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Buoyancy-driven flows play an important role in geophysical, astrophysical, and
atmospheric applications [1, 2, 3]. These flows are classified in two categories: (a)
convective flows that are destabilized when heavier or colder fluid is on top of a lighter
or hotter fluid, often seen in thermal convection; (b) stably stratified flows that are
stabilized when a lighter fluid sits on top of a heavier fluid, for example, in Earth’s
atmosphere. Thermal convection plays an active role in the generation of magnetic
field within Earth’s core and is responsible for different activity in the interiors of many
planets and stars. Scaling of spectra and fluxes of the kinetic energy (KE) and the
potential energy (PE) has remained an active area of research in this field [4, 5].
For buoyancy-driven turbulence with stable stratification, Bolgiano [6] and
Obukhov [7] argued that the KE flux is depleted at different length scales due to
conversion of kinetic energy to potential energy. Thus the KE flux decreases with the
wavenumber (k) which yield k−11/5 and k−7/5 scaling for KE and PE spectra respec[1] C HANDRASEKHAR , S., Hydrodynamic and Hydromagnetic Stability, Dover Publications, NY, 1961
[2] B HATTACHARJEE , J. K., Convection and chaos in fluids, World Scientific, Singapore, 1987
[3] VALLIS , G. K., Atmospheric and Oceanic Fluid Dynamics, Cambridge University Press, Cambridge,
2006.
[4] S IGGIA , E. D., Annu. Rev. Fluid Mech. 26:137, 1994.
[5] L OHSE , D. AND X IA , K.Q., Annu. Rev. Fluid Mech. 42:335, 2010.
[6] B OLGIANO , R., J. Geophys. Res. 64:2226, 1959.
[7] O BUKHOV , A. N., Dokl. Akad. Nauk SSSR 125:1246, 1959.
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tively. Procaccia and Zeitak [8], L’vov [9], L’vov and Falkovich [10], and Rubinstein [11]
argued that the aforementioned Bolgiano-Obukhov (BO) phenomenology of stablystratified turbulence (SST) also applies to Rayleigh-Bénard convection (RBC), an idealized model of thermal convection.
In this thesis, we investigate the scaling of energy spectra and fluxes for both SST
and RBC using both direct numerical simulation and shell model simulation. Further,
we show applicability of Taylor’s hypothesis in convective turbulence. Taylor’s hypothesis [12] can be applied in presence of a constant mean velocity field. However,
in convective turbulence the mean velocity is absent. In the present thesis, we show
that the Taylor’s hypothesis can be applied for convective turbulence in presence of a
steady large scale circulation [13, 14, 15, 16]. We also investigate two-dimensional stably stratified flows at strong, moderate, and weak stratification and characterize the
scaling of energy spectra, and the interscale transfer of energy and enstrophy. A brief
outline of the thesis is as follows:
In Chapter 1, we introduce the governing equations, our assumptions, nondimensionazlied equations, and various important parameters for the buoyancy-driven
flows. We also discuss the generic behavior of these flows for various range of parameters. We review some of the main results of earlier theoretical, numerical, and
experimental studies of the energy spectra and fluxes for buoyancy-driven flows. In
addition, we review earlier shell models used for convective turbulence.
In Chapter 2, we present the details of a pseudospectral solver Tarang [17] and
its implementation for SST and RBC. We give detail of our initial conditions and the
forcing scheme applied, while solving the aforementioned flows. We also discuss a finite volume solver OpenFOAM (Open Source Field Operation and Manipulation) [18],
which we have used to simulate the convective flows with the realistic boundary condition, i.e, the no-slip condition for the velocity field and conducting and insulating
[8] P ROCACCIA , I. AND Z EITAK , R., Phys. Rev. Lett. 62:2128, 1989.
[9] L’ VOV , V. S., Phys. Rev. Lett. 67:687, 1991.
[10] L’ VOV , V. S. AND FALKOVICH , G. E., Physica C 57:85, 1992.
[11] R UBINSTEIN , R., NASA Technical Memorandum 1066602, 1994.
[12] TAYLOR , G. I., Proc. R. Soc. Lond. A 164:476, 1938.
[13] N IEMELA , J. J., S KRBEK , L., S REENIVASAN , K. R., AND D ONNELLY , R. J., Nature 404:837, 2000.
[14] S REENIVASAN , K. R., B ERSHADSKII , A., AND N IEMELA , J. J, Phys. Rev. E 65:056306, 2002.
[15] X I , H.D. AND X IA , K.Q., Phys. Rev. E 75:066307, 2007.
[16] M ISHRA , P. K., D E , A. K., V ERMA , M. K., AND E SWARAN , V., J. Fluid Mech. 668:480, 2011.
[17] V ERMA , M. K. et al., Pramana 81:617, 2013.
[18] OpenFOAM: The open source CFD toolbox www.openfoam.org, 2015.
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boundary conditions for the temperature field.
In Chapter 3 using direct numerical simulations, we demonstrate that the moderately stratified turbulent flows with stable stratification follows Bolgiano-Obukhov
scaling [19]. This scaling arises due to conversion of KE to PE due to buoyancy force.
Thus the KE flux decreases with the wavenumber, and follows k−4/5 scaling. Therefore, the KE spectrum Eu (k ) ∼ k−11/5 and the PE spectrum Eθ (k) ∼ k−7/5 . For weak

stratification, buoyancy becomes negligible and we recover Kolmogorov’s spectrum
for the velocity field with a constant KE flux. For Rayleigh-Bénard convection, we
performed simulation at grid resolution 20483 on a cubical box and have shown a delicate balance of dissipation and energy supply rate by buoyancy. This balance leads to a
constant KE flux and rules out the BO scaling, and we observe Kolmogorov’s spectrum
(Eu (k ) ∼ k−5/3 ).
In Chapter 4, we address the issue of the applicability of Taylor’s hypothesis in
convective turbulence [20]. We show that in the presence of LSC, Taylor’s hypothesis
can be invoked to deduce the energy spectrum in thermal convection using real space
probes, a popular experimental tool. We perform our simulation in a closed cubical box
and show that both the wavenumber and the frequency spectra exhibit Kolmogorov’s
spectrum. The aforementioned findings based on real space probes provide inputs for
experimental measurements used for spectral studies of convective turbulence.
In Chapter 5, we describe the scaling of spectra and fluxes for the kinetic energy, the potential energy, and the enstrophy at different strengths of stratification in
two-dimensional stably stratified system under large-scale forcing [21]. The strength
of stratification is usually measured by the non-dimensional parameter called Froude
number (Fr), which is defined as the ratio of the time scale of gravity waves and the
nonlinear time scale. We perform numerical simulations for wide range of Fr and explore strongly, moderately, and weakly stratified scenarios. We show the coexistence of
a large-scale vertically sheared horizontal flow (VSHF) with small-scale turbulence for
the strongly stratified case. For moderate stratification, we observe Bolgiano scaling at
large-scales and an approximate k−3 scaling at small-scales for the KE spectrum. For
weakly stratified case the KE is transferred upscale and its spectrum closely follows a
k−2.5 scaling.

[19] K UMAR , A., C HATTERJEE , A. G., AND V ERMA , M. K., Phys. Rev. E 90:023016, 2014.
[20] K UMAR , A. AND V ERMA , M. K., submitted, 2016.
[21] K UMAR , A., V ERMA , M. K., AND , S UKHATME , J., submitted, 2016.
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In Chapter 6, we present a unified shell model which is applicable for both stably stratified and convective turbulence [22]. The numerical simulations of the shell
model for stably stratified turbulence yields Bolgiano-Obukhov scaling for moderate
stratification. The convective turbulence exhibit Kolmogorov’s scaling consistent with
our DNS results of Chapter 3, albeit at larger Rayleigh number. We also exhibit the
ultimate scaling for convective turbulence as predicted by Kraichnan [23].
In Chapter 7, we summarize and conclude the main results of our thesis. We also
discuss some of the future projects which can be carried out on the basis of the results
presented in this thesis.

[22] K UMAR , A. AND V ERMA , M. K., Phys. Rev. E 91:043014, 2015.
[23] K RAICHNAN , R. H, Phys. Fluids 5:1374, 1962.
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Chapter 1
Introduction
Buoyancy or density gradients driven flows are observed in the atmosphere and interiors of planets and stars, as well as in electronic devices, and in industrial appliances
like heat exchangers, boilers, etc. [17, 53, 68, 230]. Scientists and engineers [94, 132, 182,
190] have been studying buoyancy-driven flows for more than a century to understand
the terrestrial atmosphere, weather predictions, planetary boundary layers, and so on.
Buoyancy-driven flows can be classified in two categories: (a) convective flows
in which hotter and lighter fluid at the bottom rises, while colder and heavier fluid
at the top comes down; (b) stably stratified flows in which lighter fluid rests above
heavier fluid. The convective flows are unstable, but the stably stratified flows are
stable, as illustrated in Fig. 1.1. The linear regimes of the above flow are easy to solve,
and they produce convective instabilities and gravity waves respectively. However,
the turbulent aspects of such flows are active areas of research.
An important unsolved problem in this field is how to quantify the spectra and
fluxes of kinetic and potential energies of buoyancy-driven flows [132, 202]. In the
present thesis, we will study these quantities and respective nonlinear fluxes using
direct numerical simulations and shell model simulations. Apart from that, we will
also compare the spatial and temporal spectra for Rayleigh-Bénard convection (RBC),
an idealized model of convective turbulence, and quantify the spectra and fluxes for
two-dimensional stably stratified turbulence (SST).
In the next section, we describe the governing equations and assumptions for
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buoyancy-driven turbulent flows.

1.1

Governing equations and assumptions

The dynamical equations that describe the buoyancy-driven flows [53, 227] under the
Boussinesq approximations are
∂u
1
+ (u · ∇)u = − ∇ p + αgT ẑ + ν∇2 u,
∂t
ρ0
∂T
+ (u · ∇) T = κ ∇2 T,
∂t
∇ · u = 0,

(1.1)
(1.2)
(1.3)

where u and T are the velocity and temperature fields respectively, ẑ is the buoyancy
direction, α is the thermal expansion coefficient, g is the acceleration due to gravity,
p is the pressure field, and ρ0 , ν, κ are the fluid’s mean density, kinetic viscosity, and
thermal diffusivity respectively. Note that the Boussinesq approximation [53,68,230] is
valid only for small temperature differences between the top and bottom plates. Under
Boussinesq approximation [53, 68, 230], we assume that the variation in temperature is
very small for all terms of Eq. (1.1) except for the buoyancy term.

z

Cold

Tt

Tt

Hot

Tb

Cold

g
Hot

Tb
RBC

Stably stratified system

⎛ dT
⎞
Unstable ⎜
< 0⎟
⎝ dz
⎠

⎛ dT
⎞
Stable ⎜
> 0⎟
⎝ dz
⎠

F IGURE 1.1: Schematic diagrams for the idealized setup of Rayleigh-Bénard convection (RBC) and stably stratified (SS) system. In RBC, fluid is heated from below
and cooled from top, thus d T̄/dz < 0. However, in SS flow the lower plate is cooler
than the top plate, therefore, d T̄/dz > 0.
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1.1 Governing equations and assumptions
Quite often, the temperature of the dynamical system is expressed using the thermal fluctuations θ ( x, y, z) on top of a linear temperature profile. Thus
T ( x, y, z) = Tb +

d T̄
z + θ ( x, y, z),
dz

(1.4)

where Tb is the temperature of bottom plate and
Tt − Tb
d T̄
=
.
dz
d

(1.5)

Here Tt is the temperature of top plate, and d is the distance between the plates. For
RBC Tb > Tt , thus d T̄/dz is negative, while for stably stratified (SS) flows Tb < Tt , thus
d T̄/dz is positive (see Fig. 1.1). In terms of the temperature fluctuations Eqs. (1.1-1.3)
becomes [53]
∂u
1
+ (u · ∇)u = − ∇ p + αgθ ẑ + ν∇2 u + fu ,
∂t
ρ0
∂θ
d T̄
+ (u · ∇)θ = − uz + κ ∇2 θ,
∂t
dz
∇ · u = 0.

(1.6)
(1.7)
(1.8)

Here fu is the external force field. For RBC, the temperature gradient provides energy
to the system, and a steady state is reached after some time (approximately after a
thermal diffusive time); for such flows we can take fu = 0. However, stably stratified
flows are stable, and the fluctuation die down if fu = 0. Therefore, for obtaining a
steady state in a stably stratified flow, we force the flow at small wavenumbers with
random forcing (for details see Sec. 2.1.3).
In the idealized case of ν = κ = 0 and fu = 0, the total energy
1
E=
2

Z 


αgθ 2
u +
dr
d T̄/dz
2

(1.9)

is conserved. This is in contrast to three-dimensional [two-dimensional (2D)] NavierR
Stokes equation that has two conserved quantities—the kinetic energy dr(u2 /2) and
R
R
the kinetic helicity dr(u · ω) [the enstrophy dr(ω 2 /2) in 2D] [69, 125, 227]. Here ω
is the vorticity of the fluid defined as ω = ∇ × u.

