of the Nusselt number and the
dissipation rates.
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3.4

Scaling of viscous term, Nusselt number, and dissipation rates

The dependence of ci ’s on Ra and Pr, which is due to the wall effects, affects the scaling
of other bulk quantities, e.g., dissipation rates, Nusselt number, etc. We list some of the
effects below.

3.4.1

Reynolds number revisited

For an unbounded or free turbulence, the ratio of the nonlinear term, u · ∇u, and the
viscous term is the Reynolds number Ud/ν. But this is not the case for RBC. The ratio

|u · ∇u|
Ud c1
Nonlinear term
=
=
∼ ReRa−0.14 .
2
Viscous term
ν c4
|ν∇ u|

(3.26)

Thus, for the same U, L, and ν, RBC has a weaker nonlinearity compared to the free or
unbounded turbulence. This effect is purely due to the walls or the boundary layers.

3.4.2

Nusselt number scaling

In RBC, the flow is anisotropic due to the presence of buoyancy, which leads to a convective heat transport, quantified using Nusselt number [2, 31, 171], as
κ∆/d + huz θres iV
= 1+
Nu =
κ∆/d



uz d θres
κ ∆



0

V

0

2 1/2
= 1 + Cuθres huz2 i1/2
V h θres iV ,

(3.27)

0
where hiV stands for a volume average, u0z = uz d/κ, θres
= θres /∆, and the normal-

ized correlation function between the vertical velocity and the residual temperature
fluctuation [158] is
Cuθres

0 i
hu0z θres
= 0 1/2 0 V 1/2 .
2 i
huz2 iV hθres
V

(3.28)

We compute the above quantities using the numerical data for various Ra and Pr. In
Fig. 3.7, we plot the normalized Nusselt number, NuRa−0.30 , vs. Ra for our results,
as well as earlier numerical [112, 134, 140] and experimental results [37, 172, 174, 177].
The plot indicates that the Nusselt number exponent is close to 0.30, and it is in good
agreement with the earlier results for whom the exponents range from 0.27 to 0.33.

40

3.4 Scaling of viscous term, Nusselt number, and dissipation rates

0.18
NuRa−0.30

0.16
0.14
0.12
0.10
0.08 4
10

106

108

1010

1012

Ra
F IGURE 3.7: The normalized Nusselt number (NuRa−0.30 ) vs. Ra. Experimental
data: Xia et al. [172] (Pr = 205, black pluses; Pr = 818, black left-pointing triangles),
Cioni et al. [37] (4 < Pr < 8.6, burlywood horizontal hexagons), Zhou et al. [177]
(5.2 < Pr < 7, blue stars), Xin and Xia [174] (Pr ' 7, blue circles). Numerical data:
our data (Pr = 1, red squares; Pr = 6.8, blue triangles; Pr = 102 , black diamonds),
Silano et al. [134] (Pr = 102 , red crosses and Pr = 103 , magenta pentagons), Stevens
et al. [140] (Pr = 0.7, downward green triangles), and Scheel et al. [112] (Pr = 0.7,
pink vertical hexagons). The dashed line represents Nu = 0.13Ra0.30 .

The deviation of the exponent from 1/2 (ultimate regime [71]) is due to nontrivial
scaling of the correlation function Cuθres , uz , and hθres i. In Table 3.2, we list the scaling
of Nu and Cuθres in the turbulent and viscous regimes. The results show that Cuθres and

hθres i scale with Ra in such a way that Nu ∼ Ra0.32 . Without these corrections, in the
turbulent regime, Nu ∼ Ra1/2 , as predicted by Kraichnan [71]. Interestingly, similar
corrections from 1/2 are also observed in the viscous regime.

3.4.3

Scaling of dissipation rates

The kinetic energy supplied by the buoyancy is dissipated by the viscous forces. Shraiman
and Siggia [132] derived that the viscous dissipation rate, eu , is
eu = ν|∇ × u|2 =

ν3 (Nu − 1)Ra
U 3 (Nu − 1)RaPr
=
.
d
d4
Pr2
Pe3
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2 i1/2 , h u2 i1/2 , Nu, and the
TABLE 3.2: Scaling of the correlation function Cuθres , hθres
z

global dissipation rates computed using numerical data for the no-slip boundary
2 i1/2 are approximately 0.01,
condition. The errors in the exponents of Cuθres and hθres

and those of hu2z i1/2 , Nu, eu , and eT are approximately 0.02.

Turbulent regime
Ra−0.05
Ra−0.13
Ra0.50
Ra0.32
(U 3 /d)Ra−0.21
(U∆2 /d)Ra−0.19

Cuθres
2 i1/2
hθres
hu2z i1/2
Nu
eu
eT

Viscous regime
Ra−0.07
Ra−0.18
Ra0.58
Ra0.33
(νU 2 /d2 )Ra0.17
(U∆2 /d)Ra−0.25

In the turbulent regime of our simulation, Nu ∼ Ra0.32 and Pe ∼ Ra0.51 , hence, eu 6=
U 3 /d, rather
eu ∼

U 3 −0.21
Ra
.
d

(3.30)

The viscous dissipation rate, which equals to the energy flux, is smaller than U 3 /d due
to weaker nonlinearity compared to the unbounded flows (see Sec. 3.4.1); this is due to
the boundary layers.
In the viscous regime,
eu =

νU 2 (Nu − 1)Ra
.
d2
Pe2

(3.31)

Since Nu ∼ Ra0.33 and Pe ∼ Ra0.58 , we observe that
νU 2 0.17
eu = 2 Ra .
d

(3.32)

Thus, RBC has a larger eu compared to unbounded flows due to boundary layers.
Similar results follow for the thermal dissipation rate, eT . According to one of the
exact relations of Shraiman and Siggia [132]
eT = κ |∇ T |2 = κ

∆2
U∆2 Nu
Nu
=
.
d Pe
d2

(3.33)

Hence, substitution of the expressions for Pe and Nu in the above equation yields the
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following eT for the turbulent regime of our simulations:
eT ∼

U∆2 −0.19
Ra
,
d

(3.34)

eT ∼

U∆2 −0.25
Ra
d

(3.35)

but

for the viscous regime. The above Ra-dependent corrections are also due to the boundary layers. In the turbulent regime, for Pr = 1, the ratio of the nonlinear term of the
temperature equation and the thermal diffusion term is
u · ∇θ
c Ud
∼ Ra−0.30 Pe,
= 5
2
c6 κ
κ∇ θ

(3.36)

since

|u · ∇θ |
∼ Ra0.09 ,
Uθ L /d
|∇2 θ |
∼ Ra0.39 .
=
θ L /d2

c5 =
c6

(3.37)

Thus, the nonlinearity in the temperature equation [Eq. (1.6)] of RBC is weaker than
the corresponding term in unbounded flow (e.g., passive scalar in a periodic box).
Consequently the entropy flux is weaker than that for unbounded flows, which is the
reason for the behaviour of Eqs. (3.34,3.35).
We numerically compute the following normalized dissipation rates:
eu
(Nu − 1)RaPr
=
∼ Ra−0.21 Pr, (turbulent regime)
3
3
U /d
Pe
eu
(Nu − 1)Ra
=
=
∼ Ra0.17 , (viscous regime)
νU 2 /d2
Pe2
eT
Nu
=
=
∼ Ra−0.25 ,
2
Pe
Uθ L /d

Ceu ,1 =

(3.38)

Ceu ,2

(3.39)

CeT

(3.40)

which are plotted in Fig. 3.8. We observe that Ceu ,1 /Pr ∼ Ra−0.22±0.02 and Ra−0.25±0.03
for Pr = 1 and 6.8 respectively, which is in good agreement with Eq. (3.38). The exponents for Ceu ,2 are 0.22 ± 0.01 and 0.19 ± 0.02 for Pr = 6.8 and 102 respectively with
reasonable accordance with Eq. (3.32) for Pr = 102 . For the thermal dissipation rate,
we observe CeT ∼ Ra−0.32±0.02 scaling for Pr = 1, 6.8, and 102 consistent with the above
scaling. Table 3.2 lists the Ra-dependence of the dissipation rates in the turbulent and
viscous regimes.
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F IGURE 3.8: The normalized dissipation rates Ceu ,1 /Pr, Ceu ,2 , CeT for Pr = 1 (red
squares), Pr = 6.8 (blue triangles), and Pr = 102 (black diamonds). The best fits to
the data are depicted as solid lines.

We estimate the dissipation rate (product of the dissipation rate and the appropriate volume) in the bulk, Du,bulk , and in the boundary layer, Du,BL . Their ratio is
Du,BL
Du,bulk

(eu,BL )(2Aδu )
≈
≈
(eu,bulk )( Ad − 2Aδu )
d/δu
≈ 2Re−1/2
≈ 2
Re



2νU 2 /δu2
U 3 /d



δu
d
(3.41)

since δu /d ∼ Re−1/2 [76]. Here A is the area of the horizontal plates, and δu is the
thickness of the viscous boundary layers at the top and bottom plates. Since the dissipation takes place near both the plates, we include a factor 2 here. Note that we do
not substitute the weak Ra dependence of Eqs. (3.30, 3.32) as an approximation. From
Eq. (3.41) we deduce that Du,BL  Du,bulk for large Re. However in the viscous regime,
the boundary layer extends to the whole region (2δu ≈ d), hence Du,BL dominates
Du,bulk .
Earlier, Grossmann and Lohse [53–55] worked out the scaling of the Reynolds
and Nusselt numbers by invoking the exact relations of Shraiman and Siggia [132]
and using the fact that the total dissipation is a sum of those in the bulk and in the
boundary layers (Du,bulk and Du,BL respectively). They employed eu,bulk = U 3 /d,
eT,bulk = U∆2 /d, eu,BL = νU 2 /δu2 , and eT,BL = κ∆2 /δT2 ; and then equated one of the
expressions in the appropriate regimes. They also employed corrections for large Pr
and small Pr cases. Our model discussed in this chapter is an alternative to that of GL
with an attempt to highlight the anisotropic effects arising due to the boundary layers
that yield eu 6= U 3 /d and eT 6= U∆2 /d. Note that we report a single formula for Pe in
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comparison to the eight expressions of Grossman and Lohse [53] for various limiting
cases.
From the above derivation it is apparent that the boundary layers of RBC have
significant effects on the large-scale quantities; consequently the flow behaviour in
RBC is very different from the unbounded fluid turbulence for which we employ homogeneous and isotropic formalism. In particular, for a free turbulence under the
0 i = 0, hence the nonzero C
isotropy assumption, hu0z θres
V
uθres for RBC is purely due

to the walls or boundary layers. To relate to the scaling in the ultimate regime, we
0 , and c ’s would become independent of Ra due to the detachconjecture that Cuθres , θres
i
0

ment of the boundary layer, hence Nu ∼ huz2 i1/2 ∼ Ra1/2 , as predicted by Kraichnan [71]. Note that for a nonzero Nu, Cuθres must be finite, contrary to the predictions
for isotropic turbulence for which Cuθres = 0. We need further experimental inputs as
well as numerical simulations at very large Ra to test the above conjecture.