The linearized version of the Eqs. (1.6-1.8) with d T̄/dz > 0 for SS flow yields internal gravity waves for which the velocity and density fluctuate along ẑ with Brunt Väisälä
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frequency [68, 230],
r
N=

αg

d T̄
.
dz

(1.10)

The linearized equations also yield a dispersion relation for the internal gravity waves
as [68]
Ω=N
where k ⊥ =

q

k2x + k2y and k =

q

k⊥
,
k

(1.11)

k2x + k2y + k2z . Note that the linearized version of the

Eqs. (1.6-1.8) for RBC yields instability.

Since d T̄/dz > 0 for SS flow, we make an analogy of gravity waves with a springmass system, the θ 2 term is analogous to the potential energy of the spring. This is
the reason for calling θ 2 /2 as the potential energy in SS flow. This analogy, of course,
breaks down for RBC, where d T̄/dz < 0; here θ 2 /2 is called entropy. Note that θ 2 /2
is not the thermodynamic entropy that quantifies the randomness at the microscopic
scales.

In this thesis, we contrast the scaling relations of SS flow and RBC in a single
formalism. For the same, we use temperature fluctuations θ as a variable. However,
this scheme is equivalent to usage of ρ0 , the density fluctuations from the linear density
profile ρ̄; the variable ρ0 is often used for SS flows [38,183]. We can rewrite Eqs. (1.6-1.8)
in terms of ρ0 using the following relations:
ρ0
= −αθ;
ρ0

dρ̄
d T̄
= − ρ0 α .
dz
dz

(1.12)

Thus Eqs. (1.6-1.8) becomes
∂u
1
ρ0
+ (u · ∇)u = − ∇ p − gẑ + ν∇2 u + fu ,
∂t
ρ0
ρ0
∂ρ0
dρ̄
+ (u · ∇)ρ0 = − uz + κ ∇2 ρ0 ,
∂t
dz
∇ · u = 0.

(1.13)
(1.14)
(1.15)

Also few researchers [209, 229, 244–246] substitute the buoyancy term as b0 = − gρ0 /ρ0 ,
4

1.2 Nondimensionalized equations and important parameters
which yields
∂u
1
+ (u · ∇)u = − ∇ p + b0 ẑ + ν∇2 u + fu ,
∂t
ρ0
0
∂b
+ (u · ∇)b0 = N 2 uz + κ ∇2 b0 ,
∂t
∇ · u = 0,

(1.16)
(1.17)
(1.18)

where Brunt Väisälä frequency N defined using,
N2 = −

g dρ̄
.
ρ0 dz

(1.19)

In the next section, we will nondimensionalize the governing equations and discuss
the important parameters of buoyancy driven flows.

1.2

Nondimensionalized equations and important parameters

It is convenient to work with nondimensional equations using box height d as length
p
scale, αg|d T̄/dz|d2 as velocity scale, and |d T̄/dz|d as the temperature scale, which
p
p
leads to u = u0 αg|d T̄/dz|d2 , θ = θ 0 |d T̄/dz|d, x = x0 d, and t = t0 (d/ αg|d T̄/dz|d2 ).
Hence the nondimensionalized version of Eqs. (1.6)-(1.8) are

r
∂u0
Pr 0 2 0
0
0 0
0 0
0
+
(
u
·
∇
)
u
=
−∇
p
+
θ
ẑ
+
∇ u + f0u ,
∂t0
Ra
∂θ 0
1
2
+ (u0 · ∇0 )θ 0 = Su0z + √
∇0 θ 0 ,
0
∂t
RaPr
0
0
∇ · u = 0,

(1.20)
(1.21)
(1.22)

where the Prandtl number is defined as
ν
κ

(1.23)

d4 αg d T̄
.
νκ dz

(1.24)

Pr =
and the Rayleigh number is defined as
Ra =
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Here S = −1 for positive d T̄/dz (stably stratified flows), and S = +1 for negative

d T̄/dz (convective flows). The other important nondimensional variables used for de-

scribing the buoyancy-driven flows are,
urms d
,
ν
αgd2 d T̄
Richardson number Ri =
,
u2rms dz
urms
,
Froude number Fr =
dN
Reynolds number Re =

(1.25)
(1.26)
(1.27)

where urms is the rms velocity of flow, which is computed as a volume average. Note
that the Richardson number is the ratio of the buoyancy and the nonlinearity (u · ∇)u,

and is related to the Froude number as Ri = 1/Fr2 . The Reynolds number Re and the

Froude number Fr are the response parameters. We compute Re and Fr using following
formula [118]:
urms d
Nd2
0
0
Re =
= urms
= urms
ν
ν
urms
0
Fr =
= urms
.
Nd

r

Ra
,
Pr

(1.28)
(1.29)

We can also nondimensionalize Eqs. (1.1)-(1.3) in terms of temperature field T,
with T = T 0 |d T̄/dz|d, as follows:
∂u0
+ (u0 · ∇0 )u0 = −∇0 p0 + T 0 ẑ +
∂t0
∂T 0
1
2
+ (u0 · ∇0 ) T 0 = √
∇0 T 0 ,
0
∂t
RaPr
∇0 · u0 = 0.

r

Pr 0 2 0
∇ u,
Ra

(1.30)
(1.31)
(1.32)

The above set of equations are generally used for RBC, thus we have removed the
external force term from Eq. (1.30). For convenience, we drop the primes from the
variables in our subsequent discussions.

The next section discusses the generic behavior of buoyancy driven flows for various range of parameters.
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1.3

Behavior of buoyancy driven flows for various range
of parameters

The generic behavior of buoyancy driven flows significantly changes with parameters.
We observe following behavior for stably stratified flows:

(a) Internal gravity waves: Weak nonlinearity and ν = 0 yield internal gravity waves
as the solution of Eqs. (1.6-1.8). The frequency of the internal gravity wave is N
as derived in Eq. (1.10). This weak nonlinearity generate weak turbulence [155]
in the internal gravity waves.
(b) Quasi two-dimensional turbulence: Significant nonlinearity and strong stratification
(Fr  1) suppresses the flow along the buoyancy direction and therefore, we
obtain quasi two-dimensional stratified flow [10, 38, 129].

(c) Approximately isotropic turbulence: Strong nonlinearity (Re  1) with moderate
stratification (Fr ∼ 1) yields isotropically turbulent flow. For the aforementioned
regime, we obtain Bolgiano-Obukhov [31, 159] scaling (to be described in Chapter 3).

Convective flows exhibit rolls and pattern for weak nonlinearity, but turbulence
for large nonlinearity [17, 53]. In Chapters 3 & 4, we will show that the turbulent
convective flows exhibit Kolmogorov’s spectrum.
In the next section, we will discuss the formalism of energy spectrum and energy
flux, as well as other diagnostics tools like energy supply rate by buoyancy.

1.4

Energy spectrum, flux and other diagnostics

In the Fourier space, Eu (k) (or Eθ (k )) are denoted as the kinetic (or potential) energy
spectrum, which is the sum of the kinetic (or potential) energy of all the modes in a
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given shell (k − 1, k ]. They are computed using following formula:
Eu (k ) =
Eθ (k ) =

1
|u(k0 )|2 ,
2
k −1< k ≤ k

∑0

1
|θ (k0 )|2 ,
2
k −1< k ≤ k

∑0

(1.33)
(1.34)

where u(k) and θ (k) are the Fourier transforms of u and θ respectively.

We can derive the time-evolution equation for Eu (k) using Eq. (1.20) as [125, 233]
∂Eu (k )
= Tu (k) + FB (k) + Fext (k) − D (k),
∂t

(1.35)

where Tu (k ) is the energy transfer rate to the shell k due to nonlinear interaction, and
FB (k ) and Fext (k) are the energy supply rates to the shell from the buoyancy and external forcing fu respectively, i.e.,
FB (k ) =
Fext (k) =

∑

<huz (k)θ ∗ (k)i,

(1.36)

∑

<hu(k) · fu ∗ (k)i.

(1.37)

|k|=k
|k|=k

In Eq. (1.35), D (k ) is the viscous dissipation rate defined by
D (k) =

∑

r
2

|k|=k

Pr 2
k Eu (k ).
Ra

(1.38)

The kinetic energy (KE) flux Πu (k0 ), which is defined as the kinetic energy leaving a wavenumber sphere of radius k0 due to nonlinear interaction, is related to the
nonlinear interaction term Tu (k ) as
Πu (k ) = −

Z k
0

Tu (k )dk.

(1.39)

Under a steady state (∂Eu (k )/∂t = 0), using Eqs. (1.35) and (1.39), we deduce that
d
Πu (k ) = FB (k) + Fext (k ) − D (k)
dk
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1.5 Theoretical results
or
Πu (k + ∆k ) = Πu (k ) + [ FB (k ) + Fext (k ) − D (k )]∆k.

(1.41)

In computer simulations, the KE flux, Πu (k0 ), is computed using the following
formula [67, 232],
Πu (k0 ) =

∑ ∑

k>k0 p≤k0

δk,p+q =([k · u(q)][u∗ (k) · u(p)]).

(1.42)

Similarly, the potential energy (PE) flux Πθ (k0 ) is the potential energy leaving a wavenumber sphere of radius k0 , which is defined as
Πθ (k0 ) =

∑ ∑

k>k0 p≤k0

δk,p+q =([k · u(q)][θ ∗ (k)θ (p)]).

(1.43)

Note that the total energy flux ΠTotal (k ) is defined as
ΠTotal (k ) = Πu (k) + Πθ (k ).

(1.44)

In the above expression, the prefactors are unity due to nondimensionalization. There
is another useful flux called the enstrophy flux Πω (k ), which is used in the two-dimensional
turbulence and is defined as
Πω (k0 ) =

∑ ∑

k>k0 p≤k0

δk,p+q =([k · u(q)][ω ∗ (k)ω (p)]).

(1.45)

Note that in 2D turbulence, vorticity ω = ω ẑ [125].
One of the most interesting problems in the field of buoyancy driven turbulence
is the scaling of energy spectra and fluxes [132,183]. In the next section, we will review
some of the theoretical results obtained for the aforementioned topic.

1.5
1.5.1

Theoretical results
Classical Bolgiano-Obukhov scaling

For isotropic hydrodynamic turbulence, in the inertial range, Kolmogorov [110] first
proposed a phenomenology according to which the energy cascade is independent
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of the fluid properties and nature of large-scale forcing . He showed that the onedimensional energy spectrum E(k ) = KKo eu2/3 k−5/3 for the inertial range of wavenumbers (k). Here eu is the KE dissipation rate and KKo is the Kolmogorov’s constant.

The energy spectra and fluxes for the buoyancy driven turbulence are more complex than those for the hydrodynamic turbulence. For buoyancy driven turbulence
with stable stratification, Bolgiano [31] and Obukhov [159] argued that the KE flux
Πu (k ) is depleted at different length scales due to the conversion of KE to PE via buoyancy (uz θ). Subsequently, Πu (k) decreases with k, and the energy spectrum is steeper
than that predicted by Kolmogorov’s theory; we refer to the above as BO phenomenology or scaling. According to this phenomenology, for L B  l  L buoyancy is important, and the buoyancy term is matched with the nonlinear term, αgθ ≈ (u · ∇)u, then

the velocity fluctuation at any scale l is

ul ≈ (αgθl l )1/2 .

(1.46)

Here L B is the Bolgiano scale [31] and L is the large length scale (can be height of the
box). Assuming a constant PE cascade, eθ ≈ ul θl2 /l, a modified version of Eq. (1.46) is
ul ≈ (α2 g2 eθ )1/5 l 3/5 ,

(1.47)

thus the velocity and temperature fluctuations in terms of wavenumber are
uk ≈ (α2 g2 eθ )1/5 k−3/5 ,

θk ≈ (αg)−1/5 eθ2/5 k−1/5 .

(1.48)
(1.49)

Therefore, the KE spectrum Eu (k ) ≈ u2k /k, PE spectrum Eθ (k ) ≈ θk2 /k, and Πu (k ) ≈
u3k k, yields,

Eu (k ) = c1 (α2 g2 eθ )2/5 k−11/5 ,

(1.50)

Eθ (k ) = c2 (αg)−2/5 eθ4/5 k−7/5 ,

(1.51)

Πu (k ) = c3 (α2 g2 eθ )3/5 k−4/5 ,

(1.52)

Π θ ( k ) = eθ ,

(1.53)

with a constant Πθ (k ). Here ci ’s are constants. At smaller scales (k > k B ), where k B is
the Bolgiano wavenumber, Bolgiano [31] and Obukhov [159] argued that the buoyancy
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effects are weak, hence Kolmogorov-Obukhov (KO) scaling is valid in this regime, i.e.,
Eu (k ) = KKo eu2/3 k−5/3 ,

(1.54)

Eθ (k ) = K Ba eu−1/3 eθ k−5/3 ,

(1.55)

Π u ( k ) = eu ,

(1.56)

Π θ ( k ) = eθ ,

(1.57)

where K Ba is the Batchelor’s constant. Comparing Eqs. (1.50) and (1.54) yield the
crossover wavenumber k B as
k B ≈ (αg)3/2 eu−5/4 eθ3/4 .

1.5.2

(1.58)

Generalization of Bolgiano-Obukhov scaling to RBC

In 1989, using mean field theory approximation, Procaccia and Zeitak [173] argued that
the Bolgiano-Obukhov scaling is applicable to convective turbulence. Later, L’vov [134]
assumed that in convective turbulence, the kinetic energy is converted to the potential
energy and therefore, favored BO scaling. Using a differential model for energy and
entropy fluxes in k-space, L’vov and Falkovich [135] showed that the BO scaling is
valid for convective turbulence. Rubinstein [187] used the “renormalization group” to
analyze the Rayleigh-Bénard equation. According to his calculations the renormalized
viscosity ν(k ) ∼ k−8/5 , Eu (k) ∼ k−11/5 , and Eθ ∼ k−7/5 , and thus he claimed for BO
scaling in RBC.

The numerical and experimental results have been largely inconclusive in the
choice of BO or KO scaling. In the next subsection, we present a phenomenology that
predict Kolmogorov’s scaling for RBC.

1.5.3

A phenomenological argument based on kinetic
energy flux

In this section, we will present our arguments on the scaling of energy spectrum of
the buoyancy-driven turbulence based on the nature of KE flux and energy supply
rate [114–116, 236, 237]. Equation (1.41) provides important clues on the energy spectrum and flux of the buoyancy-driven flows. Here we list three possibilities for the
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inertial range (k f < k < k d ), where k f is the forcing wavenumber, and k d is the dissipation wavenumber:
(a) For the inertial range of hydrodynamic turbulence, FB (k ) = 0 and D (k ) → 0,
therefore Πu (k + ∆k ) ≈ Πu (k ) and Eu (k ) ∼ k−5/3 , which is the prediction of
Kolmogorov’s theory [110]. Note that in the inertial range Fext (k ) = 0.
(a)

Stably Stratified
system

Random Force

(b)

Convective system

F IGURE 1.2: Schematic diagrams of the kinetic energy flux Πu (k ): (a) In a stably stratified system, Πu (k ) decreases with k due to a negative energy supply rate

<huz (k)θ ∗ (k)i; (b) In Rayleigh-Bénard convection, <huz (k)θ ∗ (k)i > 0, hence Πu (k)
first increases for k < k t where FB (k ) > D (k ), then Πu (k ) ≈ constant for k t < k < k d
where FB (k) ≈ D (k ); Πu (k ) decreases for k > k d where FB (k ) < D (k ). This figure is
taken from Ref. [114].

(b) For the stably stratified flows (S = −1 in Eq. (1.21)), as argued by Bolgiano [31]
and Obukhov [159] for k f < k < k B , the buoyancy converts kinetic energy of

the flow to potential energy, i.e., FB (k) = <huz (k)θ ∗ (k )i < 0. Hence, Eq. (1.41)
predicts that Πu (k ) will decrease with k in this wavenumber range, as shown in

Fig. 1.2(a). In the wavenumber range, k B < k < k d , buoyancy becomes weaker,
hence Πu (k) ∼ constant. In Chapter 3, using numerical simulation, we demon-

strate BO scaling in the k f < k < k B regime; the demonstration of Eu (k ) ∼ k−5/3

for k B < k < k d requires larger resolution than that used in this thesis.

(c) For RBC (S = 1 in Eq. (1.21)), buoyancy feeds the kinetic energy, hence FB (k) =
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<huz (k)θ ∗ (k)i > 0. Therefore, the sign of dΠu (k)/dk depends crucially on D (k).
First, for k < k t , dΠu (k )/dk > 0 since FB (k ) > D (k), then for the intermediate
wavenumbers k t < k < k d where FB (k) ≈ D (k), we expect dΠu (k )/dk ≈ 0.
Finally in the dissipative range (k > k d ), dΠu (k )/dk < 0 since FB (k) < D (k ).
Here k t is the transition wavenumber shown in Fig. 1.2(b). Therefore, in the three
wavenumber bands discussed above, shown in Fig. 1.2(b), the flux Πu (k ) first
increases, then flattens, and finally decreases. In the intermediate band, k t < k <
k d , we observe Kolmogorov’s k−5/3 spectrum due to a constant KE flux. Note
that L’vov [134] argued that FB (k ) < 0, which is incorrect.
Since the flux does not decrease due to buoyancy (see Eq. (1.52)), the BO scaling
is not appropriate to RBC turbulence, conflicting with the predictions by Procaccia and
Zeitak [173], L’vov [134], L’vov and Falkovich [135], and Rubinstein [187].
Based on the aforementioned phenomenology we present our direct numerical
simulation results in Chapter 3, which shows BO scaling for SST and KO scaling for
RBC.

1.5.4

Modeling and field theory

To understand the physics of turbulent fluid, field-theoretic treatment have been applied at many instances [144, 145]. In field theory, the equations are expanded perturbatively in terms of nonlinear term, which are considered small. But turbulence is a
highly nonlinear problem, hence different schemes have been adopted. Some of the
methods are Direct Interaction Approximation, Renormalization Group, Mean Field
Approximation, etc. Field theory has been applied to buoyancy-driven flows as well.
As mentioned in Sec. 1.5.2, that Procaccia and Zeitak [173] applied mean field approximation for convective turbulence and obtained BO scaling. Rubinstein [187] used
Yakhot-Orszag [254] renormalization group and propose an isotropic model for convective turbulence. His results are consistent with that of Procaccia and Zeitak [173].
Recently, using self-consistent field theory, Bhattacharjee [19] obtained Eu (k ) ∼ k−13/3
for RBC in the infinite Prandtl number limit.

Bhattacharjee [18] used the global energy balance to understand the stratified
fluid. He argued that the BO scaling could be observed in stably stratified flow at high
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Richardson number. In addition to that, he also added the possibility of BO scaling for
RBC in some range of Prandtl numbers.
In the next section, we will review some of the results obtained from DNS of
stably stratified turbulence and Rayleigh-Bénard convection.

1.6

Direct numerical simulations

Several research groups studied the properties of stably stratified flows using numerical simulations. The terrestrial atmosphere exhibits k−3 energy spectrum for synoptic
scale (∼ 500 − 2000 km), and k−5/3 spectrum for mesoscales (∼ 2 − 500 km) [152, 153].

Lindborg [128,129], Brethouwer et al. [38], and Vallgren et al. [229] attempted to explain
this observation by studying quasi two-dimensional stratified flow.
Lindborg [129] performed a series of periodic box simulations for Pr = 1 and
the horizontal Froude number ranging approximately from 10−2 to 10−3 . He showed
5/3
that the horizontal kinetic and potential energy spectra follow k−
scaling, while the
⊥

kinetic energy spectrum of the vertical velocity, and the potential energy spectrum fol-

3
low k−
scaling (i.e., parallel to the direction of ambient stratification). Brethouwer
k

et al. [38] analyzed the scaling for the strongly stratified turbulent regime (R  1)
and the viscosity-affected stratified flow regime (R  1), where R is the buoyancy

Reynolds number defined as R = ReFr2 . They showed that the scaling of energy spectra is similar to that of Lindborg [129] for R ≈ 9, but behave differently for R ≈ 0.1. A

higher resolution simulation of 20482 × 512 by Bartello and Tobias [10] also supports

the scaling exponent of Lindborg [129]. Vallgren et al. [229] added rotation in pre-

sense of strong stratification and reported dual scaling in the kinetic energy spectrum
(k−3 and k−5/3 ), which was observed in the atmosphere as investigated by Nastrom et
al. [153] and Nastrom and Gage [152]. Most importantly Vallgren et al. [229] demonstrated that the forward energy cascade gives rise to the k−5/3 spectrum at mesoscales.
It is important to note that all these works are under the regime of strong stratification.
Kimura and Herring [107], in a three-dimensional periodic box with decaying
buoyancy-dominated simulation, observed BO scaling in a narrow band of wavenumbers at a grid resolution of 1283 . In 2012, using 10243 simulations, Kimura and Herring [108] showed that both the waves and vortex exhibit k−5/3 energy spectra at large
wavenumbers, but for sufficiently strong stratification, the corresponding spectra are

14

1.6 Direct numerical simulations
2
−3
k−
⊥ and k ⊥ , respectively, at small wavenumbers.

Stably stratified turbulence in two-dimensional (2D) geometry [100, 127] is another important topic which has been studied in great detail. Apart from a reduction in
dimensionality, the 2D stratified system differs a lot from three-dimensional (3D) stably
stratified equations due to absence of a vortical mode. The decomposition of velocity
field into vortical and wave modes [73, 123, 182] has been helpful in studying stratified [122, 124, 244, 245] and rotating-stratified [9, 109, 141, 207, 217, 229] turbulence. The
2D stratified system only supports nonlinear wave-wave mode interactions [47, 76], as
the vortical model is not present. However, 3D analogs that only support wave interactions have also been considered previously [137, 180] as well.
In a decaying setting of 2D stably stratified system Bouruet-Aubertot et al. [34,35]
observed the breaking internal waves along with a forward energy transfer due to nonlocal parametric subharmonic instability. This yields the turbulent flow characterized
3
by a k−
scaling. Sukhatme and Smith [218] also performed decaying simulation and
k

focussed on the formation and distortion of fronts from an initially smooth profile,

noted a self-similarity in the probability density function of the vorticity field as well
as more of an isotropic k−5/3 kinetic energy spectrum.
With respect to the forced 2D SST, the case of random small scale forcing has been
well studied. Specifically, at moderate stratification, the 2D system develop a robust
vertically sheared horizontal flow (VSHF; [207]) accompanied by an inverse transfer of
KE and a k−5/3 scaling as observed by Smith and Waleffe [207] and Smith [208]. For
weak stratification, Bofetta et al. [25] presented a novel flux loop mechanism involving
the upscale transfer of KE (with k−5/3 scaling) and the downscale transfer of potential
energy, also with k−5/3 scaling in a stationary state. Note that the moisture-driven
strongly-stratified flows in 2D have also been seen to exhibit an upscale KE transfer
with a k−5/3 scaling [216]. In Chapter 5 of the present thesis, we will show that the 2D
SST exhibit VSHF with small-scale turbulence at strong stratification, while modified
form of Bolgiano scaling at moderate stratification.
In the following discussion, we briefly review the numerical studies that attempt
to test the BO and KO phenomenologies of RBC. Grossmann and Lohse [85] performed
simulation for Pr = 1 under Fourier-Weierstrass approximation and reported Kolmogorov’s scaling. Based on periodic boundary condition, Borue and Orszag [33] and
Škandera et al. [204] reported KO scaling for the velocity and temperature fields. Rin-
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con [184] performed simulation for Pr = 1 and Ra = 106 using a higher order finitedifference scheme. He employed the SO(3) analysis to treat isotropic and anisotropic
projections of the structure function, but his analysis were inconclusive in identifying any definite spectral slope. Kerr [106] performed simulation for Pr ≈ 1 on a

288 × 288 × 96 grid in a cubical box using Chebyshev based pseudospectral method

under no-slip boundary condition; he reported the horizontal spectrum as a function of
horizontal wavenumber and observed Kolmogorov’s spectrum. However, Kerr’s [106]

simulation assumes that the energy spectrum is independent of vertical direction, which
is not strictly valid as recently Nath et al. [154] showed that the RBC flows are weakly
anisotropic.

For zero and small Prandtl numbers in RBC, Mishra and Verma [149] showed that
Eu (k ) ∼ k−5/3 since the buoyancy is essentially concentrated near the low wavenum-

bers for such flows. For infinite and large Prandtl numbers, Pandey et al. [165] showed

that the viscous dissipation dominates the nonlinear term. Therefore, the KE spectrum
scales k−13/3 . The entropy spectrum exhibits dual branch (k−2 and another branch) for
all Prandtl number flows similar to that of Mishra and Verma [149]. Note that Bhattacharjee [19] also deduced Eu (k ) ∼ k−13/3 scaling for infinite Prandtl number using
the self-consistent field theory.

Verzicco and Camussi [242] and Camussi and Verzicco [45] performed numerical simulation in a cylindrical geometry for RBC and collected the data from real space
probe. The frequency spectrum from the numerical data exhibit BO scaling. For Pr = 1,
Calzavarini et al. [44] performed simulation on 2403 grid box using lattice Boltzmann
scheme and reached Rayleigh number around 107 . Interestingly, they observed both
Bolgiano-Obhukhov and Kolmogorov’s scalings in the boundary layer and bulk respectively. Kaczorowski and Xia [105] performed simulation for Pr = 0.7 and 4.38 for
Rayleigh number ranging from 105 to 109 , and reported KO scaling for the longitudinal velocity structure functions, but BO scaling for the temperature structure functions
in the centre of the cubical cell. Schumacher et al. [191] demonstrated, from a highresolution simulation of RBC, that the range of Kolmogorov’s cascade grows as the
Bolgiano scale increases and the Kolmogorov’s cascade decreases for smaller Pr.