3.5

Conclusions

In this chapter we derive a general formula for the Péclet number from the momentum
equation. The general formula involves four coefficients that are determined using
the numerical data. The predictions from our formula match with most of the past
experimental and numerical results. Our derivation differs from that of Grossmann
and Lohse [53–55] who use exact relations of Shraiman and Siggia [132]. Also, GL’s
formalism provides 8 different formulae for various limiting cases, but we provide a
single formula, whose coefficients are determined using numerical data.
We also find several other interesting results, which are listed below:
1. In RBC, the planar average of temperature drops sharply near the boundary layers, and it remains approximately a constant in the bulk. A consequence of the
above observation is that the Fourier transform of the average temperature θm
exhibits θ̂m (0, 0, k z ) = −1/(πk z ), hence the entropy spectrum has a prominent
branch Eθ (k) ∼ k−2 . The above spectrum has been reported earlier by Mishra
and Verma [85].
2. The modes θ̂m (0, 0, k z ) do not couple with the velocity modes in the momentum
equation. Instead, the momentum equation involves θres = θ − θm . It has an
important consequence on the scaling of the Péclet and Nusselt numbers.
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2 1/2
3. The Nusselt number Nu = 1 + Cuθres hu2z i1/2
V h θres iV . The Ra dependence of Cuθres ,

uz , and θres yields corrections from the ultimate regime scaling Nu ∼ Ra1/2 to the
experimentally-realised behaviour Nu ∼ Ra0.3 .
4. We observe that

|u · ∇u|
Ud c1
Nonlinear term
=
=
∼ ReRa−0.14 ,
2
Viscous term
ν c4
|ν∇ u|

(3.42)

where c1 ∼ Ra0.10 and c4 ∼ Ra0.24 . Thus in RBC, the nonlinear term is weaker
than that in free turbulence. This is due to the wall effect. The numerical data
also reveals that in the turbulent regime, the viscous dissipation rate or the Kolmogorov energy flux eu ∼ (U 3 /d)Ra−0.21 , consistent with the suppression of
nonlinearity in RBC. Similarly, the thermal dissipation rate, eT ∼ (U∆2 /d)Ra−0.19 .
5. In the viscous regime of RBC, eu ∼ (νU 2 /d2 )Ra0.17 , thus the viscous dissipation
rate is enhanced compared to unbounded flow.
In summary, we present the properties of large-scale quantities in RBC, with a
focus on the Péclet number scaling. These results are very useful for modelling convection in interiors and atmospheres of the planets and stars, as well in engineering
applications.
In the next chapter we study RBC in a cubic box with the free-slip boundary
condition and compare the scaling of large-scale quantities with those obtained in this
chapter.
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Chapter 4

Scaling of large-scale quantities in RBC
with stress-free walls
In Chapter 3 we derived an analytical formula for the Péclet number from the momentum equation. Our formula for Pe involves certain coefficients, which were determined
by performing simulations in a unit box with the no-slip boundary condition. In this
chapter we numerically study RBC with the stress-free boundary condition. Using the
numerical data we determine the functional form of the coefficients, which are slightly
different compared to those for the no-slip boundary condition. We observe that the
predictions of Pe of our analytical relation are in good agreement with our simulation
results. Moreover, we observe that in the viscous regime the pressure gradient is comparable to the buoyancy and viscous terms, in contrast to very small pressure gradient
in RBC with no-slip boundary condition
For comparison, we perform simulations for Pr = 102 , 103 , and ∞ in a rectangular box with stress-free horizontal walls but periodic sidewalls. We observe that the
scaling of Nu, Pe, and dissipation rates in this geometry are very similar to those computed in a unit box with free-slip walls. The results presented in this chapter have been
submitted for publication in Physics of Fluids [96].
The structure of the chapter is as follows: In Sec. 4.1 we determine the coefficients
ci ’s in a unit box with free-slip walls, and discuss the scaling of Pe and Nu. Scaling
relations of Pe, Nu, and dissipation rates in a rectangular box for very large Prandtl
numbers are discussed in Sec. 4.2. We conclude in Sec. 4.3.
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F IGURE 4.1: Comparison of the rms values of u · ∇u, (−∇σ)res , αgθres ẑ, and ν∇2 u
as function of Ra (a) in the turbulent regime (Pr = 1), and (b) in viscous regime
(Pr = 103 ).

4.1

Numerical investigations in a cubic box

In this section we will study the scaling of Péclet number under the free-slip boundary
condition. Towards this objective we perform RBC simulations with free-slip walls for
a set of Prandtl and Rayleigh numbers, and compute the strengths of the nonlinear
term, pressure gradient, buoyancy, and the viscous force, and the corresponding coefficients ci ’s defined in Sec. 3.2. After this we compute the Péclet number as a function
of Pr and Ra. The procedure is identical to that described for the no-slip boundary
condition in Chapter 3.
We perform direct numerical simulations for Pr = 0.02, 1, 4.38, 102 , 103 , ∞ and
Rayleigh numbers between 105 and 2 × 108 in a three-dimensional unit box using
TARANG [157]. For the velocity field, we employ free-slip boundary condition at all
the walls, and for the temperature field, the conducting boundary condition at the top
and bottom plates and the insulating boundary condition at the vertical walls. We
employ 643 to 5123 grids and ensure that the Kolmogorov (ηu ) and the Batchelor (ηθ )
lengths are larger than the mean distance between two adjacent grid points for each
simulation. The details of simulation parameters are given in Table 4.1.
We compute the rms values of |u · ∇u|, |(−∇σ)res |, |αgθres |, and |ν∇2 u| for Pr = 1
and 103 . These values are plotted as function of Ra in Fig. 4.1. From the numerical data
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(a)

(b)

Viscous

Turbulent

F IGURE 4.2: The relative strengths of the forces acting on a fluid parcel. In the
turbulent regime, the acceleration u · ∇u is provided primarily by the pressure gradient, both in parallel and perpendicular directions. In the viscous regime, the
buoyancy is balanced by the pressure gradient and the viscous force along ẑ; in the
perpendicular direction, the pressure gradient balances the viscous force.

we can deduce the following:
1. In the turbulent regime [for Pr = 1 of Fig. 4.1(a)], the acceleration is dominated by
the pressure gradient; the buoyancy and viscous terms are quite weak in comparison. This feature is same as that for the no-slip boundary condition (see Sec. 3.3).
However, for the free-slip boundary condition, both vertical and horizontal accelerations are significant [see Fig. 4.2(a)].
2. In the viscous regime [for Pr = 103 of Fig. 4.1(b)], the nonlinear term is weak, and

(−∇σ)res , αgθres ẑ, and ν∇2 u balance each other as shown in Fig. 4.2(b). Interestingly the pressure gradient opposes the motion. We will revisit this issue in the
following discussion. Note that for the no-slip boundary condition, the nonlinear
term and the pressure gradient are weak (see Sec. 3.3).
After the computation of each of the terms of the momentum equation, we compute the coefficients ci ’s that have been defined in Sec. 3.2. The ci ’s have been plotted
in Fig. 4.3 as function of Pr and in Fig. 4.4 as function of Ra, and their functional form
is tabulated in Table 4.2. The ci ’s for the free-slip boundary condition differ in certain
ways from those for the no-slip boundary condition. For large Pr, c2 ∝ Pr, because of
which the pressure gradient is significant for large Pr in the viscous regime.
Let us revisit Eq. (3.13). For the viscous regime of the no-slip boundary condition,
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F IGURE 4.3: The variation of c1 (red squares), c2 (green circles), c3 (blue triangles),
and c4 (black diamonds) with Pr for Ra = 2 × 107 . The green curve depicts c2 /Pr =
4/Pr + 0.04, whereas the black curve represents c4 = 1300/Pr + 150.

the nonlinear term and the pressure gradient were negligible, hence we obtained Pe ≈

(c3 /c4 )Ra. For the free-slip boundary condition, under the viscous regime, c2 = −c20 Pr,
where c20 is a positive constant. The sign of c2 is negative because the pressure gradient
is along −ẑ. Hence
c20 Pe2 + c4 Pe − c3 Ra = 0,
(4.1)
which yields
Pe =

− c4 +

q

c24 + 4c20 c3 Ra
2c20

.

(4.2)

Note that the above Pe is independent of Pr as observed in numerical simulations [98].
In the above derivation, c2 ∝ Pr is an important ingredient.
In Fig. 4.5(a) we plot the normalized Péclet number PeRa−1/2 computed for various Pr. Here we also plot the analytically computed Pe [Eq. (3.14)] with ci ’s from
Table 4.2 as continuous curves. We observe that our formula fits quite well with the numerical results. In addition, we also compute Nu, θres , Cuθres , and dissipation rates. The
functional dependence of these quantities with Ra are listed in Table 4.3. Almost all the
features are similar to those of the no-slip boundary condition except that eu ∝ U 3 /d,
similar to unbounded flow, which may be due to weak viscous boundary layer for
the free-slip boundary condition. In Fig. 4.5(b) we plot the normalized Nusselt number computed for the free-slip simulations. As can be observed from the figure, the
Nusselt number increases with Prandtl number upto Pr = 102 and then it becomes
approximately constant.
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F IGURE 4.4: The coefficients ci ’s as function of Ra. Note that the nonlinear term
and consequently the coefficient c1 is zero for Pr = ∞.