In the next section, we review some of the experimental studies of buoyancydriven flows.
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In 2D SST, the large-scale forcing in the form of a temperature gradient has been examined experimentally. Specifically, using a soap film, Zhang et al. [255] reported scaling of density fluctuations at low frequencies with exponents −7/5 (Bolgiano scaling [31, 159]) and −1 (Batchelor scaling [12]) for moderate and strong temperature

gradients, respectively. Seychelles et al. [194] noted a similar scaling, and the devel-

opment of isolated coherent vortices on a curved 2D soap bubble. Unfortunately, the
spectral exponents of 3D SS system have not been studied experimentally, with best
of our knowledge. We refer Riley and Lindborg [183] and references therein for the
details of other 3D SST experiments.
Now we will review the experimental results of RBC, which yield quite divergent
conclusions. Some groups report the BO scaling and some other report the KO scaling.
In most convective experiments, the velocity field, uz (t), and/or temperature field,
T (t), are probed at fixed points in the flow. For such experiments, the Taylor’s hypothesis [221] is invoked to relate the frequency power spectrum E( f ) to one-dimensional
wavenumber spectrum E(k ) that requires a presence of constant mean velocity field.
As stated by Lohse and Xia [132], “The standard Taylor hypothesis assumes that velocity time series can be converted into spatial series according to u( x = U0 t) ≡ u(t),

where the mean flow velocity U0 should be much larger than the rms velocity.” Unfortunately, a convective flow does not have a mean velocity field, hence an application
of Taylor’s hypothesis to convective turbulence has been intensely debated [132]. In
some experiments, high-resolution visualization using 2D particle image velocimetry
(PIV) [119, 220, 256, 257] has been used to compute an approximate energy spectrum
under the assumption of homogeneity and isotropy, which is not strictly valid in convection [154].
Chillà et al. [56] and Zhou and Xia [258] measured the time series of the temperature field in convection experiments on water (Pr ≈ 7) and reported BO scaling. Wu et

al. [248] also reported BO scaling from the frequency spectrum of the temperature field
for helium gas (0.65 < Pr < 1.5). However, Casting [48] and Cioni et al. [64] reported
KO scaling for the temperature field in the helium gas and mercury (Pr ≈ 0.02) experiments respectively. Shang and Xia [195] and Mashiko et al. [142] reported BO scaling

from the time series of velocity field for water and mercury respectively. Ashkenazi
and Steinberg [6] performed an experiment with sulphur hexafluoride (SF6 ) gas and
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reported BO scaling in the frequency spectra for both the temperature and velocity
fields. They varied the Rayleigh and Prandtl numbers over a wide range, Ra from 109
to 5 × 1014 and Pr from 1 to 93. Niemela et al. [157] reported a dual scaling, as predicted

by Bolgiano and Obukhov, from the probe measurement of the temperature field for
helium gas. There are similar variations in the velocity field exponent as well [195].
Skrbek et al. [205] computed the temperature structure functions in time domain for
the cryogenic helium gas as working fluid and obtained scaling exponents in the Bolgiano regime. Using the above data, Bershadskii et al. [16] obtained Eθ ( f ) ∼ f −1.37

which they relate to the Clusterization and intermittency.

As the applicability of Taylor’s hypothesis remain questionable, due to absence
of mean velocity field, Cholemari and Arakeri [62] proposed a model to relate spatial
and temporal Eulerian two-point correlations which is applicable in the absence of
mean flow; the above computation retains the effects of sweeping by the large eddies.
Later, He et al. [98] and He and Zhang [96] employed elliptic model to relate space-time
correlation function in RBC to spatial and temporal separations between probes. Using
experimental data, they showed that the flow is swept in a combined manner by the
random velocity and the mean velocity field, and that the frequency spectrum of the
temperature field Eθ ( f ) ∼ f −1.35 .
Apart from time-domain measurements, space-domain measurements were also
carried out by the researchers [119, 220, 256, 257] using 2D PIV in RBC. Sun et al. [220]
observed Kolmogorov’s scaling in the central region of the cell for water. Kunnen et
al. [119] analyzed the scaling of structure functions for water and observed BO scaling.
The analysis of the structure functions of the velocity circulation in the central region
of the cell by Zhou et al. [257] supported the results of Sun et al. [220].
The scaling of energy spectrum for convective turbulence has also been studied
by creating density difference in a long vertical tube [5]. Pawar and Arakeri [168] created density difference by using brine in bottom tank and fresh water in top tank and
achieved Ra ≈ 1010 with Pr ≈ 600. They measured the velocity field using 2D PIV and

concentration field using planar laser induced fluorescence (PLIF). They computed the
frequency spectrum of kinetic energy from the time series at a spatial location obtained
from the sequence of PIV frames. They also computed the second order spatial structure functions (SFs) from the 2D PIV data. Their result is very interesting which shows
KO scaling for the velocity field and BO scaling for the concentration fluctuation in
both, the frequency spectra and the second order SFs.
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The above results indicate significant uncertainties on determination of the spectrum for convective turbulence. We will deal with the aforementioned problem in
Chapter 4, where we will show that the Taylor’s hypothesis can be applied to RBC in
presence of a large-scale circulation (LSC) [42,148,158,210,250]. However, LSC reverses
its orientation at irregular intervals as observed in several experiments [40, 41, 65, 101,
156, 249] and numerical simulations [39, 51, 52, 148, 169, 215, 234]. Our results are valid
for steady LSC, generated in a three-dimensional cubical box. In this thesis, we will also
show that the SS turbulent flows exhibit BO scaling for moderate stratification as predicted by Bolgiano [31] and Obukhov [159] using high-resolution DNS. For RBC, we
exhibit a delicate balance of dissipation and energy supply rate via buoyancy, which
leads to constant KE flux. This constant KE flux rules out BO scaling and we discover
Kolmogorov’s scaling (Eu (k ) ∼ k−5/3 ) in a 20483 grid box simulation for Ra = 1010 and
Pr = 1 (close to that of air).

In the next section, we will discuss the scaling of Nusselt number in RayleighBénard convection.

1.8

Nusselt number scaling

Another important topic of interest in convective turbulence is the quantification of the
large-scale quantities [1, 23, 57, 252]. In 1962, Kraichnan [113] predicted that for very
high Rayleigh number, the Nusselt number, which is the ratio of the total (convective
plus conductive) to the conductive heat flux, Nu ∼ Raγ , where γ = 1/2. Earlier
Malkus [138,139] argued that the property of heat flux is independent of the cell height

and deduced γ = 1/3. Later, Grossmann and Lohse [86–90] proposed a model which
yields formulae for the Nusselt and Reynolds numbers in the bulk and boundary layer
dominated regimes.
Many experiments [49, 65, 79, 81, 157, 228, 251, 253] and direct numerical simulations [106, 165, 203, 212, 214, 240, 243] of RBC reported γ ≈ 1/3, while some experi-

ments [2, 55, 97, 185] claimed for the existence of ultimate regime (γ ≈ 1/2). However,
few results [81, 157, 206] contradict to the aforementioned claim of ultimate regime.
By creating the concentration difference in a long vertical tube [5], Puthenveettil et
al. [174], Puthenveettil and Arakeri [175], Puthenveettil et al. [177], and Gunasegarane
and Puthenveettil [93] studied the near-wall plume structure [59, 200, 201, 223, 224, 249,
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259]. Puthenveettil and Arakeri [176] reported γ = 1/3 in the presence of boundary
layer [72, 74, 120, 188, 189, 196–199, 253], and Cholemari and Arakeri [61, 63] reported
γ = 1/2 in absence of walls. Verma et al. [240] and Pandey et al. [165] reported γ ≈ 0.27

and γ ≈ 0.31 ± 0.01 for moderate and infinite Prandtl numbers respectively in a simulation of free-slip box. In the absence of boundary layers i.e, with periodic boundary
condition, DNS of Lohse and Toschi [131], Verma et al. [240], and Calzavarani et al. [43]
exhibited ultimate regime (Nu ∼ Ra1/2 ).
Schumacher et al. [192] exhibited a universal behavior of the Reynolds number
scaling with the energy dissipation rate in isotropic hydrodynamic turbulence, turbulent channel flow, and turbulent RBC. Recently, Pandey et al. [164] derived a general
formula for the large-scale quantities of RBC for arbitrary Ra and Pr. The aforementioned formula is somewhat similar to formula of Stevens et al. [213], which is applicable to compute the Nusselt number for any Ra and Pr. In Chapter 6 of the present
thesis, we will investigate the behaviour of Nu with Ra using shell model simulation.
In next section, we will review few of the shell models constructed for the buoyancydriven turbulent flows.

1.9

Shell models for buoyancy-driven turbulence

Using Kolmogorov’s theory of fluid turbulence, it can be shown that the number of
degrees of freedom required to resolve a turbulent flow is approximately Re9/4 [69, 78,
125]. Thus a DNS of a turbulent flow with Re ≈ 109 would require approximately

1081/4 ≈ 2 × 1020 grid points, which is impossible even on the most sophisticated
supercomputers of today.

Shell model is a low-dimensional model in which a single shell represents all
the modes of a logarithmically-binned shell [20, 71], hence the number of modes in a
shell model is much smaller than Re9/4 . Consequently, a large Reynolds number, say
Re ≈ 109 , can be easily achieved in a shell model with 76 shells only. Shell model

is proven to be very useful for understanding turbulence, as it is found to be reason-

ably successful in explaining certain features of turbulence, e.g., it reproduces the Kolmogorov’s theory of fluid turbulence, as well as the experimentally observed intermittency corrections [20, 71, 166].
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Obukhov [160] was first to propose a shell model, which was based on Kolmogorov’s picture of a turbulent cascade of energy. But Obukhov’s [160] shell model
doesn’t obey Liouville’s theorem [84], which was rectified in Gledzer’s [82] shell model.
Later, Gledzer’s [82] shell model was numerically investigated by Ohkitani and Yamada [161], which we now call as Gledzer-Ohkitani-Yamada (GOY) shell model. L’vov
et al. [136] presented another shell model called as Sabra model, which is more suitable
for accurate measurements of spectral slopes [71]. In this thesis, we use Sabra shell
model for solving Buoyancy-driven turbulent flows, and is presented in Chapter 6.
Shell models have been extensively used for understanding the physics of threedimensional hydrodynamic turbulence [14, 70, 102, 150, 167, 179], two-dimensional hydrodynamic turbulence [7, 27, 80], magnetohydrodynamic turbulence [8, 11, 22, 77, 83,
126,170,211,239], rotating turbulence [50,95], convective turbulence [37,58,60,115,116,
133, 147], and passive scalar turbulence [4, 15, 103, 179]. In the present section, we only
discuss shell models for convective turbulence.
Brandenberg [37] constructed a shell model for convective turbulence by adding
several terms in the GOY shell model. He observed KO scaling for the downscale
transfer of KE, while BO scaling for the upscale transfer. Moreover, he showed the upscale transfer of KE for hydrodynamic Boussinesq convection, but downscale transfer for
hydromagnetic Boussinesq convection [53]. Mingshun and Shida [147] used GOY shell
model for their analysis. They reported Kolmogorov’s spectrum for their shell model.
Ching and Cheng [58] used Brandenberg’s shell model and studied multiscaling exponents and intermittency corrections. Lozhkin and Frick [133] used GOY shell model
and studied 3D and 2D turbulent convection. They observed Kolmogorov’s spectrum
for 3D turbulent convection. However, for 2D turbulent convection their exponent of
the KE spectrum deviated significantly from k−11/5 , while PE spectrum was close to
k−7/5 .
Ching and Ko [60] studied the scaling of large-scale quantities using Brandenberg’s shell model. They reported Nu ∼ Ra1/2 Pr1/2 and Re ∼ Ra1/2 Pr−1/2 , which

shows the ultimate-state [113] behavior of convective fluid at very large Ra. Unfortunately, we could not find any shell model for the stably stratified turbulence.
We will present a unified shell model, based on Sabra model, for the buoyancydriven turbulence in Chapter 6. Our shell model [115, 116] for SST exhibit BO scaling
consistent with our DNS results [114]. For convective turbulence, we perform a shell
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model simulation for Ra = 1012 with unit Prandlt number, which yields KO scaling.
Our shell model results for convective turbulence are consistent with the shell models
of Mingshun and Shida [147] and Lozhkin and Frick [133].
In next section, we present the outline of the remaining thesis.