Figure 4.6 shows the normalized dissipation rates, defined in Sec. 3.4, for RBC
with free-slip walls. In the turbulent regime, the normalized dissipation rate Ceu ,1 appears approximately independent of Ra, and CeT ∼ Ra−0.15 , which is consistent with
the scalings Pe ∼ Ra0.43 and Nu ∼ Ra0.27 in the turbulent regime. In the viscous regime
however, Ceu ,2 ∼ Ra0.10 and CeT ∼ Ra−0.3 , which is very similar to those observed for
the no-slip boundary condition in Chapter 3. This is reasonable since in the viscous
regime the Nusselt number scales as Nu ∼ Ra0.32 and the Péclet number scales as
Pe ∼ Ra0.61 . Summary of the scaling of various large-scale quantities are exhibited in
Table 4.3.
In summary, the scaling of large-scale quantities for the no-slip and free-slip
boundary conditions have many similarities, but there are certain critical differences.
In the next section, we will study the scaling of Nusselt and Péclet numbers, and
dissipation rates for very large Prandtl numbers in a rectangular box with periodic
sidewalls.
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Pr
0.02
0.02
0.02
0.02
0.02
1
1
1
1
1
1
1
4.38
4.38
4.38
4.38
4.38
4.38
–

Ra
1 × 105
2 × 105
5 × 105
1 × 106
2 × 106
1 × 106
2 × 106
5 × 106
1 × 107
2 × 107
5 × 107
1 × 108
1 × 106
2 × 106
5 × 106
1 × 107
2 × 107
5 × 107
–

N3
2563
2563
5123
5123
5123
643
643
1283
1283
1283
2563
2563
1283
1283
1283
1283
2563
2563
–
Nu
Pe
4.93 4.02 × 101
5.74 5.28 × 101
7.21 7.71 × 101
8.65 1.01 × 102
10.7 1.41 × 102
18.5 4.68 × 102
21.9 6.07 × 102
28.4 8.84 × 102
32.6 1.16 × 103
39.5 1.57 × 103
49.1 2.36 × 103
60.1 3.11 × 103
21.5 6.98 × 102
26.4 9.65 × 102
33.9 1.47 × 103
41.0 1.96 × 103
48.5 2.61 × 103
62.3 3.88 × 103
–
–

kmax η
4.6
3.7
5.4
4.3
3.4
3.0
2.5
3.7
3.0
2.4
3.6
2.9
4.1
1.6
2.4
1.9
3.2
2.4
–
Pr
102
102
102
102
102
102
103
103
103
103
103
103
103
∞
∞
∞
∞
∞
∞

Ra
1 × 106
2 × 106
5 × 106
1 × 107
2 × 107
5 × 107
1 × 106
2 × 106
5 × 106
1 × 107
2 × 107
5 × 107
1 × 108
5 × 106
1 × 107
2 × 107
5 × 107
1 × 108
2 × 108

N3
1283
2563
2563
2563
2563
5123
2563
2563
2563
5123
5123
5123
5123
2563
2563
2563
2563
2563
5123
Nu
20.8
29.0
39.2
45.8
58.0
77.4
21.5
27.1
36.0
45.3
54.1
75.2
91.4
35.3
43.6
54.4
72.4
92.3
113

Pe
7.49 × 102
1.23 × 103
2.15 × 103
3.21 × 103
5.00 × 103
8.70 × 103
7.54 × 102
1.16 × 103
2.04 × 103
3.09 × 103
4.29 × 103
8.03 × 103
1.25 × 104
2.03 × 103
3.10 × 103
4.46 × 103
7.95 × 103
1.33 × 104
1.92 × 104

points. Here η is the Batchelor length scale except for Pr = 0.02, for which η is the Kolmogorov length scale.

kmax η
1.9
3.0
2.2
1.7
1.4
2.0
2.1
1.7
1.2
2.0
1.6
1.2
0.9
7.0
5.6
4.5
3.3
2.6
4.2

TABLE 4.1: Details of our simulations in a cubic box with the stress-free boundary condition: N 3 is the total number of grid
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0.4
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109
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105
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107
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F IGURE 4.5: For the cubic box with stress-free sidewalls: (a) the normalized Péclet
number (PeRa−1/2 ) vs. Ra. The continuous curves represent analytically computed
Pe, which are approximately close to the numerical results. (b) The normalized
Nusselt number (NuRa−0.30 ) as a function of Ra. For small and moderate Pr,
Pe ∼ Ra0.45 and Nu ∼ Ra0.27 , and for very large Prandtl numbers, Pe ∼ Ra0.60 and
Nu ∼ Ra0.32 .

4.2

Limiting case of very large Pr in a rectangular box

The momentum equation [Eq. (1.11)] becomes linear in the limit of infinite Prandtl
number due to vanishing of the nonlinear term, u · ∇u. Therefore, using the incompressibility condition in the Fourier space, the pressure and all the components of the
velocity can be computed directly from the temperature field. Pandey et al. [98] exploited the aforementioned arguments to derive analytical relations for the Péclet and
Nusselt numbers, and viscous and thermal dissipation rates for Pr = ∞. They computed the constants ai ’s appearing in the scaling of various large-scale quantities with
Ra, and found good consistency between the ai ’s. They also observed that the scaling
of the large-scale quantities for very large and for infinite Prandtl numbers are very
similar.
In Chapter 3, however, we have derived a general formula to compute the Péclet
number, which yields the scaling of the aforementioned quantities in limiting case of
the viscous regime. In the following we summarize the main results, which have been
reported by Pandey et al. [98].
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F IGURE 4.6: For the cubic box with stress-free sidewalls: the normalized dissipation
rates Ceu ,1 /Pr, Ceu ,2 , CeT . Solid lines are the best fits to the data.

TABLE 4.2: Functional dependence of the coefficients ci ’s on Ra and Pr for RBC with
the free-slip boundary condition.

c1
c2
c3
c4

Pr ≤ 9
0.2Ra0.20
0.05(4 + 0.04Pr)Ra0.15
1.35Ra−0.10 Pr−0.05
2 × 10−4 (1300/Pr + 150)Ra0.50

Pr > 9
5
22(6 + 0.28Pr)Ra−0.20
0.30
0.01(1300/Pr + 150)Ra0.28

TABLE 4.3: Summary of the scaling of large-scale quantities for the free-slip boundary condition. Quantities are same as in Table 3.2.

Cuθres
2 i1/2
hθres
hu2z i1/2
Nu
eu
eT

Turbulent regime
Ra−0.06
Ra−0.10
Ra0.43
Ra0.27
U 3 /d
(U∆2 /d)Ra−0.15
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Viscous regime
Ra−0.17
Ra−0.12
Ra0.61
Ra0.32
(νU 2 /d2 )Ra0.10
(U∆2 /d)Ra−0.29

Pr
102
102
102
102
102
102
103
103
103
103
103
103
∞
∞
∞
∞
∞
∞
∞
∞
∞

Ra
1.0 × 105
2.0 × 105
6.5 × 105
2.0 × 106
5.0 × 106
1.0 × 107
6.5 × 104
1.0 × 105
2.0 × 105
3.2 × 105
2.0 × 106
6.0 × 106
7.0 × 104
1.9 × 105
3.2 × 105
6.5 × 105
3.9 × 106
6.5 × 106
9.8 × 106
1.9 × 107
1.0 × 108

Grid
2563
2563
2563
5123
5123
10243
2563
2563
5123
5123
10243
10243
1283
1283
1283
1283
2563
2563
2563
2563
5123

Nu
9.8
11.2
17.3
24.1
31.0
38.1
8.6
9.8
12.1
14.1
24.3
34.2
8.8
12.1
14.1
17.4
30.3
36.1
41.2
51.2
87.5

Pe
1.98 × 102
2.92 × 102
6.15 × 102
1.20 × 103
1.96 × 103
2.92 × 103
1.53 × 102
1.98 × 102
3.01 × 102
3.98 × 102
1.10 × 103
2.13 × 103
1.59 × 102
3.02 × 102
4.14 × 102
6.36 × 102
1.95 × 103
2.70 × 103
3.34 × 103
5.20 × 103
1.38 × 104

Ceu ,2
22.3
24.0
28.6
32.1
39.5
43.7
21.4
22.3
23.9
27.2
38.7
43.4
21.4
23.9
25.1
26.7
30.3
33.5
35.8
36.8
45.6

comp.

Ceest.
u ,2
22.3
23.9
28.3
32.2
39.1
43.4
21.4
22.3
23.9
27.1
38.3
43.7
21.6
24.0
25.1
26.7
30.4
31.8
35.6
36.6
45.3
eT /(κ∆2 /d2 )
9.8
11.2
17.5
24.1
30.9
38.2
8.6
9.8
12.1
14.1
24.3
34.2
8.8
12.0
14.1
17.4
30.3
36.0
41.1
51.2
87.2

comp.

CeT
0.60
0.47
0.36
0.25
0.19
0.16
0.69
0.60
0.48
0.42
0.26
0.19
0.67
0.48
0.41
0.33
0.19
0.16
0.15
0.12
0.07

Ceest.
T
0.60
0.46
0.34
0.24
0.19
0.16
0.68
0.60
0.48
0.43
0.26
0.19
0.68
0.49
0.42
0.34
0.19
0.16
0.15
0.12
0.07

the horizontal (vertical) walls. The normalized viscous dissipation rate: numerically computed Ceu ,2

kmax ηθ
1.9
1.6
1.0
1.4
1.1
1.7
1.3
1.1
1.7
1.5
1.6
1.1
1.7
2.4
2.0
1.6
1.8
1.5
1.3
1.1
1.3

= eu /(νU 2 /d2 ), and
comp.
estimated Ceest.
= (Nu − 1)Ra/Pe2 ; the normalized thermal dissipation rates: numerically computed CeT
= eT /(Uθ 2L /d), and
u ,2
estimated Ceest.
= (Nu/Pe)(∆/θ L )2 . Also, the Nusselt number computed using the thermal dissipation rate, eT /(κ∆2 /d2 ), match
T
very well with those computed using Eq. (2.16). It also lists globally averaged kmax ηθ , which are ' 1 for all the cases.

comp.

TABLE 4.4: Details of numerical simulations performed in a rectangular box with free-slip (periodic) boundary condition on

4.2 Limiting case of very large Pr in a rectangular box
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We solve the nondimensionalized RBC equations for Pr = 102 , 103 , ∞ and Ra
from 6 × 104 to 108 numerically using TARANG [157]. We simulate the RBC flow in a
√
√
three-dimensional box of dimension 2 2 : 2 2 : 1 by employing the free-slip and the
isothermal conditions on the top and bottom plates, and the periodic boundary condition on the lateral walls. We compute various global quantities, e.g., the Péclet and
Nusselt numbers, and global dissipation rates using the numerical data generated by
our simulations. These quantities are averaged over 200-300 eddy turnover time after
the flow has reached a steady state. Note that the system takes around a thermal diffusive time to reach a steady state. For better statistical averaging, the Nusselt number is
computed by averaging the heat flux over the box volume. Details of our simulations
parameters are listed in Table 4.4.

4.2.1

Péclet and Nusselt numbers

We analyze the scaling of the Péclet number for large and infinite Prandtl numbers by
computing it using the volume and time averaged rms velocity. Figure 4.7(a) shows a
plot of PeRa−3/5 vs. Ra, in which the normalized Pe appears approximately constant.
Using the best fit of the numerical data, we find that Pe = (0.20 ± 0.02)Ra0.61±0.01 ,

(0.29 ± 0.07)Ra0.57±0.02 , and (0.24 ± 0.05)Ra0.58±0.01 for Pr = ∞, 102 , and 103 respectively. It is clear from Fig. 4.7(a) that the prefactors for the no-slip runs (data from Silano
et al. [134] and Horn et al. [63]) are smaller than those for the free-slip runs, which is
due to the absence of wall friction for the free-slip boundary condition. Note that the
wall friction slows down the flow further. These results are in reasonable agreement
with the earlier results of Silano et al. [134] and Horn et al. [63], as well as with our
predictions of Pe in the viscous regime [Eq. (3.24)], and also with the GL scaling that
Pe ≈ 0.038Ra2/3 . Another interesting aspect of the above scaling is its independence
from Pr, unlike that for moderate Pr’s (Pr ∼ 1) for which Pe ∼ Pr0.30 [53].
Since the Reynolds number Re = Pe/Pr, Re = 0 for Pr = ∞, and Re is small for
Pr  1. Hence the flow is viscous when the Prandtl number is large or infinite. Note
however that the Reynolds number tends to become larger than one (yet near one) for
very large Ra (see Table 4.4).
Figure 4.7(b) shows the normalized Nusselt number, NuRa−0.30 , as a function of
Ra. The normalized Nusselt number appears almost constant, exhibiting Nu ∼ Ra0.30
powerlaw. Scaling relations for Pr = ∞, 102 , and 103 computed using our numerical data are Nu = (0.23 ± 0.02)Ra0.32±0.01 , Nu = (0.32 ± 0.07)Ra0.30±0.01 , and Nu =

(0.29 ± 0.01)Ra0.31±0.01 respectively. The prefactor for the free-slip runs is higher than
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F IGURE 4.7: Plots of (a) the normalized Péclet number (PeRa−3/5 ) vs. Ra, and (b) the
normalized Nusselt number (NuRa−0.30 ) vs. Ra for the free-slip runs with Pr = ∞
(red squares), 102 (blue down-triangles), and 103 (green circles); and for the noslip runs with Pr = 103 (magenta stars, data from Silano et al. [134]), Pr = 2547.9
(brown right-triangles, data from Horn et al. [63]), Pr = 102 (black hexagons, data
from Silano et al. [134]). Experimental data of Xia et al. [172] for Pr = 205 and
Pr = 818 are shown as cyan pentagons and burlywood diamonds respectively. The
prefactors for the no-slip runs are lower than those for the free-slip runs.
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F IGURE 4.8: Plots of (a) the normalized viscous dissipation rate Ceu ,2 , and (b) the
normalized thermal dissipation rate CeT vs. Ra. The scaling exponents are in reasonable agreement with those observed in Sec. 4.1.
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that for the no-slip runs (data from Silano et al. [134] and Xia et al. [172]), which is reasonable since the heat transport is enhanced for the free-slip runs due to lower friction
at the top and bottom plates.
The aforementioned scaling results are in good agreement with GL scaling [54],
according to which Nu = 0.17Ra1/3 in I<
∞ regime. As apparent from Fig. 4.7(b), our
results are also consistent with the experimental results of Xia et al. [172] for Pr = 205
and 818, and the numerical results of Silano et al. [134] for large Pr simulations.

4.2.2

Viscous and thermal dissipation rates

In Sec. 3.4, we defined relationships between the normalized dissipation rates and the
Nusselt and Péclet numbers. In this subsection we compute the normalized dissipation
rates Ceu ,2 and CeT using our numerical data and compare them with the exact results.
The viscous and thermal dissipation rates exhibit temporal and spatial variability, as
shown by many researchers. For example, Emran and Schumacher [43, 44] performed
a detailed numerical analysis of the thermal dissipation rate eT and showed that the
scaling of eT in boundary layer and in bulk are different.
In Fig. 4.8(a) we show the normalized viscous dissipation rate, Ceu ,2 , as a function
of Ra. From our numerical data we find that Ceu ,2 = (3.8 ± 1.2)Ra0.15±0.02 for Pr =
102 , Ceu ,2 = (3.3 ± 1.1)Ra0.17±0.02 for Pr = 103 , and Ceu ,2 = (6.6 ± 1.3)Ra0.10±0.01 for
Pr = ∞. These computed results are in good agreement with the aforementioned
estimates using exact relationships, thus they validate our computations as well as
show consistency with the other scaling relations.
In Fig. 4.8(b) we plot CeT vs. Ra, which exhibits CeT = (17 ± 5.1)Ra−0.29±0.02 for
Pr = 102 , CeT = (16 ± 4.1)Ra−0.28±0.02 for Pr = 103 , and CeT = (22 ± 2.2)Ra−0.31±0.01
for Pr = ∞. These numerical results are in good agreement with those observed in
Fig. 4.6 (Sec. 4.1). For Pr = 0.7, Emran and Schumacher [43, 44] also observed nearly
similar scaling for the thermal dissipation rate. They estimated thermal dissipation
rates separately in the bulk and boundary layers, as well as in the plume-dominated
regions and in the turbulent background.
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4.3

Conclusions and discussions

In this chapter we have studied RBC in a unit box with free-slip walls for small to very
large Prandtl numbers and moderate Rayleigh numbers. We quantify various terms
of the momentum equation to compute the coefficients ci ’s defined in Sec. 3.2, and
observe that under the free-slip boundary condition, the behaviour remains roughly
the same as with the no-slip boundary condition. The three main differences between
the free-slip and no-slip boundary conditions are
1. The pressure gradient plays an important role in the viscous regime under the
free-slip boundary condition, unlike the no-slip case.
2. For the free-slip boundary condition, the horizontal components of the pressure
gradient and viscous terms are significant, contrary to the no-slip case.
3. For the free-slip case, eu ∼ (U 3 /d) because of the weaker viscous boundary layer.
However for the no-slip case, eu ∼ (U 3 /d)Ra−0.2 .
We found that in the turbulent regime the Nusselt number scales as Ra0.27 and
the Péclet number as Ra0.43 , whereas in the viscous regime the exponents for Nu and
Pe increase to 0.32 and 0.61 respectively. Moreover, the numerically computed Pe are
in good agreement with the predictions of Eq. (3.14).

√
√
We also studied RBC in a rectangular box of dimension 2 2 : 2 2 : 1 with periodic sidewalls, and compared the scaling of the large-scale quantities with those for
stress-free sidewalls. We performed simulations for Pr = 102 , 103 , and ∞ and moderately large Rayleigh numbers and observe that the scaling of Nu, Pe, and dissipation
rates are nearly the same as those observed in a cubic box with free-slip walls (see
Sec. 4.1).
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Chapter 5
Energy spectra and fluxes for very large
Prandtl numbers
The Prandtl number in the mantle of the Earth is extremely high (∼ 1025 ) [?,83]. Therefore convection in the Earth’s mantle can be studied in the limit of infinite Prandtl
number, which makes the problem easier to study numerically [14, 114, 156]. In this
chapter we present the scaling of small-scale quantities, e.g., the kinetic energy and entropy spectra, and fluxes for Pr = 102 , 103 , ∞ and moderately large Rayleigh numbers.
For intermediate Prandtl numbers, L’vov [78] and L’vov and Falkovich [79] predicted the Bolgiano-Obukhov (BO) scaling for small wavenumbers, but the KolmogorovObukhov (KO) scaling for large wavenumbers. Recently, Kumar et al. [72] numerically
studied the spectra and fluxes of the kinetic energy and entropy both in RBC and stably
stratified flows and concluded that BO scaling occurs only in the stably stratified flows.
Kumar et al. [72] argued that BO scaling is not applicable in RBC since the buoyancy
feeds the kinetic energy, and hence only KO scaling is observed in RBC (see Sec. 1.3 for
a detailed discussion).
We will show in this chapter that the spectra for the large and infinite Prandtl
number convection differ from both KO and BO scalings. This is because the nonlinear
term in the momentum equation becomes very small for very large Prandtl numbers,
and consequently, the energy flux is very small. The entropy flux however is significant
due to a strong nonlinearity in the temperature equation. Our arguments are similar
to those of Batchelor [7] for small Prandtl number, except that the role of temperature
and velocity is reversed in our work since the Prandtl number is large. The results
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presented in this chapter have been published in Physical Review E [98].
Rest of the chapter is organized as follows. In Sec. 5.1 we derive the scaling of kinetic energy and entropy spectra using theoretical arguments, and present the numerical results in Sec. 5.2. Scaling of the entropy flux is discussed in Sec. 5.3 and conclusions
are given in Sec. 5.4.

5.1

Energy spectra for infinite Prandtl number

The kinetic energy (entropy) spectrum Eu (k ) (Eθ (k )) is defined as the energy (entropy)
contained in a wavenumber shell of radius (k − 1, k]. For Pr = ∞, the momentum
equation [Eq. (3.8)] yields
νul
,
(5.1)
l2
where ul and (θres )l are the typical velocity and temperature fluctuation at a lengthαg(θres )l ≈

scale l. We take (θres )l = Ra−δ θl , where θres ∼ ∆Ra−δ , and also assume a constant
entropy flux. Here ∆ is the temperature difference between the top and bottom plates,
and δ is a constant. This yields
eT =

θ 2 ul
θ 2L U
CeT = l CeT .
d
l

(5.2)

Using the expressions θ L = a2 ∆ and U = a3 (d/κ )Ra1−ζ , derived in Pandey et al. [98],
and substituting in the above equations, we obtain
ul
θl

 5
κ 1 (3−2δ−ζ ) l 3
3
=
Ra
,
d
d
 − 1
3
1
1
l
2
(
δ
−
ζ
)
= ( a2 a3 ) 3 ∆Ra 3
.
d
1
( a22 a3 ) 3

(5.3)
(5.4)

Therefore the energy and entropy spectra are
2

Eu (k ) = ( a22 a3 ) 3 d

 κ 2

2

d
2
2
1
2
2
Eθ (k ) = ( a2 a3 ) 3 d∆ Ra 3 (δ−ζ ) (kd)− 3 .
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13

Ra 3 (3−2δ−ζ ) (kd)− 3 ,

(5.5)
(5.6)

5.2 Energy and entropy spectra
We define normalized spectra Ẽu (k ) and Ẽθ (k ) as
Ẽu (k) =
Ẽθ (k) =

Eu (k )
d


κ 2

Ra
d
Eθ (k )

d∆2 Ra

= ( a22 a3 ) 3 (kd)− 3 ,
2

2
3 (δ−ζ )

13

2

2
3 (3−2δ − ζ )

1

= ( a22 a3 ) 3 (kd)− 3 .

(5.7)
(5.8)

For Pr = ∞, the prefactor ( a22 a3 )2/3 computed using a2 and a3 , discussed in Pandey et
al. [98], is approximately 6.3 × 10−2 .
In the next section, we discuss the scaling of Eu (k) and Eθ (k ) obtained from our
numerical simulations.

5.2

Energy and entropy spectra

We perform direct numerical simulations for Pr = 102 , 103 , ∞ and moderately large
Rayleigh numbers in a rectangular box with stress-free and conducting boundary conditions on horizontal walls and periodic boundary condition on vertical walls. We refer
to Sec. 4.2 for the details of simulations.