1.10

Outline of the subsequent chapters

The outline of the remaining thesis is as follows:
In Chapter 2, we present numerical method employed in the pseudospectral code
Tarang [54, 235], which is used for our numerical simulations of the buoyancy-driven
flows. We discuss the initial condition and the forcing scheme used in our simulations.
We also provide details of a finite volume solver library Open Source Field Operation
and Manipulation (OpenFOAM) [162], which have been used to perform simulation
of Rayleigh-Bénard flows with no-slip walls.
In Chapter 3, using high-resolution direct numerical simulation, we show that the
stably stratified turbulent flows exhibit Bolgiano-Obukhov scaling. We compute the
spectra and fluxes for both the kinetic energy and the potential energy, which match
very well with the BO prediction. We show that the energy supply rate by buoyancy
is negative for SST, which indicates conversion of KE to PE by buoyancy. Thus the
KE flux Πu (k) ∼ k−4/5 . For RBC, our simulation on 20483 grid points for Ra = 1010

and Pr = 1 exhibit positive energy supply rate due to buoyancy. Therefore, the KE
flux increases initially, then becomes constant due to balance between dissipation and
energy supply rate. The constant KE flux, yields Kolmogorov’s scaling for RBC.
In Chapter 4, we show that the real space probes, popular experimental tool, can
be employed to deduce the energy spectrum in thermal convection using Taylor’s hypothesis in presence of a steady large-scale circulation. First we review the Taylor’s
hypothesis in hydrodynamic turbulence in order to make concrete connections with
convective turbulence. The real space probe measurement of our simulation shows,
the frequency spectrum E( f ) ∼ f −5/3 and E( f ) ∼ f −2 for the velocity field, in pres-

ence and in absence of a constant mean velocity field, respectively. Our numerical
simulation of RBC in a closed cubical box shows Kolmogorov’s spectrum ( f −5/3 ) for
the real space probes near the side walls and corners. We also compute the KE spec-
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1.10 Outline of the subsequent chapters
trum from full 3D real space data which yields k−5/3 scaling. Thus, we demonstrate
the applicability of Taylor’s hypothesis in convective turbulence.
In Chapter 5, we present results of two-dimensional SST under large-scale random forcing. We characterize the scaling of energy spectra, and the interscale transfer
of energy and enstrophy, for strongly, moderately, and weakly stratified scenarios. In
the strongly stratified case, a large-scale vertically sheared horizontal flow (VSHF) coexists with small scale turbulence that has a kinetic energy spectrum Eu (k ) ∼ k−3 with
zero KE flux and a robust positive enstrophy flux. The PE spectrum Eθ (k) ∼ k−3

with a downscale flux with k−2 scaling. For moderate stratification, there is no VSHF,
and Eu (k ) exhibits a modified Bolgiano-Obukhov scaling with Eu (k) ∼ k−11/5 at large

scales and k−3 at small scales; and Eθ (k ) ∼ k−1.64 at all scales. For weak stratification,
Eu (k ) ∼ k−2.5 with the enstrophy flux Πω (k ) ∼ k3/4 , and Eθ (k ) ∼ k−1.6 with a forward

PE flux.

In Chapter 6, we present a unified shell model which is applicable to stably stratified turbulence as well as to convective turbulence. For moderate stratification our
results are similar to the results of Chapter 3. We also observe an approximate dual
scaling (k−11/5 and k−5/3 ) in the KE spectrum for a very narrow set of parameters.
Our shell model simulation for convective turbulence shows Kolmogorov’s scaling for
Ra = 1012 .
In Chapter 7, we present a summary and the conclusions of our studies on
Buoyancy-driven turbulence. We also propose some of the future projects based on
our results of this thesis.
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Chapter 2
Numerical methods
In this chapter, we present the details of numerical methods used for solving the equations of buoyancy-driven turbulent flows. We used two solvers: (i) Pseudospectral
solver for solving the stably stratified turbulent flows with the periodic boundary condition and Rayleigh-Bénard convection with the free-slip boundary condition; (ii) Finite volume solver for investigating RBC flows with the no-slip boundary condition.
This chapter is organized as follows: In Sec. 2.1, we provide the details of the
pseudospectral method and its implementation for solving SST and RBC equations.
We also describe the initial condition and the forcing scheme employed. In Section 2.2
we describe the details of our RBC simulation with the rigid walls using a finite volume
solver OpenFOAM [162].

2.1

Pseudospectral solver

Pseudospectral method is one of the most accurate method for solving differential
equations due to the exponential convergence of derivative terms [36,46]. Additionally,
a major advantage of the spectral method is the scale-by-scale analysis of quantities like
energy spectrum and flux.
We use a pseudospectral code Tarang [54,235] for solving the governing equations
of buoyancy driven flows [Eqs. (1.20)-(1.22)] in two- and three-dimensional boxes. For
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stably stratified turbulence we apply periodic boundary condition in all direction. For
Rayleigh-Bénard convection we use a free-slip boundary condition at the top and bottom plates, and periodic boundary condition at the vertical side walls. A detailed
implementation of SST and RBC simulations are explained in Sec. 2.1.1 and Sec. 2.1.2
respectively.

2.1.1

Implementation on stably stratified turbulence

We consider two different geometries for SST simulation. In one case, we perform
simulation in a cubical box of size 2π 3 with the periodic boundary conditions on all
three sides for both the velocity field u and the temperature fluctuations θ. To satisfy
these boundary conditions, we expand u = (u x , uy , uz ) and θ in the Fourier basis as
follows:
u x ( x, y, z) =

∑

û x (k x , k y , k z ) exp(ik x x + ik y y + ik z z),

(2.1)

∑

ûy (k x , k y , k z ) exp(ik x x + ik y y + ik z z),

(2.2)

∑

ûz (k x , k y , k z ) exp(ik x x + ik y y + ik z z),

(2.3)

∑

θ̂ (k x , k y , k z ) exp(ik x x + ik y y + ik z z),

(2.4)

k x ,k y ,k z

uy ( x, y, z) =

k x ,k y ,k z

uz ( x, y, z) =

k x ,k y ,k z

θ ( x, y, z) =

k x ,k y ,k z

where k x = 2πi x , k y = 2πiy , and k z = 2πiz , k = (k x , k y , k z ) is the wavevector and
i x , iy , iz are the grid indices. Here û and θ̂ are the Fourier transforms of u and θ respectively.
In the other case, we consider a square box of dimension 2π × 2π with periodic

boundary conditions on both the sides. We take ẑ as the buoyancy direction, while x̂
as the horizontal direction. Thus Eqs. (2.1)-(2.4) reduces to
u x ( x, z) =

∑

û x (k x , k z ) exp(ik x x + ik z z),

(2.5)

∑

ûz (k x , k z ) exp(ik x x + ik z z),

(2.6)

∑

θ̂ (k x , k z ) exp(ik x x + ik z z).

(2.7)

k x ,k z

uz ( x, z) =

k x ,k z

θ ( x, z) =

k x ,k z
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2.1 Pseudospectral solver
In pseudospectral method, we solve the governing equations of the buoyancy
driven flows in the Fourier space. We rewrite Eqs. (1.20)-(1.22) in the Fourier space:
r
∂t +

Pr 2
k
Ra

!
ûm (k, t) = −ik n u[
n um ( k, t ) − ik m p̂ ( k, t ) + θ̂ ( k, t ) ẑ

+f̂u (k, t),
r
∂t +

1 2
k
RaPr

(2.8)

!
d
θ̂ (k, t) = −ik n u
n θ ( k, t ) + S ûz ( k, t ),

k m ûm (k, t) = 0.

(2.9)
(2.10)

We employ the fourth-order Runge-Kutta (RK4) method for the time stepping of above
equations. We also use the Courant-Freidricks-Lewey (CFL) condition for computing
the time step ∆t.
d
The Fourier transformation of the nonlinear terms u[
n um and un θ become convolutions in the spectral space whose computation is very expensive. A very efficient
scheme was promoted by Orszag [163] to compute the convolution using fast Fourier
transform (FFT). The steps for the computation of u[
n um are as follows:

(i) û(k, t) is transformed to real space u(r, t) using inverse fast Fourier transform
(IFFT).

(ii) Then the product un um is computed in the real space.

(iii) Finally the product is transformed back to the Fourier space.

d
Similarly u
n θ is computed using the above procedure where we also transform θ̂ ( k, t )
to real space θ (r, t). Since step (ii) of the above procedure involves multiplication in
real space, therefore this method is called pseudospectral method. However this multiplication introduces a small error at large wavenumbers, as wavenumber of some
generated modes is larger than the maximum wavenumber k max . This error, called
aliasing error, is removed by using 2/3 dealiasing rule in which we consider only the
first 2/3 part of the modes in each direction [36, 46].
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2.1.2

Implementation on Rayleigh-Bénard convection

We simulate RBC Eqs. (1.20)-(1.22) in a unit box with 20483 grid. For horizontal plates,
we apply a free-slip boundary condition for the velocity field and a conducting boundary condition, i.e, θ = 0, for the temperature field. For the vertical walls, we employ the
periodic boundary conditions for both the fields. Thus the velocity and temperature
fields are expanded as follows:
u x ( x, y, z) =

∑

2û x (k x , k y , k z ) exp(ik x x + ik y y) cos(k z z),

(2.11)

∑

2ûy (k x , k y , k z ) exp(ik x x + ik y y) cos(k z z),

(2.12)

∑

2ûz (k x , k y , k z ) exp(ik x x + ik y y) sin(k z z),

(2.13)

∑

2θ̂ (k x , k y , k z ) exp(ik x x + ik y y) sin(k z z).

(2.14)

k x ,k y ,k z

uy ( x, y, z) =

k x ,k y ,k z

uz ( x, y, z) =

k x ,k y ,k z

θ ( x, y, z) =

k x ,k y ,k z

Here k x = 2πi x , k y = 2πiy , and k z = πiz .
Note that the boundary conditions play a very important role in RBC. As mentioned above, we are applying free-slip boundary condition, rather than the no-slip
wall for the velocity field. We perform spectral analysis, and the effects of boundary
layer are reflected at small-scale, i.e., at large wavenumber, which is far away from the
inertial range. Also, the energy spectrum and the energy flux in the bulk of the flow
are expected to be approximately same with free-slip and no-slip boundary conditions.
Therefore, the use free-slip boundary condition is well justified for spectral studies.

2.1.3

Initial condition and forcing scheme for SST and RBC

We start our simulation for a lower Ra by using a model energy spectrum [171] as the
initial condition:
E(k ) = KKo e2/3 k−5/3 f L (kL) f η (kη ),

(2.15)

where the Kolmogorov constant KKo = 1.5 and e = 1.0. f L (kL) and f η (kη ) are defined
as

f L (kL) =

kL
2
[(kL) + c L ]1/2
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5/3+ p0
,

(2.16)

2.2 Finite volume solver
and
f η (kη ) = exp(− βkη ),

(2.17)

respectively, where c L = 1.5, p0 = 2, and β = 5.2. The initial phases of the velocity
and temperature Fourier modes are randomly generated. We continue our simulation
until the system reaches a statistical steady state. We use the final state of the lower Ra
simulation as the initial condition for larger grid (for larger Ra).
In order to obtain a steady stably-stratified turbulent flow, we apply a random
force in the band 2 ≤ k ≤ 4 to the velocity field using the following scheme:


sin φ





cos ϑ cos φ







f̂u (k) = γ1 − cos φ + γ2  cos ϑ sin φ  ,

(2.18)

− sin ϑ

0

where ϑ and φ are usual polar and azimuthal angles, respectively. γ1 and γ2 are the
product of random phase and the forcing amplitude A given by following formula:
γ1 = A exp(iΦ1 ) cos Φ3 ,

(2.19)

γ2 = A exp(iΦ2 ) sin Φ3 ,

(2.20)

and

s
A=

2ε
.
n f ∆t

(2.21)

Here Φ j ’s (j = 1, 2, 3) follow uniform distribution in [0, 2π ] with zero mean, ε is the
constant energy supply rate to the system, and n f is the total number of modes inside
the forcing wavenumber band.
Since RBC is an unstable system, we do not require external forcing. In the next
section, we will discuss a finite volume solver OpenFOAM [162], which is used to solve
the RBC flow in a 3D unit box with the no-slip boundary condition.