5.2.1

Kinetic energy spectrum

We compute the kinetic energy spectrum Eu (k ) and plot the kinetic spectrum Ẽu (k ) and
normalized kinetic spectrum Ẽu (k )k13/3 for Pr = ∞, Ra = 108 and Pr = 102 , Ra = 107
in Fig. 5.1. The normalized kinetic spectrum appears nearly constant for more than
one decade of the wavenumber with Ẽu (k) ≈ (0.06 ± 0.02)k−13/3 . This result is in a
very good agreement with the predictions based on the scaling arguments. The above
scaling law for the kinetic energy spectrum also holds for Pr = 103 . For better statistics
we average approximately 35 frames of data, which are separated by 0.1 eddy turnover
time.
Recently, Bhattacharjee [10] studied the infinite Prandtl number convection using
self consistent field theory, and deduced Eu (k ) ∼ k−13/3 , consistent with our analytical
and simulation results. He also argued that the sweeping contributes in the kinetic
energy spectrum too, and Eu (k ) follows b1 k−13/3 + b2 k−7/2 scaling in the powerlaw
range, where b1 and b2 are constants.
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Kinetic Spectrum
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F IGURE 5.1: Kinetic energy spectrum Ẽu (k ) for Pr = ∞, Ra = 108 (thick red dashed
curve), and for Pr = 102 , Ra = 107 (thick green curve). The respective normalized
kinetic spectra Ẽu (k )k13/3 (thin curves) are approximate constants in the powerlaw
range, thus Eu (k ) ∼ k−13/3 .
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F IGURE 5.2: Plot of entropy spectrum Ẽθ (k ) vs. k for Pr = ∞, Ra = 108 (red filled
circles) and for Pr = 102 , Ra = 107 (green filled squares). The upper branches of the
spectra exhibiting k−2 scaling represent the θ̂ (0, 0, 2n) Fourier modes. The lower
branches are somewhat flat.
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5.2.2

Entropy spectrum

The entropy spectrum Eθ (k ) computed using numerical data shows a complex scaling
in the powerlaw range. The normalized entropy spectrum Ẽθ (k) depicted in Fig. 5.2
for Pr = ∞, Ra = 108 and Pr = 102 , Ra = 107 exhibits dual branches. The upper
branch, which corresponds to the θ̂ (0, 0, 2n) Fourier modes, follows k−2 spectrum since
θ̂ (0, 0, 2n) ≈ −1/(2nπ ) (see Sec. 3.1 and [85]). The lower branch is the entropy spectrum of the Fourier modes other than θ̂ (0, 0, 2n), and it follows nearly a flat spectrum.
The nature of the entropy spectrum is very different from our phenomenological predictions that Eθ (k ) ∝ k−1/3 . This discrepancy is due to the boundary condition (the
conducting plates) which yields significant θ̂ (0, 0, 2n) branch (see Sec. 3.1 and [85]).
We also observe similar entropy spectrum for Pr = 103 .

5.3

Energy and entropy fluxes

Nonlinear interactions lead to a transfer of energy and entropy from small to large
wavenumber Fourier modes. These transfers are quantified using the energy flux
Πu (k0 ) and the entropy flux Πθ (k0 ), which are the fluxes coming out of a wavenumber
sphere of radius k0 [85, 155], and defined in Eqs. (2.23) and (2.24).

10-2

Πθ(k)

10-3
10-4
10-5
10-6

Pr = ∞, Ra =108
Pr =102 , Ra =107
1

10

k

102

F IGURE 5.3: Plot of entropy flux Πθ (k ) vs. k for Pr = ∞, Ra = 108 (thick red curve),
and for Pr = 102 , Ra = 107 (thin green curve). The fluxes are approximate constants
in the powerlaw range.
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We compute the entropy flux using our numerical data and show them in Fig. 5.3
for Pr = ∞, Ra = 108 and Pr = 102 , Ra = 107 . The plots indicate a nearly constant
entropy flux in the powerlaw range, consistent with the predictions of Sec. 5.1. The
constancy of Πθ (k ) is due to the dominance of the nonlinear term in the temperature
equation. The kinetic energy flux Πu (k ) however is zero for Pr = ∞ due to the absence
of the nonlinearity in the momentum equation. For large Pr simulations, Πu (k ) is very
small due to weak nonlinearity.

5.4

Conclusions

Using analytical arguments, we have derived that the energy spectrum Eu (k ) ∼ k−13/3
for Pr = ∞ (see also Ref. [10]). Our simulations for Pr = ∞ verify this power law in the
powerlaw range. In addition, we observe that RBC for Pr ≥ 100 exhibits k−13/3 scaling
for Eu (k ). We predict that the entropy spectrum Eθ (k ) ∼ k−1/3 . Instead, we observe
dual entropy spectra consisting of an upper branch with the k−2 spectrum corresponding to θ̂ (0, 0, 2n) Fourier modes, and a nearly flat lower branch. The dual branching is
due to the presence of boundary layers [85]. We also find that the kinetic energy flux
Πu (k ) is very small and the entropy flux Πθ (k ) is nearly flat in the powerlaw range.
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Chapter 6

Similarities between 2D and 3D
convection for large Prandtl number
In previous chapters we have studied the scaling of large- and small-scale quantities
in three dimensions. Rayleigh-Bénard convection has also been investigated in two
dimensions [14, 24, 25, 100, 114, 115, 141, 149–153, 156]; scaling of the large-scale quantities, and flow structures have been compared with those observed in three dimensions [114, 115, 152]. Schmalzl et al. [114, 115] and van der Poel et al. [152] observed
that for large Prandtl numbers 2D and 3D RBC exhibit similar scaling of the large-scale
quantities, whereas for small Pr the scalings are different.
In this chapter we perform a comparative study of the energy and entropy spectra, and the scaling of large-scale quantities for large and infinite Prandtl numbers in
two and three dimensions. We perform 2D and 3D RBC simulations for very large
Prandtl numbers and moderate Rayleigh numbers. We compute the ten most dominant Fourier modes of 2D and 3D flows, and show them to be very close, which is the
reason for the similarities between 2D and 3D RBC. We compute the viscous and thermal dissipation rates, and the energy and entropy spectra and fluxes, and observe that
their scalings are very similar in 2D and 3D RBC. For completeness and validation,
we demonstrate similarities between the Nusselt and Péclet numbers and temperature fluctuations for 2D and 3D RBC, consistent with the earlier results of Schmalzl et
al. [114, 115], van der Poel et al. [152], and Silano et al. [134].
Moreover, we have studied RBC for Pr = 100 in box with no-slip boundary condition, and observed that the scaling of the large-scale quantities, and energy spectra
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are similar to those with the free-slip boundary condition. In our study, we focus on
RBC with the free-slip boundary condition, but many of the results are expected for
the no-slip boundary condition as well. The results presented in this chapter have
been published in Pramana [97].
This chapter is organized as follows: In Sec. 6.1, we discuss the momentum equation for the infinite Prandtl number. Details of our numerical simulations are provided
in Sec. 6.2. In Sec. 6.3, we compare the most dominant Fourier modes of 2D and 3D
RBC for Pr = ∞. In Sec. 6.4, we discuss the spectra and fluxes of the kinetic energy and
entropy. Scaling of large-scale quantities such as the Nusselt and Péclet numbers, the
temperature fluctuations, and the viscous and thermal dissipation rates are discussed
in Sec. 6.5. We conclude in Sec. 6.6.

6.1

Momentum equation for Pr = ∞

We employ the free-slip boundary condition on the top and bottom plates and periodic
boundary condition on the vertical walls. Therefore, we use sin and cos basis functions
in the vertical direction and the Fourier basis function in the horizontal directions (see
Chapter 2 for details). In the limit of infinite Prandtl number, Eq. (1.11) reduces to a
linear equation [98]
1
− ∇σ + θ ẑ + √ ∇2 u = 0.
Ra

(6.1)

In the Fourier space the above equation transforms to
1
− ikσ̂(k) + θ̂ (k)ẑ − √ k2 û(k) = 0,
Ra

(6.2)

where σ̂, θ̂, and û are the Fourier transforms of σ, θ, and u respectively, and k =

(k x , k y , k z ) is the wavevector. Using the constraint that the flow is divergence-free,
i.e., k · û(k) = 0, the velocity and pressure fields can be expressed in terms of the
temperature fluctuations as [98]
kz
θ̂ (k),
k2
√ k2
Ra ⊥4 θ̂ (k),
ûz (k) =
k
√ k z k x,y
û x,y (k) = − Ra 4 θ̂ (k),
k
σ̂ (k) = −i

68

(6.3)
(6.4)
(6.5)

6.2 Numerical Method
where k2⊥ = k2x + k2y in 3D, and k2⊥ = k2x in 2D (assuming k y = 0). Using these relations,
the kinetic energy Eu can be expressed in terms of the entropy as
Eu (k) =

k2
1
1 k2
|û(k)|2 = Ra ⊥6 |θ̂ (k)|2 = Ra ⊥6 Eθ (k).
2
2
k
k

(6.6)

For the Pr = ∞ limit, the nonlinear term for the velocity field, (u · ∇)u. is absent, and the pressure, buoyancy, and viscous terms are comparable to each other.
Assuming that the large-scale Fourier modes dominate the flow, we can estimate the
ratios of these terms by computing them for the most dominant û(k) that occurs for
√
k = (π/ 2, 0, π ). Hence the aforementioned ratios can be estimated to be approximately

|θ |
|θ̂ (k)|
k
≈
≈
≈ 1,
|∇σ|
|kσ̂(k)|
kz
|θ |
|θ̂ (k)|
k
√
√
≈ 1.
≈
≈
k⊥
|∇2 u|/ Ra
|k2 û(k)/ Ra|

(6.7)
(6.8)

For very large Pr, the nonlinear term for the velocity field, (u · ∇)u, is weak, consequently the kinetic energy flux is very weak in this regime. The flow is dominated
by the pressure, buoyancy, and viscous terms similar to that for Pr = ∞ limit. The nonlinearity of the temperature equation, (u · ∇)θ, however is quite strong, and it yields
a finite entropy flux for large- and infinite Prandtl numbers. We will demonstrate this
statement using numerical data.
In this chapter we solve RBC equations for large- and infinite Pr. In the next
section, we describe the numerical method used for our simulations.

6.2

Numerical Method

We solve the governing equations [Eqs. (1.8–1.10)] for large Prandtl numbers, and
√
Eqs. (1.11 – 1.13) for Pr = ∞. The box geometry of the 2D simulations is 2 2 : 1,
√
√
and that for the 3D simulations is 2 2 : 2 2 : 1. For the horizontal plates, we employ stress-free boundary condition for the velocity field, and conducting boundary
condition for the temperature field. However for the vertical side walls, the periodic
boundary condition is used for both the temperature and velocity fields. We use the
pseudospectral code TARANG [157] for our simulations.
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We perform direct numerical simulations for the Prandtl numbers 102 , 103 , and ∞
and the Rayleigh numbers in the range 105 to 5 × 108 . The parameters and grid resolutions of our 3D simulations are summarized in Table 4.4 and those for 2D simulations
are given in Table 6.1. For such large Prandtl numbers, the kinematic viscosity is much
larger than the thermal diffusion coefficient, consequently coherent thin plumes are
generated in such flows [15, 60, 114, 136]. Figure 6.1 illustrates the temperature isosurfaces of the flow structures for Pr = 102 , 103 , and ∞. The figures demonstrate that the
plumes become thinner and sharper with the increase of the Prandtl number. Earth’s
mantle that has very large Prandtl number (Pr ≈ 1025 ) shows similar structures. Our
grid resolution is such that the Batchelor length scale is larger than the mean grid spacing, thus ensuring that our simulations are fully resolved. Quantitatively, kmax ηθ > 1
for all the runs.
To complement the aforementioned free-slip numerical simulations, we also perform simulations for Pr = 102 in a 2D box of aspect ratio one with no-slip boundary
condition on all sides. We use the spectral element code N EK 5000 [45]. The Rayleigh
number is varied from 104 to 5 × 107 . We chose a box with 28 × 28 spectral elements
and 7th-order polynomials within each element, therefore overall grid resolution is
1962 . For the spectrum study however we use 15th-order polynomials that yields 4202
effective grid points in the box. The details of our no-slip runs are exhibited in Table 6.2.
We compute the energy and entropy spectra and fluxes, Nusselt and Péclet numbers, temperature fluctuations, and dissipation rates using the numerical data of the
steady state. These quantities are averaged over 2000 eddy turnover times.