2.2

Finite volume solver

Finite volume (FV) method has become a very popular method for solving the partial differential equation (PDE), as they preserve the conservation properties of the
PDE [75]. Another advantage of the FV solver over the spectral solver is the implemen-
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tation of complicated boundary conditions. For instance, to employ no-slip boundary
condition in a spectral solver, one needs to expand the fields in the Chebyshev polynomials. Employing Chebyshev polynomial in one direction is comparatively easy
and has been applied earlier by Kerr [106] for convective turbulence simulation, but
its implementation in all three directions becomes very complicated. Therefore, in the
present thesis we use Open Source Field Operation and Manipulation (OpenFOAM)
C++ library, which is based on FV method, for solving RBC equations with the no-slip
boundary condition.
We perform RBC simulations by solving Eqs. (1.30)-(1.32) in a three-dimensional
unit box for Pr = 1 and Ra = 108 . We impose the no-slip boundary condition for the
velocity field at all the walls. For the temperature field, we employ the conducting
boundary condition at the horizontal walls and the insulating boundary condition at
the vertical walls.
For the grid spacing, we used the Grötzbach condition [92], according to which
the mean grid size should be smaller than π times the Kolmogorov and thermal diffusion length scales. We make a nonuniform mesh of 2563 grid points with finer grids
near the boundary layers. We keep the width of the smallest cell ∆min = 0.0027, and
the width of largest cell ∆max = r × ∆min = 0.0054. Here r is the expansion ratio which

is 2 for our simulation. With the aforementioned arrangement we are able to keep six
points in the boundary layer as suggested by many researchers [3, 92, 198, 214, 242].
Gaussian finite volume integration is used for the computation of derivative terms
(∇ p, convective, and laplacian). Gaussian integration is based on a sum of the values

of a function on the cell faces; these values are interpolated from the cell centres to
the nodes. These data at the cell centres are interpolated using linear interpolation.
For time stepping we use second order Crank-Nicolson scheme. We keep a constant
∆t = 10−3 for our simulation, such that the Courant number is less than unity. Thus
our simulation is well resolved in time.
We also perform the grid-independence and the time-independence tests of the
aforementioned solver. Details of these validations are provided in Chapter 4 of the
present thesis.
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Chapter 3

Energy spectrum for buoyancy-driven
turbulent flows

One of the most important topic in the field of buoyancy-driven turbulence is to study
the scaling of spectra and fluxes of kinetic energy (KE), and that of potential energy
(PE) [132, 202]. As discussed in the introductory Sec. 1.5.1,

Bolgiano [31]

and

Obukhov [159] were first to propose a phenomenology, according to which the KE flux
is depleted at different length scales due to conversion of kinetic energy to potential energy. Therefore, the KE flux scales as k−4/5 , rather than being a constant as predicated
by Kolmogorov [110] for hydrodynamic turbulence. Accordingly, the KE spectrum
Eu (k ) ∼ k−11/5 , PE spectrum Eθ (k ) ∼ k−7/5 , and PE flux Πθ (k ) remains constant upto

Bolgiano wavenumber k B . For k > k B , Eu (k ), Eθ (k ) ∼ k−5/3 and both the fluxes remain

constant. Later Procaccia and Zeitak [173], L’vov [134], L’vov and Falkovich [135], and

Rubinstein [187] argued that BO scaling is applicable for Rayleigh-Bénard convection
as well (see Sec. 1.5 for detail discussion).
In this chapter, we will quantify the scaling of the energy spectra and fluxes for both
stably stratified turbulence (SST) and Rayleigh-Bénard convection (RBC) using highresolution direct numerical simulation. For SST, we demonstrate that isotropic stablystratified flows follow Bolgiano-Obukhov scaling as predicated by Bolgiano [31] and
Obukhov [159]. For weakly stratified flow, we exhibit Kolmogorov’s spectrum for the
velocity field with constant flux due to weaker buoyancy.
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For RBC, we argue that Πu (k ) is a nondecreasing function of k due to the positive
energy supply rate by buoyancy. Here, our numerical simulations yields Kolmogorovlike scaling Eu (k ) ∼ k−5/3 with Kolmogorov’s constant approximately 1.8. The results

presented in this chapter have been published in Physical Review E [114].

The outline of the chapter is as follows. Results of energy spectra and fluxes for SST
and RBC are presented in Sec. 3.1 and Sec. 3.2 respectively. In Sec. 3.3, we present our
conclusions.

3.1

Stably stratified turbulence

We simulate stably stratified turbulent flows for three set of parameters, SST1, SST2,
and SST3, which are listed in Table. 3.1. We keep Pr = 1 for all our simulations. In
Sec. 3.1.1 we will discuss the results obtained by computing energy spectrum and energy flux. We will explain the forcing and dissipation spectra in Sec. 3.1.2.

3.1.1

Energy spectra and fluxes

We simulate stably stratified flows for Ra = 5 × 103 with the forcing amplitude ε = 103

on a 10243 grid, and compute the spectrum and flux using the steady state data. For the
aforementioned set of parameters, we achieve Ri = 0.01 and Fr = 10. Fig. 3.1(a) illustrates the normalized KE spectra, Eu (k )k11/5 for the BO scaling, and Eu (k )k5/3 for the
KO scaling. The numerical data fits with the BO scaling quite well for approximately
a decade, therefore confirming the phenomenology of Bolgiano and Obukhov. The
normalized potential energy spectra, Eθ (k )k7/5 (BO scaling) and Eθ (k )k5/3 (KO scaling), illustrated in Fig. 3.1(b) also exhibit that the BO scaling is preferred for Ri = 0.01
simulation.
We cross-check our spectrum results with the KE and potential energy fluxes, which
are exhibited in Fig. 3.2. It is clear from Fig. 3.2 that the KE flux, Πu (k), is positive, and
it decreases with k. However Πu (k )k4/5 is almost flat, thus Πu (k) ∼ k−4/5 , same as

Eq. (1.52). We also observe that Πθ is a constant in the inertial range (Eq. (1.53)); thus
flux results are consistent with the BO predictions.
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5123 1 × 105

0.1

1010

5123

20483

SST2

SST3

RBC
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NA

2 × 109

103

ε

10243 5 × 103

Ra

SST1

Flow Type Grid

1.8 × 104

510

467

649

Re

0.5

0.01

Ri

1.4

10

Fr

0.47

114

eu

32

0.18

141

60.7

150

eθ

2.7 × 10−3 2.6 × 10−3

4 × 10−7 1.5 × 103 6.7 × 108

averaged ∆t. We choose Pr = 1 for all the runs.

0.54

1.0

1.2

1.0

5

3.8

4.2

6.4

∆t

NA 2.9 × 10−4

< 1 2.6 × 10−6

6.0 2.5 × 10−5

8.5 3.5 × 10−6

E⊥ /2Ek k max η k B

E⊥ /2Ek , where E⊥ = (u2x + u2y )/2 and Ek = u2z /2, k max η where η is the Kolmogorov length, Bolgiano wavenumber k B , and

son number Ri, Froude number Fr, kinetic energy dissipation rate eu , potential energy dissipation rate eθ , anisotropy ratio

convection (the last row): Flow Type, Grid size, Rayleigh number Ra, energy supply rate ε, Reynolds number Re, Richard-

TABLE 3.1: Parameters of our numerical simulations for stably stratified turbulence (first three rows), and Rayleigh-Bénard
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F IGURE 3.1: For stably stratified simulation with Pr = 1, Ra = 5 × 103 , and

Ri = 0.01 (SST1), plots of (a) normalized KE and (b) potential energy spectra
for Bolgiano-Obukhov (BO) and Kolmogorov-Obukhov (KO) scaling. BO scaling
fits with the data more appropriately than KO scaling. This figure is taken from
Ref. [114].
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104

100

10-4

Πu (k)
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0.1Πθ(k)
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F IGURE 3.2: For stably stratified simulation with Pr = 1, Ra = 5 × 103 and Ri =

0.01 (SST1), plots of KE flux Πu (k ), normalized KE flux Πu (k )k4/5 , and potential
energy flux Πθ (k ). This figure is taken from Ref. [114].

We also compute the Bolgiano wavenumber k B [31] using the numerical data, and
find that k B ≈ 8.5. Our plots on spectra and fluxes show that k B ≈ 8.5 is only 3 to 4
times smaller than k d , wavenumber where the dissipation range starts. Thus a clear-cut
crossover from k−11/5 to k−5/3 is not observed in our simulations.
We also performed 5123 grid simulations for Ri = 0.5 (SST2) and 4 × 10−7 (SST3)
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3.1 Stably stratified turbulence
with Pr = 1. The normalized KE spectra for these two cases are plotted in Figs. 3.3(a)
and 3.3(b) respectively. Our results exhibit that BO scaling is valid for Ri = 0.5, i.e., for
strong stratification. However, our numerical data yields KO scaling for Ri = 4 × 10−7 ,

which is expected since buoyancy is significant only for strong stratification.
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k

F IGURE 3.3: For stably stratified simulation with Pr = 1, and (a) Ri = 0.5 (SST2) and
(b) Ri = 4 × 10−7 (SST3), the plots of normalized KE spectra for Bolgiano-Obukhov

(BO) scaling and Kolmogorov-Obukhov (KO) scaling. This figure is taken from
Ref. [114].

3.1.2

Forcing and Dissipation spectra

We compute energy supply rate by buoyancy, FB (k ) = <huz (k )θ ∗ (k )i, D (k ), and

dΠu (k )/dk using the numerical data of SST1 (see Table 3.1), and plot them in Fig. 3.4.

The figure illustrates that FB (k ) < 0, as argued in item (b) of Sec. 1.5.3. The negative
FB (k ) implies that Πu (k ) decreases with k even in absence D (k ), which is a decisive ingredient for the BO scaling. Note that the KE flux is depleted by both FB (k ) and D (k),
and they satisfy the relation of Eq. (1.40). Interestingly, for small k, dΠu (k)/dk ∼ k−9/5

(the black line of Fig. 3.4), consistent with k−4/5 exponent of KE flux. Note that in
Figs. 3.4 and 3.5(a,b), we plot F (k ) = FB (k ) + Fext (k), where Fext (k ) 6= 0 only for the

forcing band (2 ≤ k ≤ 4).

We also compute FB (k ), D (k ), and dΠu (k)/dk for Ri = 0.5 (SST2) and 4 × 10−7

(SST3), and exhibit them in Figs. 3.5(a,b) respectively. In the inertial range, FB (k ) < 0
for both the cases, just like Ri = 0.01. The behavior of FB (k ), D (k ), and dΠu (k )/dk for
Ri = 0.5 is very similar to that of Ri = 0.01, except that FB (k ) for Ri = 0.5 is slightly
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F IGURE 3.4: For stably stratified simulation with Pr = 1, Ra = 5 × 103 , and Ri =

0.01 (SST1), plots of − F (k ) , D (k ), and −dΠu (k )/dk. Here F (k ) = FB (k ) + Fext (k ).
This figure is taken from Ref. [114].
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F IGURE 3.5: For stably stratified simulation with Pr = 1, and (a) Ri = 0.5 (SST2)
and (b) Ri = 4 × 10−7 (SST3), plots of − F (k ), D (k ), and −dΠu (k )/dk. (a) The
negative F (k ) is shown as the chained red curve, and positive F (k ) as solid red
curve. (b) F (k ) is multiplied by 105 to fit in the same range. This figure is taken
from Ref. [114].
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3.2 Rayleigh-Bénard Convection
smaller than that for Ri = 0.01. For Ri = 4 × 10−7 , buoyancy is weak, hence FB (k) is
much smaller than that for Ri = 0.01, which leads to an approximately constant Πu (k ),
and Kolmogorov’s spectrum for the kinetic energy.
As we employ periodic boundary condition for the stably stratified flows in the
vertical direction, the effects of boundary walls are eliminated. In Fig. 3.6 we plot the
plane-averaged (over xy plane) mean temperature profile T̄ (z) = h T ( x, y, z)i xy . Since
T̄ (z) is linear, a constant temperature gradient d T̄/dz (hence buoyancy) acts in the

whole box. Thus, BO scaling is expected everywhere. It is important to contrast the
above profile with that for Rayleigh-Bénard convection in which most of the temperature drop takes place in the narrow thermal boundary layers at the plates [151, 242],
while the bulk flow has d T̄/dz ≈ 0. Thus we expect BO scaling in the boundary layers,
and KO scaling in the bulk, as argued by Calzavarini et al. [44].

z

2π

π

00

π
T(z)

2π

F IGURE 3.6: For stably stratified simulation with Pr = 1, Ra = 5 × 103 , and

Ri = 0.01 (SST1), the vertical variation of horizontally averaged mean temperature
T̄ (z) = h T ( x, y, z)i xy . This figure is taken from Ref. [114].

In the next section we will discuss the results of Rayleigh-Bénard convection.

3.2

Rayleigh-Bénard Convection

To explore which of the two scaling (KO or BO) is applicable for RBC turbulence with
plates, we perform RBC simulations for Pr = 1 and Ra = 1010 on 20483 grid, and
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compute the spectra and fluxes of the KE as well as the entropy for the steady state
data. We will discuss the results obtained from our numerical data in the subsequent
subsections.

3.2.1

Kinetic energy spectrum and fluxes

In Fig. 3.7(a), we plot the normalized KE spectra for the BO and the KO scaling. The
plots indicate that the KO scaling fits better than the BO scaling in the wavenumber

(a)
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Eu(k)k5/3

10Eu(k)k11/5

10-1
10-5

101

102

(b)

10-2
Πu (k), Πθ(k)
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band 20 < k < 200, the shaded region.