6.3

Low wavenumber Fourier modes of 2D and 3D flows

Schmalzl et al. [114, 115] and van der Poel et al. [152] showed that the flow of 3D RBC
resembles quite closely the 2D flow for large Prandtl numbers. The temperature isosurfaces for Pr = ∞ shown in Fig. 6.1(c) illustrates an array of parallel rolls, thus suggesting a quasi two-dimensional structures for the flow. For 2D RBC, the temperature
field exhibited in Fig. 6.2 for Pr = 103 , ∞ and Ra = 106 resembles quite closely the rolls
of 3D RBC. This similarity is because the most dominant θ modes are common among
2D and 3D RBC (to be discussed below). We also remark that at large Rayleigh numbers, the plumes become somewhat turbulent, as shown in Fig. 6.3 for Ra = 5 × 107
and Pr = 100, 1000, ∞.
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(a)
Z
- 0.35
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F IGURE 6.1: Temperature isosurfaces for (a) Pr = 102 and Ra = 107 , (b) Pr = 103
and Ra = 6 × 106 , and (c) Pr = ∞ and Ra = 6.6 × 106 . The red structures represent
hot plumes, and blue ones represent cold plumes. The large-scale structures get
sharper with the increase of Pr.
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are in good agreement with the corresponding

Pr
102
102
102
102
102
102
102
103
103
103
103
103
103
∞
∞
∞
∞
∞
∞
∞
∞

Ra
1 × 105
5 × 105
1 × 106
5 × 106
1 × 107
5 × 107
1 × 108
1 × 105
5 × 105
1 × 106
5 × 106
1 × 107
5 × 107
1 × 105
5 × 105
1 × 106
5 × 106
1 × 107
5 × 107
1 × 108
5 × 108

Nx × Nz
256 × 128
256 × 128
512 × 128
512 × 256
1024 × 256
1024 × 512
2048 × 512
256 × 128
512 × 128
512 × 256
1024 × 512
1024 × 512
2048 × 1024
128 × 64
128 × 64
256 × 128
512 × 128
512 × 256
1024 × 256
1024 × 512
2048 × 512

simulations are well resolved.

Nu
9.8
14.5
17.3
27.4
34.7
61.6
79.8
9.8
16.0
19.8
28.9
35.4
57.7
9.8
16.0
19.8
32.6
40.5
60.0
74.3
124

Pe
1.98 × 102
4.98 × 102
7.16 × 102
1.84 × 103
3.13 × 103
1.03 × 104
1.70 × 104
1.98 × 102
5.36 × 102
8.24 × 102
2.10 × 103
3.26 × 103
8.79 × 103
1.98 × 102
5.37 × 102
2.25 × 102
2.27 × 103
3.52 × 103
9.51 × 103
1.49 × 104
4.27 × 104

comp.

Ceu ,2
22.3
28.5
34.4
42.5
36.5
28.7
27.1
22.3
26.1
27.7
33.2
33.5
38.0
22.3
26.1
27.6
30.8
31.9
33.5
33.9
34.8

Ceest.
u ,2
22.3
27.3
31.8
38.9
34.5
28.6
27.1
22.3
26.1
27.7
31.7
32.4
36.7
22.3
26.1
27.6
30.8
31.9
32.6
32.9
33.7
eT /(κ∆2 /d2 )
9.8
14.5
17.3
27.4
34.7
61.6
79.8
9.8
16.0
19.8
28.9
35.4
57.3
9.8
16.1
19.8
32.6
40.5
60.0
74.7
124

comp.

CeT
0.61
0.37
0.31
0.19
0.14
0.072
0.056
0.60
0.36
0.29
0.17
0.13
0.080
0.60
0.36
0.29
0.17
0.14
0.077
0.061
0.036

Ceest.
T
0.61
0.35
0.29
0.18
0.13
0.072
0.056
0.60
0.36
0.29
0.16
0.13
0.078
0.60
0.36
0.29
0.17
0.14
0.075
0.059
0.034

kmax ηθ
2.9
1.8
2.0
1.7
1.9
1.5
1.7
1.6
1.4
1.5
1.9
1.5
1.7
4.5
2.7
4.3
3.6
4.0
3.5
3.9
3.2

comp.
2
estimated values Ceest.
[= (Nu − 1)Ra/Pe ]. Similarly, the computed thermal dissipation rates CeT
agree with the corresponding
u ,2
est.
2
estimated values CeT [= (Nu/Pe)(∆/θ L ) ] reasonably well. Also, the Nusselt number computed using the thermal dissipation
rate, eT /(κ∆2 /d2 ), match very well with those computed using Eq. (2.16). For all the simulations kmax ηθ > 1, indicating that our

and z-directions respectively. The computed viscous dissipation rates Ceu ,2

comp.

TABLE 6.1: Details of our free-slip numerical simulations in two dimensions: Nx and Nz are the number of grid points in x-
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TABLE 6.2: Details of RBC simulations with the no-slip boundary condition for a
two-dimensional box of aspect ratio one.

Pr
102
102
102
102
102

Ra
1 × 104
1 × 105
1 × 106
1 × 107
5 × 107

Grid
1962
1962
1962
4202
1962

Nu
2.2
3.9
7.1
14.4
22.6

Pe
1.43 × 101
5.73 × 101
1.93 × 102
7.55 × 102
1.99 × 103

For comparison between the 2D and 3D RBC, we perform 2D and 3D simulations for Pr = ∞ and Ra = 107 . The first six most dominant θ modes are (0, 0, 2n) ≈

−1/(2nπ ), where n = 1 to 6, as shown in Sec. 3.1; for these modes û(k) = 0 [see
Eq. (6.6)]. In Table 6.3 we list the ten most dominant temperature modes along with
their entropy and kinetic energy. According to Table 6.3, the entropy and the kinetic
energy of the top ten modes, (k x , k z ) in 2D and (k x , 0, k z ) in 3D, are very close. This is
the reason why the flow structures of the 3D RBC is quasi two-dimensional.
Apart from θ̂ (0, 2n) modes, the next four most dominant 2D modes are (1, 1),

(3, 1), (1, 3), and (3, 3). Clearly, (1, 1) is the most dominant mode with a finite kinetic
energy, and it corresponds to a pair of rolls shown in Figs. 6.1(c) and 6.3. The mode
(1, 1) is a part of the most dominant triad interaction {(1, 1), (−1, 1), (0, 2)} [85]. The
other modes (3, 1), (1, 3) arise due to nonlinear interaction with the (2, 2) mode, which
is relatively weak but quite important [25].
We also compute the total energy of the three components of the velocity field in
3D, and the two components in 2D. We observe that in 3D, Ex /Eu = 0.55, Ey /Eu = 0.02,
and Ez /Eu = 0.43, clearly demonstrating the quasi 2D nature of the flow. Here, Ex =

hu2x i/2, Ey = hu2y i/2, Ez = hu2z i/2, Eu = Ex + Ey + Ez , and h.i represents time averaged
value in the steady state. In 2D, the ratios are Ex /Eu = 0.58 and Ez /Eu = 0.42, which
are quite close to the corresponding ratios for the 3D RBC.
We also performed similar analysis for Pr = 100 and 1000 for 2D and 3D, whose
behaviour is similar to that for Pr = ∞ described above.
Schmalzl et al. [114,115] decomposed the 3D velocity field into toroidal and poloidal
components, and showed that the toroidal component disappears in the limit of infinite Prandtl number, consistent with the analytical results of Vitanov [165]. Schmalzl
et al. [114] argue that the vertical component of the vorticity disappears in the Pr =
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F IGURE 6.2: Density plots of the temperature field in a 2D box for Ra = 106 and (a)
Pr = 103 ; (b) Pr = ∞. The figures illustrate hot (red) and cold (blue) plumes.
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F IGURE 6.3: Density plots of the temperature field for Ra = 5 × 107 and (a) Pr =
102 ; (b) Pr = 103 ; (c) Pr = ∞. The structures get sharper with increasing Prandtl
numbers [152].
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TABLE 6.3: Comparison of the ten most dominant entropy Fourier modes in 2D
and 3D RBC for Pr = ∞ and Ra = 107 . Here (n x , ny , nz ) are mode indices which are
related to a mode k as (k x , k y , k z ) = ( √π n x , √π ny , πnz ).
2

Mode (3D)
(n x , ny , nz )
(0,0,2)
(0,0,4)
(0,0,6)
(0,0,8)
(0,0,10)
(0,0,12)
(1,0,1)
(3,0,1)
(1,0,3)
(3,0,3)

Eθmode /Eθ3D
(%)
30.4
7.81
3.56
2.03
1.30
0.87
0.018
0.011
0.011
0.003

2

Eumode /Eu3D
(%)
0
0
0
0
0
0
19.6
2.05
0.046
0.039

Mode (2D)
(n x , nz )
(0,2)
(0,4)
(0,6)
(0,8)
(0,10)
(0,12)
(1,1)
(3,1)
(1,3)
(3,3)

Eθmode /Eθ2D
(%)
30.6
7.79
3.54
2.03
1.31
0.90
0.020
0.018
0.011
0.007

Eumode /Eu2D
(%)
0
0
0
0
0
0
20.4
3.39
0.046
0.095

∞ limit, leading to vanishing of the toroidal component of the velocity, hence the
two-dimensionalization of the Pr = ∞ RBC. Our results are consistent with those of
Schmalzl et al. [114, 115] and Vitanov [165].
In the next section we will discuss the spectra and fluxes of energy and entropy
for large- and infinite Prandtl numbers.