10-3
10-4
10-5
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Πu (k)
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k

0.1Πθ(k)

102
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k

F IGURE 3.7: For RBC simulation with Pr = 1 and Ra = 1010 , (a) plots of normalized
KE spectra for Bolgiano-Obukhov (BO) and Kolmogorov-Obukhov (KO) scaling;
KO scaling fits with the data better than BO scaling; (b) KE flux Πu (k ) and entropy
flux Πθ (k ). The shaded region exhibits the inertial range.

We exhibit the KE and entropy fluxes in Fig 3.7(b). We observe that the kinetic
energy flux Πu (k) increases till k = 22, and then becomes constant. In the logarithmic
scale, the KE flux is constant for the wavenumbers 20 < k < 200, a band where Eu (k ) ∼

k−5/3 . Thus we claim that convective turbulence exhibits Kolmogorov’s power law for

a wavenumber band 20 < k < 200.
Further investigations of FB (k), Πu (k ), and dΠu (k )/dk produce stronger evidence
for the KO scaling in RBC. We plot these quantities in Figs. 3.8, according to which
FB (k) > 0, consistent with the discussion of Sec. 1.5.3 and Fig. 1.2(b). In addition,
for the wavenumber band 9 < k < 30, FB (k) > D (k ), hence, according to Eq. (1.40),
dΠu (k )/dk > 0. Therefore, Πu (k) increases in this band of wavenumbers. But for k >
80, we find that D (k ) > FB (k ) leading to dΠu (k )/dk < 0, thus, Πu (k ) decreases with k
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F IGURE 3.8: For RBC simulation with Pr = 1 and Ra = 1010 , plots of FB (k ), − D (k),

FB (k ) − D (k ), and dΠu (k )/dk. dΠu (k )/dk > 0 for k < 80, but dΠu (k )/dk < 0 for

k > 80.

for this range of wavenumbers. However, for a band of wavenumbers 20 < k < 200,
FB (k ) ≈ D (k ), hence dΠu (k )/dk ≈ 0 or Πu (k) ≈ constant. The constancy of Πu (k)

yields Eu (k) ∼ k−5/3 , consistent with the energy spectrum plots of Fig. 3.7.

Thus, the flux and energy supply due to buoyancy reveal that convective turbulence follows KO scaling. The BO scaling is ruled out for RBC since FB (k) > 0.

3.2.2

Entropy spectrum

The entropy (θ 2 /2) is a very useful quantity in RBC. The entropy flux, illustrated in
Fig. 3.7(b), is constant for the inertial range (20 < k < 200). In Fig. 3.9, we plot the entropy spectrum that shows dual branch, with the upper branch scaling as k−2 . Mishra
and Verma [149], and Pandey et al. [165] showed the dominant temperature modes
θ (0, 0, 2n) ≈ −1/(2nπ ), where n is an integer, constitute the k−2 branch of the entropy

spectrum. They showed that θ (0, 0, 2n) modes are accountable for the steep temperature variations in the thermal boundary layers of the plates. Interestingly, the temperature modes in both the branches of the entropy spectrum participate to yield a constant
entropy flux in the inertial range.
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F IGURE 3.9: For RBC simulation with Pr = 1 and Ra = 1010 , plot of the entropy
spectrum, that exhibits dual branch. The upper branch matches with k−2 quite well,
while the lower part is fluctuating.

3.3

Conclusions

In this chapter, we studied the spectra and fluxes of the kinetic energy and the potential
energy (or entropy) for stably stratified turbulence and Rayleigh-Bénard convection
using high resolution simulations. The main results of this chapter are as follows:
1. For stably stratified turbulence, we show that the kinetic energy spectrum Eu (k ) ∼
k−11/5 , the kinetic energy flux Πu (k) ∼ k−4/5 , the potential energy spectrum

Eθ (k ) ∼ k−7/5 , and the potential energy flux Πθ (k ) ∼ constant, in agreement

with the prediction of Bolgiano [31] and Obukhov [159].

2. We compute the energy supply rate by buoyancy, and find that to be negative,
signaling the buoyancy-induced conversion of kinetic energy to potential energy
in stably stratified turbulent flows.
3. For the Rayleigh-Bénard convection, we show from our DNS that the energy
supply rate due to buoyancy, FB (k ), is positive. Therefore the kinetic energy
flux Πu (k ) first increases with k, and then flattens for a band of wavenumbers,
and finally decreases with k; the three regimes correspond to FB (k ) > D (k ),
FB (k ) ≈ D (k ), and FB (k) < D (k) respectively, where D (k) is the dissipation

spectrum.
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4. We observe Kolmogorov’s spectrum (k−5/3 ) for wavenumbers where FB (k ) ≈

D (k ) or Πu (k) ≈ constant. Thus, a detailed investigation of the kinetic energy

flux, the energy supply due to buoyancy, and the dissipation spectrum provide
valuable inputs that rule out BO scaling for RBC, contrary to the predictions of
Procaccia and Zeitak [173], L’vov [134], L’vov and Falkovich [135], and Rubinstein [187]. The entropy flux for RBC is constant in the inertial range, but the
entropy spectrum exhibit dual branch, whose origin is related to the thermal
boundary layer.

5. In the present chapter, for RBC, we obtain Kolmogorov’s spectrum by applying
free-slip boundary condition on the velocity field. However, no-slip boundary
condition is realistic. But the spectral studies is best performed in the Fourier
space, and the free-slip boundary condition facilitates transformation to the
Fourier space quite naturally (see Sec. 2.1.2). We also performed RBC simulation
in the no-slip box, presented in Chapter 4, which shows similar result to that of
free-slip box, albeit at lower Rayleigh number (Ra = 108 ). Thus we show that
for free-slip and no-slip boundary conditions the energy spectrum in the bulk
is approximately same, since the viscous boundary layer is not important in the
inertial range of energy spectrum.
In summary, stably stratified turbulent flows exhibit BO scaling in buoyancy dominated regime. Turbulent convection however exhibits Kolmogorov’s spectrum, rather
than BO spectrum.
In the next chapter, we will investigate the applicability of Taylor’s hypothesis for
the Rayleigh-Bénard convection experiments.
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Chapter 4

Applicability of Taylor’s hypothesis in
convective turbulence
In Chapter 3, we have shown that the phenomenology of convective turbulence differs
significantly from that of stably-stratified turbulence; in RBC, the temperature field
feeds the kinetic energy, hence the kinetic energy flux is a nondecreasing function of
wavenumber, rather than decreasing as k−4/5 . For RBC the viscous dissipation becomes effective at lower wavenumbers itself and it balances the energy feed by buoyancy for unit Prandtl number. Therefore, the kinetic energy flux becomes constant that
leads to Kolmogorov’s spectrum for RBC. But, the experimental study of convective
turbulence report divergent conclusions [56, 64, 119, 157, 195, 205, 220, 248, 256–258], in
which some report BO scaling and some others KO scaling. In this chapter, we will
deal with the aforementioned discrepancy of the experimental results.
In most of the experimental studies [56, 64, 157, 195, 205, 248, 258], the time series
of the velocity and temperature fluctuations are obtained from a single point measurement. Fourier transform of the time series data yields the frequency power spectrum E( f ); Taylor’s hypothesis [221] helps us to deduce the wavenumber spectrum
E(k ) given E( f ). As stated by Lohse and Xia [132], “The standard Taylor hypothesis assumes that velocity time series can be converted into spatial series according to
u( x = U0 t) ≡ u(t), where the mean flow velocity U0 should be much larger than the

rms velocity.” But, the lack of a mean flow in the convective turbulence puts doubt on

the application of Taylor’s hypothesis [132]. In the present chapter we will show that
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in the presence of a steady large-scale circulation [42, 148, 158, 210, 250], we can invoke
Taylor’s hypothesis to relate the experimental result of time-domain to the theoretical
prediction of space-domain.
We perform simulation of Rayleigh-Bénard convection in a three-dimensional cubical box for Ra = 108 and Pr = 1. We record the velocity time series using real space
probes near the lateral wall, just as in experiment. We use this data to compute the frequency power spectrum and compare it the with the wavenumber spectrum obtained
for full three-dimensional real space velocity field. The results presented in this chapter
will be submitted for publication in Physical Review E [117].
The outline of the chapter is as follows. In Sec. 4.1, we explain our numerical setup.
Section 4.2 demonstrates the Taylor’s hypothesis for hydrodynamic turbulence in a
fluid moving with a constant velocity. In Sec. 4.3 and Sec. 4.4, we discuss our results
obtained from the DNS data in space- and time-domains respectively. We explain the
ramification of our results on experiments in Sec. 4.5, and conclude in Sec. 4.6.

4.1

Set up of numerical simulation

Equations (1.30)-(1.32) are solved in a closed cubical box of unit dimension using an
open-source finite-volume code OpenFOAM [162]. We employ the no-slip boundary
condition for the velocity field at all the walls, conducting boundary condition for the
temperature field at the horizontal wall, and insulating boundary condition at the vertical wall. Details of the numerical scheme is discussed in Sec. 2.2.
We perform simulation for Pr = 1 and Ra = 108 . The grid resolution of our simulation is 2563 in a nonuniform mesh with a higher grid concentration near the boundaries in order to resolve the boundary layer. The Reynolds number Re ≈ 1634 and the

Nusselt number Nu ≈ 34.4 for this run. We employ a constant ∆t = 10−3 for which

the Courant number is less than unity, hence our simulation is well resolved in time.
Here t = 1 corresponds to one eddy turnover time unit. Note that the aforementioned
constant ∆t helps us to compute the Fourier transform of the real space data using
equipspaced FFT.
We make a nonuniform mesh such that the width of the smallest cell ∆min = 0.0027,

and the width of the largest cell ∆max = 0.0054. Thus the expansion ratio is ∆max /∆min =
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2. According to Grötzbach condition [92], the mean grid size should be less then π
times the Kolmogorov and thermal diffusion length scales. For unit Pr the Kolmogorov
and thermal diffusion length scales are equal, and they are estimated using the formula
η = L(Pr2 /(RaNu))1/4 ≈ 0.0041, where L is the box size. Thus πη = 0.013, hence ∆min

and ∆max are less than πη.

Another important requirement for the DNS is based on the resolution of the thermal boundary layer (BL) [198, 214]. Grötzbach [92] recommends atleast two to three
points in the BL. Verzicco and Camussi [242] and Amati et al. [3] however proposed
that more than three grid points be inside the thermal BL. We estimate the width of the
boundary layer using formula δ ∼ 1/(2Nu), in which we keep six points. Thus we

satisfy the strongest condition on the grid resolution.

We perform time-independence and grid-independence tests of our DNS. The Nusselt numbers computed using ∆t = 3 × 10−4 and 5 × 10−4 differ by less than 2% from
the simulation using ∆t = 10−3 . Similarly, the Nusselt numbers computed on 2803 ,

3003 , and 2563 grids differ from each other by less than 3%.

Z
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MC III

X

Bt
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Y

F IGURE 4.1: The real space probe locations in the three-dimensional cubical box of
our simulation. The probe locations are labeled as front (F), back (B), left (L), right
(R), top (T), bottom (Bt), middle corners (MC-I, MC-II, MC-III, MC-IV), and centre
(C) respectively. There are 5 probes near the wall centres, 3 probes in the middle
corners, and 9 probes at the vertices of a small cube placed at centre of the cube.

A primary objective of the present chapter is to test Taylor’s hypothesis. For the
same, we place real-space probes to record time series of the velocity field using which

45

Applicability of Taylor’s hypothesis in convective turbulence
we compute the frequency spectrum E( f ). In a typical RBC experiment, real space
probes are placed near the walls. To relate our simulations with experiments, we place
real space probes near the middle of the six walls, near the middle of the corner edges,
and in the middle of the cube. We label these probes as front (F), back (B), left (L), right
(R), top (T), bottom (Bt), middle corners (MC-I, MC-II, MC-III, MC-IV), and centre (C)
respectively. The number of probes near the wall centres, middle corners, and cubic
centres are 5, 3, and 9 respectively. In Fig. 4.1 we exhibit the probes at B, R, Bt, MC I,
MC III, MC IV, and C.
We compare the energy spectrum computed in the wavenumber space, E(k ), with
the frequency spectrum computed using the time series measured by the real space
probes. For better averaging, we employ multiple number of probes in the neighbourhood and take the average of the measured signal as
ui ( t ) =

1
ui,l (t),
n∑
k

(4.1)

where i stands for the velocity component (i = x, y, z), and l stands for the probe index.
We compute the frequency spectrum E( f ) of the velocity field as

1
2
2
2
E( f ) =
|û x ( f )| + |ûy ( f )| + |ûz ( f )| ,
2

(4.2)

where ûi is the Fourier transform of the i-th component of the velocity field. For convenience, we have dropped subscript u from the kinetic energy spectra E(k ), E( f ) and
the KE flux Π(k ) in the present chapter.
We record the three components of the velocity field at all the real space probes. We
run our simulation for 80 eddy turnover time with a constant ∆t = 10−3 . We record
the velocity fields at every 10 steps, thus we have 8 × 103 data points. Then we per-

form Fourier transform of the velocity components ui (t) and compute the frequency
spectrum E( f ).
Before describing our results on convective turbulence, we review the Taylor’s hypothesis for hydrodynamic turbulence in order to make concrete connections with convective turbulence. Therefore, in the next section, we will show that the energy spectrum in presence of mean velocity field, U0 , exhibits f −5/3 scaling, while f −2 scaling
in absence of U0 for the frequency power spectrum E( f ) in hydrodynamic turbulence.
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4.2

Taylor’s hypothesis for hydrodynamic turbulence

To test the Taylor’s hypothesis for hydrodynamic turbulence, we numerically solve the
dynamical equations for the incompressible velocity field
∂u
1
+ (U0 · ∇)u + (u · ∇)u = − ∇ p + ν∇2 u + fu ,
∂t
ρ0
∇ · u = 0,

(4.3)
(4.4)

in a periodic box of dimension (2π )3 using a pseudospectral code Tarang [54, 235].
In the simulation, we employed a random forcing [?] to the flow in the wavenumber
band 1 ≤ k ≤ 3 on 5123 grid. We also use a fourth-order Runge-Kutta scheme for

time stepping, and 2/3 rule for aliasing. We continue our simulation till it reaches a
steady state. Once a steady state is reached, we initiate two new runs with U0 = 0
and U0 = 10ẑ using the above final state as the initial condition. We carry out the two
simulations till t = 1.