6.4

Energy spectra and fluxes

In this section we compute the spectra and fluxes of energy and entropy for 2D and
3D RBC for large- and infinite Prandtl numbers and compare them. We show that
these quantities are very close to each other for 2D and 3D RBC because the dominant
Fourier modes for them are very close to each other.
The flow is anisotropic in 2D RBC, e.g., Ex /Ez = 1.37, but the degree of anisotropy
is rather small. Hence, the aforementioned one-dimensional spectra are good description of the flow properties.
The nonlinear interactions induce kinetic energy and entropy transfers from larger
length scales to smaller length scales that results in kinetic energy and entropy fluxes.
Note that for Pr = ∞, the nonlinear interaction among the velocity modes is absent,
hence the kinetic energy flux is zero for this case. The kinetic energy and entropy fluxes
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coming out of a wavenumber sphere of radius k0 are given by Eqs. (2.23) and (2.24).
For 3D RBC with Pr = ∞, we derived in Chapter 5 that the kinetic energy and
entropy spectra scales as
Eu (k ) ∼ k−13/3 ,

(6.9)

Eθ (k ) ∼ k−1/3 .

(6.10)

We also argued that the kinetic energy flux Πu (k ) → 0, but Πθ (k) ≈ constant in the
inertial range for Pr = ∞ RBC. We showed that the above formulae also describe the
energy spectra for very large Prandtl numbers, e.g., for Pr ≥ 100.
The arguments of Sec. 5.1 are independent of dimensionality, hence we expect the
above expressions to hold in 2D as well for large- and infinite Prandtl numbers. In fact,
the similarities must be very close because of the identical dominant Fourier modes in
2D and 3D RBC (see Sec. 6.3). To verify the above conjecture, we compute the energy
and entropy spectra, as well as their fluxes.
In Fig. 6.4, we plot the normalized kinetic spectrum Eu (k)k13/3 for Pr = 100, Ra =
107 and Pr = ∞, Ra = 108 for both 2D and 3D RBC. The figure illustrates that the
energy spectrum for 2D and 3D are quite close. Hence, our conjecture that 2D and 3D
RBC exhibit similar kinetic energy spectrum is verified. Figure 6.5 exhibits the kinetic
spectrum for an RBC simulation in a unit box with no-slip boundary condition for
Pr = 100 and Ra = 107 . The figure demonstrates that Eu (k ) ∼ k−13/3 , similar to that of
the free-slip boundary condition.
The kinetic energy flux Πu for Pr = ∞ is zero due to the absence of the nonlinearity. However Πu is expected to be small ( 1 in normalized units of ours) for large
Pr. In Fig. 6.6, we plot the kinetic energy flux Πu (k ) for Pr = 102 and 103 for 2D and
3D RBC. As expected, the Πu are small for all the four cases. Interestingly, the kinetic
energy flux for 2D RBC is negative at small wavenumbers, which is reminiscent of 2D
fluid turbulence [11,146]. The KE flux for 3D RBC is positive almost everywhere. Thus,
the KE fluxes for 2D and 3D RBC are somewhat different, but they play insignificant
role in the large- and infinite Prandtl number RBC. Hence, we can claim that a common
feature for the large Pr 2D and 3D RBC is that Πu → 0.
The smallness of kinetic energy flux for the large- and infinite Pr RBC is because
the nonlinear term is much weaker than the pressure gradient and the buoyancy terms
of Eq. (1.8). In Fig. 6.7, we plot |u · ∇u|/|∇σ | and |u · ∇u|/|θ | as function of Ra. The
aforementioned ratios lie between 0.001 to 0.1, and they become smaller as Pr increases.
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Pr = ∞, Ra =108 (3D)
Pr = ∞, Ra =108 (2D)
Pr =102 , Ra =107 (3D)
Pr =102 , Ra =107 (2D)

10−2
10−4

101

k

102

F IGURE 6.4: The normalized kinetic energy spectrum Eu (k )k13/3 as a function of
wavenumber. Curves for 2D and 3D collapse on each other and are nearly constant
in the inertial range, hence Eu (k ) ∼ k−13/3 .
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Kinetic Spectrum

10-3
10-7
10-11
10-15
10-19

Eu (k)
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F IGURE 6.5: The kinetic energy spectrum Eu (k ) for Pr = 102 and Ra = 107 in a
2D unit box with no-slip boundary condition. The normalized spectrum is nearly
constant in the inertial range, hence Eu (k ) ∼ k−13/3 .
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F IGURE 6.6: Plot of the kinetic energy flux Πu (k ) vs. k. The fluxes for Pr = 102 have
been multiplied by a factor of 10−2 to fit properly in this figure. In 2D, Πu (k ) < 0,
reminiscence of 2D fluid turbulence.

These results show that the nonlinear term is weak for large- and infinite Pr RBC. Note
that |∇σ| ≈ |θ |, consistent with Eq. (6.7).
In Fig. 6.8, we plot the entropy spectrum for Pr = 100, Ra = 107 and Pr = ∞, Ra =
108 for 2D and 3D RBC. Clearly, the entropy spectrum for the 2D and 3D RBC also show
very similar behaviour. Note that the entropy spectrum exhibits a dual spectrum, with
the top curve (E(k ) ∼ k−2 ) representing the θ̂ (0, 0, 2n) modes, whose values are close to

−1/(2nπ ) (see Sec. 3.1 and Sec. 6.3). The lower curve in the spectrum, corresponding
to the modes other than θ̂ (0, 0, 2n), is somewhat flat. We also observe similar entropy
spectrum for no-slip boundary condition, which is shown in Fig. 6.9 for Pr = 100 and
Ra = 107 .
We compute the entropy flux Πθ (k), defined in Eq. (2.24), for Pr = 100, Ra = 107
and Pr = ∞, Ra = 108 for both 2D and 3D RBC. In Fig. 6.10, we plot the entropy flux
for the above four cases. Clearly, the behaviour of 2D and 3D RBC are very similar,
with a constant entropy flux in the inertial range.
In the next section, we will compute the large-scale quantities for 2D and 3D RBC
with large- and infinite Prandtl numbers.
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F IGURE 6.7: Plots of the ratios between (a) nonlinear and pressure gradient terms;
(b) nonlinear and buoyancy terms of Eq. (1.8). The nonlinearity is weak compared
to pressure gradient and buoyancy.
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F IGURE 6.8: Entropy spectrum Eθ (k ) vs. k. Eθ (k) exhibits a dual branch with a
dominant upper branch with Eθ (k ) ∼ k−2 . The lower branch is almost flat in the
inertial range.
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F IGURE 6.9: Entropy spectrum Eθ (k ) for Pr = 102 and Ra = 107 with the no-slip
boundary condition in a 2D unit box. It has a very similar behaviour as that for the
free-slip boundary condition.
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F IGURE 6.10: Plot of the entropy flux, Πθ (k ), vs. k. The fluxes are nearly constant
in the inertial range, and are similar for the 2D and 3D RBC.
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6.5

Scaling of large-scale quantities

6.5.1

Nusselt and Péclet numbers

Schmalzl et al. [114,115] and van der Poel et al. [152] showed that the Nusselt and Péclet
numbers for 2D and 3D RBC exhibit similar scaling. For validation of our data, we also
compute the Nusselt number Nu and Péclet number Pe, as well as θrms using our data
sets.
In Fig. 6.11 we plot the Nusselt number, Péclet number, and normalized root
mean square temperature fluctuations for Pr = 100, 1000, ∞ and Ra ranging from 104
to 5 × 108 for both 2D and 3D RBC. We also plot Nu and Pe for Pr = 100 with no-slip
boundary condition (shown by orange triangles). The figures show that the 2D and
3D RBC have similar Nusselt and Péclet number scaling, in particular Nu ∼ Ra0.3 and
Pe ∼ Ra0.6 , with a weak variation of the exponents with Pr and Ra. However, the Nu
and Pe prefactors for the no-slip data are lower than those for the free-slip runs, which
is due to lower frictional force for the free-slip boundary condition. These results are
consistent with those of Schmalzl et al. [114, 115], van der Poel et al. [152], and Silano et
al. [134]. These are also consistent with the results obtained in Chapters 3 and 4.
We observe that θrms /∆ is approximately a constant. The details of scaling and
error bars are discussed in Chapter 4. The above similarities are primarily due to the
quasi-2D nature of the 3D RBC.

6.5.2

Dissipation rates

In this subsection, we will discuss the scaling of the normalized viscous and thermal
dissipation rates for large Prandtl numbers.
For large- and infinite Prandtl numbers, which corresponds to the viscous dominated regime, an appropriate formula for the normalized viscous dissipation rate discussed in Sec. 3.4 is
Ceu ,2 =

(Nu − 1)Ra
eu
=
.
2
2
νU /d
Pe2

(6.11)

The corresponding formula for the normalized thermal dissipation rate is
CeT

eT
Nu
=
=
2
Pe
Uθ L /d
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F IGURE 6.11: Plots of (a) the Nusselt number Nu; (b) the Péclet number Pe; (c) the
normalized root mean square temperature fluctuations θrms /∆ as a function of the
Rayleigh number. The 2D and 3D RBC exhibit similar scaling for the large-scale
quantities, except for the no-slip data for Pr = 100 (orange triangles), for which the
prefactors are lower.
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F IGURE 6.12: Normalized viscous dissipation rate Ceu ,2 as a function of Ra. The
values of Ceu ,2 are lower in 2D compared to 3D RBC.

See Chapters 3 and 4 for a detailed discussion on the dissipation rates for the large
Prandtl number convection.
Using the scaling of Nu and Pe, we find that for Pr = ∞, Ceu ,2 is an approximate
constant independent of Ra (see Sec. 4.2). In Fig. 6.12, we plot Ceu ,2 for Pr = 103 and
∞, according to which Ceu ,2 is nearly a constant with a significant scatter of data. As
evident from the figure, the normalized viscous dissipation rate for the 2D RBC is a bit
lower than the corresponding data for the 3D RBC, which is due to the inverse cascade
of energy in 2D RBC that suppresses Πu (see Fig. 6.6).
comp.

= eT /(Uθ 2L /d) and the
√
√
estimated dissipation rate Ceest.
= (Nu/Pe)(∆/θ L )2 , where U = 2Eu and θ L = 2Eθ .
T
These quantities are close to each other, consistent with Eq. (6.12)
In Table 6.1, we list the computed dissipation rate CeT

Figure 6.13 exhibits CeT as a function of Ra. The figure shows that the scaling
of CeT in 2D is similar to that for 3D RBC. A detailed analysis indicates that for 2D
RBC, CeT = (22 ± 9)Ra−0.31±0.03 , (24 ± 1.7)Ra−0.32±0.01 and (24 ± 2.1)Ra−0.32±0.01 for
Pr = 102 , 103 , and ∞ respectively. For 3D RBC, we found in Chapter 4 that CeT =

(17 ± 5.1)Ra−0.29±0.02 , (16 ± 4.1)Ra−0.28±0.02 and (22 ± 2.2)Ra−0.31±0.01 for Pr = 102 ,
103 , and ∞ respectively. The scaling of CeT for 2D and 3D RBC are similar.
These computations show that the behaviour of the viscous and thermal dissipation rates for 2D and 3D RBC are quite similar.
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F IGURE 6.13: Normalized thermal dissipation rate CeT as a function of Ra. We
observe CeT ∼ Ra−0.32 in 2D, which is similar to the scaling for Pr = ∞ in 3D.

6.6

Discussions and conclusions

We performed numerical simulations of 2D and 3D RBC for Pr = 100, 1000, ∞ and Ra in
the range of 105 to 5 × 108 . We showed that the dominant Fourier modes of the 2D and
3D flows are very close to each other, which is the reason for the similarities between
the Nusselt and Péclet numbers in 2D and 3D RBC, as reported by Schmalzl et al. [114,
115] and van der Poel et al. [152]. The flow in 3D RBC is quasi two-dimensional because
of the strong suppression of the velocity in one of the horizontal directions. These
results are consistent with the results of Schmalzl et al. [114, 115] and Vitanov [165],
according to which the toroidal component of the velocity field in 3D RBC vanishes for
Pr = ∞.
We compute the spectra and fluxes of the kinetic energy and entropy for the 2D
RBC and show them to be very similar to those for 3D RBC. In particular, we observe
that the kinetic energy spectrum Eu (k) ∼ k−13/3 , while the entropy spectrum exhibits
a dual branch, with a dominant k−2 branch corresponding to the θ̂ (0, 0, 2n) Fourier
modes. The other entropy branch is somewhat flat. The scaling of Eu (k ), Eθ (k ), and
Πθ (k ) are consistent with the predictions of Chapter 5. The similarities between the
spectra and fluxes of 2D and 3D RBC are due to the quasi-2D nature of 3D RBC.
We compute the global quantities such as the Nusselt and Péclet numbers, θrms ,
and the viscous and thermal dissipation rates. All these quantities exhibit similar behaviour in 2D and 3D RBC, which is consistent with the results of Schmalzl et al. [114,
115] and van der Poel et al. [152].
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Chapter 7

Conclusions and scope for future work

7.1

Main conclusions of the thesis

Rayleigh-Bénard convection is an idealized model of thermal convection, which is important in many natural systems and industry [2, 8, 31, 77, 171]. The onset of convection is observed for the Rayleigh number near O(103 ); the flow becomes turbulent for
very large Ra, after the emergence of patterns and chaos. In astrophysical flows the
Rayleigh number is very high, for example, in the Sun Ra ≈ 1021 − 1024 [59]. The
Prandtl number, a ratio of the kinematic viscosity and the thermal diffusivity, is an important control parameter in RBC; extreme values of the Prandtl number are observed
in nature (see Table 1.1).
In this thesis we have investigated Rayleigh-Bénard convection using analytical
and numerical tools and studied the scaling of the large-scale quantities, e.g., the Nusselt and Péclet numbers, root mean square temperature fluctuations, and viscous and
thermal dissipation rates, and also the energy and entropy spectra. We have studied
the aforementioned quantities by performing direct numerical simulations for small to
very large Prandtl numbers and moderate Rayleigh numbers in rectangular geometry
with no-slip and free-slip boundary conditions.
We have derived an analytical expression for the Péclet number as a function of
the Rayleigh and Prandtl numbers using a dimensional analysis of the momentum
equation. The formula for Pe involves four coefficients ci ’s, which are determined using our numerical data. We perform numerical simulations in a unit box with isother-

85

Conclusions
mal and adiabatic conditions for the temperature field on horizontal and vertical walls
respectively. For the velocity field, we employ the no-slip boundary condition in one
case and the free-slip boundary condition in another case on all the walls. We quantify
various terms of the momentum equation in the statistically steady state.
In the turbulent regime of RBC with no-slip boundary condition, the acceleration
is dominated by the pressure gradient, which is much larger than the buoyancy and
viscous terms. However in the viscous regime, the buoyancy and viscous forces are
large compared to the pressure gradient, and act in opposite directions to yield a small
acceleration. For RBC with free-slip boundary condition, the force balance in the turbulent regime is similar to that for the no-slip condition. In the viscous regime however
the pressure gradient, buoyancy and viscous terms are all comparable in the free-slip
case, which is in contrast to the no-slip case where the pressure gradient is quite small.
Using the properties of the planar averaged temperature profile, we analytically
observed that the Fourier transform of θm (z), θ̂m (0, 0, k z ) do not couple with the velocity Fourier modes in the momentum equation due to the incompressibility condition.
We found that θ̂m (0, 0, k z ) ≈ −1/(πk z ) for even k z and zero for odd k z . The modes
other than θ̂ (0, 0, k z ), which are termed as θres , participate in the momentum equation.
We determined the functional form of the coefficients ci ’s using our numerical
data and observe that ci ’s are slightly different for the two boundary conditions. We
compute the Péclet number using our general formula and observe it to be in a very
good agreement with our numerical results as well as earlier numerical and experimental results. For RBC with no-slip walls, we obtain Pe ∼ Ra0.51 in the turbulent
regime, consistent with the results of Xin and Xia [174], Reeuwijk et al. [154], and Scheel
and Schumacher [113]. However Pe scales as Ra0.58 in the viscous regime, consistent
with Silnao et al. [134] and Horn et al. [63]. For RBC with stress-free walls, the exponent
for Pe are 0.43 and 0.61 in the turbulent and viscous regimes respectively.
We also computed the Nusselt number from the numerical data and observed
that Nu ∼ Ra0.32 for RBC with rigid walls. However for RBC with stress-free walls, the
Nusselt number scales as Ra0.27 in the turbulent regime, and as Ra0.32 in the viscous
regime. We computed a correlation function Cuθres between the vertical velocity and
the residual temperature fluctuations, whose scaling along with θres and uz provides
appropriate corrections to the scaling of Nu from Ra1/2 in the ultimate regime [71] to
the observed Nu ∼ Ra0.3 .
The functional form of ci ’s revealed that the nonlinearity in the wall bounded
flows is suppressed compared to that in the homogeneous and isotropic flows without
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walls. Using the numerical data for RBC with no-slip walls, we computed the viscous
(eu ) and thermal (eT ) dissipation rates and observed that eu in the turbulent regime of
RBC is lower compared to that in the free turbulence. However in the viscous regime,
eu is higher in RBC than that in the homogeneous and isotropic flows. Similarly, the
thermal dissipation rate in RBC is found to be lower than that in the homogeneous
and isotropic flows. In case of RBC with free-slip walls, eu is comparable to that in
flows without walls, due to a weak viscous boundary layer for the free-slip boundary
condition.
In addition, we performed simulations for very large Prandtl numbers in a rect√
√
angular box of dimension 2 2 : 2 2 : 1 with periodic sidewalls and stress-free top
and bottom walls. We observed that the scaling of Nu, Pe, and dissipation rates are
very similar to those observed in a cubic box with stress-free walls. The rms temperature fluctuations are observed to be approximately constant for all the Rayleigh and
Prandtl numbers, with θrms ≈ 0.28∆. We also observed that the normalized residual
temperature fluctuations θres /∆ scale as Ra−0.15 for large Prandtl numbers.
In the limit of infinite Prandtl number, we derived an analytical relation for the
kinetic energy and entropy spectra by assuming a constancy of the entropy flux. The
nonlinear term in the momentum equation vanishes for Pr = ∞. Using the incompressibility condition we obtain a linear relationship between the temperature and velocity fields in the Fourier space. We deduced that in the powerlaw range, the kinetic
spectrum Eu (k) scales as k−13/3 , and the entropy spectrum Eθ (k ) ∼ k−1/3 . To test
these relations, we computed Eu (k ) and Eθ (k ) from the numerical data in the aforementioned rectangular box, and observed that Eu (k) ∼ k−13/3 for Pr ≥ 100. However
for the entropy spectrum, we observed a dual branch in the powerlaw range; the upper branch, which corresponds to θ̂ (0, 0, 2n) Fourier modes, follows k−2 scaling, and
the lower branch remains nearly flat. We also computed the entropy flux Πθ (k ) and
observed constancy in the powerlaw range for Pr ≥ 100. Bhattacharjee [10] deduced
Eu (k ) ∼ k−13/3 for Pr = ∞ using self consistent field theory, which is a very good
agreement with our analytical and numerical results for the infinite Prandtl number
RBC.
Finally, we studied the scaling of the large-scale quantities, and the energy and
√
entropy spectra in a two-dimensional box of aspect ratio 2 2 with stress-free and conducting horizontal boundaries, and periodic lateral boundaries. We performed simulations for Pr = 102 , 103 , ∞ and Ra = 105 − 5 × 108 and computed the Nusselt and
Péclet numbers, temperature fluctuations, viscous and thermal dissipation rates. We
observed that the scaling of the aforementioned quantities are very similar to those in
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3D convection for very large Prandtl numbers. We computed the ten most dominant
entropy Fourier modes and found them to be very close in 2D and 3D convection for
very large Prandtl numbers.
We computed the kinetic energy spectrum and observed it to scale as k−13/3 for
very large Prandtl numbers. The entropy spectrum shows a dual branch in the powerlaw regime, with upper branch consistent with k−2 scaling. We also observed that the
entropy flux remains nearly constant in the powerlaw regime. Therefore, the scalings
of Eu (k ), Eθ (k ), and Πθ (k) are very similar in 2D and 3D RBC for Pr ≥ 100. In addition,
we have studied 2D RBC in a unit box with no-slip walls for Pr = 100 and observed
that the scaling exponents for Nu and Pe are similar to those obtained in a rectangular
box with the free-slip boundary condition. Furthermore, we computed the kinetic and
entropy spectra and found that Eu (k ) ∼ k−13/3 and Eθ (k ) shows a dual branch in the
powerlaw range, which are in very good agreement with those observed in RBC with
free-slip walls.

7.2

Future investigations

In this thesis, we have studied RBC in rectangular geometry using analytical arguments and direct numerical simulations. Using a dimensional analysis of the momentum equation, we have derived an analytical formula to compute the Péclet number as
a function of Ra and Pr. We performed direct numerical simulations in a cubic box to
determine the functional dependence of the coefficients ci ’s appearing in the formula
for Pe. The method is quite general and it can be extended to model the large-scale
velocity in other wall-bounded flows, e.g., the channel flow, the Couette flow, etc. In
the following we discuss some possible projects which may be investigated in future.

1. For the no-slip RBC, we only explored Pr = 1, 6.8 and 100 to determine the coefficients. It would be instructive to perform DNS for other lower and higher
Prandtl numbers, which could strengthen the functional form of ci ’s.
2. We have proposed that ci ’s would become constant for very large Rayleigh numbers. One can test this by performing high resolution simulations for very large
Ra (≈ 1013 − 1014 ), which is very difficult to achieve using present computational
facilities.
3. We have performed our analysis using global averaged quantities. It would be
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useful to look into the contribution of the boundary layers to various large-scale
quantities.
4. We have studied the scaling of large-scale quantities using their mean values. It
would be beneficial to study the statistics of their fluctuations as function of the
Rayleigh and Prandtl numbers.
Rayleigh-Bénard convection is a rich system with many features. We hope that
our work has attempted to resolve some unsolved issues of this system.
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