(a)

(b)

U0
F IGURE 4.2: For hydrodynamic turbulence simulation with Re ≈ 1100, and U0 = 0

and U0 = 10ẑ: The density plots of the vorticity component ωx of a vertical crosssection for (a) U0 = 0 and (b) U0 = 10ẑ. The flow in (b) is shifted upward by U0 τ
compared to (a).

The Reynolds number of the flows Re = UL/ν ≈ 1100, where L, U are respectively

the length and velocity scales of the flow. In Fig. 4.2, we illustrate the vorticity component ωx at the same crosssection and the same time in the two boxes. Figure 4.2(b) is an
upward translation by U0 τ, where τ is the time interval, of Fig. 4.2(a), thus indicating
a vertical motion of the flow due to U0 .
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We compute the energy spectrum E(k ) and the energy flux Π(k ) for both the datasets.
As expected, these quantities are identical for both the boxes, and they are plotted in
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Fig. 4.3(a,b) respectively. In the inertial range we observe Kolmogorov’s spectrum.

10-3
10-5 0
10

101

10-3
10-5

102

(b)

101

102

100
10-2
10-4
10-6
10-8
10-10 0
10

k

(c)
−2

f

E(f)

E(f)

k

U0 =0
U0 =0.4

101

102

103

104

f

101

(d)

10-1

f−5/3

10-3
10-5

100

U0 =10

101

102

f

F IGURE 4.3: For hydrodynamic turbulence simulation with Re ≈ 1100, and U0 = 0

and U0 = 10ẑ: (a) energy spectra and (b) energy fluxes are the same for both the

flows; they follow Kolmogorov’s model. (c) Frequency spectra E( f ) ∼ f −2 for
U0 = 0 and 0.4; (d) For U0 = 10, E( f ) ∼ f −5/3 consistent with Taylor’s hypothesis.

We record the time series of the velocity field at 50 random locations, and then compute their frequency spectra E( f ). Figs. 4.3(c,d) exhibit the averaged E( f ) computed
using the time series recorded by 50 randomly-located real-space probes for U0 = 0
and U0 = 10ẑ respectively. For U0 = 10ẑ, E( f ) ∼ f −5/3 , in accordance with Taylor’s

hypothesis [121, 221] since 2π f = U0 k. However, for homogeneous and isotropic tur-

bulence with U0 = 0, we obtain E( f ) ∼ f −2 since f ∼ e1/3 k2/3 from Kolmogorov’s theory [222]. Interestingly, we also observe E( f ) ∼ f −2 for small U0 when e1/3 k2/3 > U0 k
(see Fig. 4.3(c) for U0 = 0.4ẑ).

In Fig. 4.4 we plot the wavenumber spectrum and scaled frequency spectrum: f →
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E(k), Ẽ(f̃)
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k, f̃
F IGURE 4.4: For hydrodynamic turbulence simulation with U0 = 10ẑ, plot of
the wavenumber spectrum E(k ) and scaled frequency spectrum for the real space
probes: f → f˜ = f (2π )/U0 and E( f ) → Ẽ( f˜) = E( f )U0 /(2π ).

f˜ = f (2π )/U0 and E( f ) → Ẽ( f˜) = E( f )U0 /(2π ), where U0 = 10. We observe that
both the spectra exhibit Kolmogorov’s spectrum, and Ẽ( f˜) ≈ E(k ). Thus we demon-

strate consistency with the Taylor’s hypothesis for hydrodynamic turbulence.

In the next section, we will discuss our results based on the numerical data of
the convective turbulence simulation. We will focus on computation of E(k ) (spacedomain analysis) and detection of the steady large scale circulation in the cubical box.

4.3

Space-domain analysis for convective turbulence

We interpolate the real space simulation data to a uniform mesh of 2563 grids, and
then perform Fourier transform using FFT that yields energy spectrum E(k ) in the
wavenumber space. Fig. 4.5(a) demonstrates that the spectrum is Kolmogorov-like,
E(k ) = KKo eu2/3 k−5/3 with KKo ≈ 1.8. We also compute the energy flux using the

Fourier modes [232]. The energy flux Π(k ) plotted in Fig. 4.5(b) shows a constant flux
in the inertial range. Thus, our simulation exhibits Kolmogorov’s spectrum for RBC,
in agreement with the results of Chapter 3.
Thermal plumes and large-scale structures are prominent in thermal convection. A
snapshot of the flow structure in Fig. 4.6(a) exhibits ascending hot plumes (red) and de-
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F IGURE 4.5: For RBC with Prandtl number Pr = 1 and Rayleigh number Ra = 108 :
(a) the kinetic energy spectrum E(k ) with k−5/3 being a better fit than k−11/5 ; (b) the
kinetic energy flux Π(k ).

scending cold plumes (blue). To obtain further details we analyse the flow velocity at
different sections. The three vertical sections exhibited in Fig. 4.6(b)-(d) clearly demonstrate a large scale circulation (LSC) [42,148,158,210,250] with two sets of dominant rolls:
in the first roll shown in Fig. 4.6(b), the hot plumes ascend along the right wall, and
the cold plumes descend along the left wall; in the second roll shown in Fig. 4.6(c),
the aforementioned process occurs along the front and back walls. These two rolls are
described by the most energetic velocity Fourier modes (k x , k y , k z ) = (1, 0, 1) and (0, 1,
1) respectively. The next three most energetic Fourier modes are (1, 1, 2), (1, 3, 3), and
(1, 2, 2), but their energies are one order of magnitude lower than those of (1, 0, 1) and
(0, 1, 1) modes (see Table 4.1).

Note that the superposition of these modes lead to a strong flow profile in the diagonal plane shown in Fig. 4.6(d), but a weak flow profile on the opposite diagonal. The
presence of LSC suggests that the Taylor’s hypothesis may be applicable to turbulent
convection. Here the velocity of the mean flow acts as approximate U0 .

In the next section, we will explain the results based on the time-series data of the
velocity field obtained from the real-space probes.
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TABLE 4.1: For RBC with Pr = 1 and Ra = 108 , the most energetic 5 modes of the
flow. E(k) = |û(k)|2 /2 denotes the modal kinetic energy of the Fourier mode (k x ,
k y , k z ).

(k x , k y , k z )

E(k) = |û(k)|2 /2

(1, 0, 1)

1.4 × 10−1

6.8 × 10−2

(0, 1, 1)

2.9 × 10−3

(1, 1, 2)

1.4 × 10−3

(1, 3, 3)

1.2 × 10−3

(1, 2, 2)
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F IGURE 4.6: For RBC with Pr = 1 and Ra = 108 : (a) Temperature isosurfaces
exhibiting ascending hot plumes (red) and descending cold plume (blue); (b) xz roll
with hot plumes ascending along the right wall and cold plumes descending along
the left wall (c) similar yz roll. (d) Superposition of the two rolls yield diagonal
circulation.
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4.4

Time-domain analysis for convective turbulence

In the left column of Fig. 4.7, we exhibit the time series
uz (t) =

1
uz,l (t)
n∑
l

(4.5)

(average values of the n probes which are indexes as l) measured at L, R, F, B, MC-I,
MC-III and C (see Fig. 4.1). Note that uz (t) is averaged over all the neighbours, e.g.,
uz (t) at B is averaged over the 5 probes shown in Fig. 4.1. Here time is in the units
of eddy turnover time. We observe that uz (t) of the side walls and corners fluctuate around the mean values of the LSC. However uz (t) of the centre probes fluctuate
around zero, which is due to the absence of any mean velocity at the centre of the cube.
We compute the frequency spectra of the time series as in Eq. (4.2), which are depicted in the middle and right panels of Fig. 4.7 for various set of probes. We observe that E( f ) is more noisy than E(k ); smoothness of E(k ) is due to averaging over
the modes of a wavenumber shell. For the probes at the side walls and mid corners,
E( f ) ∼ f −5/3 , consistent with the Kolmogorov’s phenomenology and Taylor’s hy-

pothesis (see middle and right panels of Fig. 4.7). Here, the LSC acts as a carrier of
the fluctuations. Thus we show that Taylor’s hypothesis can be employed to the RBC
turbulence in the presence of a steady LSC.
In Fig. 4.8, we simultaneously plot the wavenumber spectrum and the frequency
spectrum at the left wall (see Fig. 4.7) with appropriate scaling—the frequency f →
f˜ = f (2π )/U0 and E( f ) → Ẽ( f˜) = E( f )U0 /(2π ). Motivated by the time series uz (t)

of Fig. 4.7, we take U0 = 1. We observe that both the spectra exhibit Kolmogorov’s
spectrum, but Ẽ( f˜) is several orders of magnitude lower than E(k). This is because a
LSC roll (one among several LSC rolls) sweeps associated fluctuations with it. For example, the mode û(1, 0, 1) advects fluctuations in xz plane (measured at left and right
walls). Similarly the mode û(0, 1, 1) advects fluctuations in yz plane corresponding to
the back and front walls. As a result, Ẽ( f˜)  E(k ) because E(k ) is sum of all the fluc-

tuations, but Ẽ( f˜) of Fig. 4.8 is that of only the left wall that correspond to the mode
û(0, 1, 1). For a homogeneous and isotropic fluid turbulence, U0 advects all forms of

random fluctuations, that is, random fluctuations aligned along arbitrary directions
criss-cross the probe during its measurement, thus yielding Ẽ( f˜) ≈ E(k) for hydrody-

namic turbulence (see Sec. 4.2).
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F IGURE 4.7: For RBC with Pr = 1 and Ra = 108 , time series uz (t) measured by
the probes, and their corresponding frequency spectra. Left panel: time series for
the probes at the left-right walls, back-front walls, middle corners I-III, and centre
probes (see Fig. 4.1). Middle and right panels: The frequency spectrum E( f ) computed for the corresponding probes; E( f ) ∼ f −5/3 fits better than f −11/5 for the

probes at the side walls and middle corners. For the centre of the cube, E( f ) ∼ f −2 .
Low frequency spectrum E( f ) ∼ f 0 (white noise).
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F IGURE 4.8: For RBC with Pr = 1 and Ra = 108 , plot of the wavenumber spectrum
E(k ) and scaled frequency spectrum of the probe at the left wall (see Fig. 4.7): f →
f˜ = f (2π )/U0 and E( f ) → Ẽ( f˜) = E( f )U0 /(2π ). We take U0 = 1.

The centre probe however exhibits E( f ) ∼ f −2 due to the absence of LSC; this

result is same as E( f ) ∼ f −2 observed for the hydrodynamic turbulence with U0 =

0 [121, 222]. Another interesting feature of E( f ) is the robust f 0 spectrum (white noise)
observed at lower frequencies (see Fig. 4.7). This feature indicates that the fluctuations
at time scales t ' 1 (corresponding to f / 1) are uncorrelated. This behavior is in sharp
contrast to E( f ) ∼ f −1 reported in experiments exhibiting flow reversals [42, 99]. The

difference is possibly due to the variance of the long-time correlations for reversing
and non-reversing velocity signals.
In the next section we will discuss the ramification of our results on the experiments
of thermal convection.

4.5

Ramification for experiments

As mentioned earlier (see Sec. 1.7), the computation of the energy spectrum in Fourier
space requires three-dimensional real-space data. In experiments, the high-resolution
three-dimensional (3D) visualisation can be achieved using 3D particle image velocimetry (PIV) [178], which is rare at present. There are several experiments that use 2D PIV
for visualisation [119,220,256,257]; such experiments however yield only approximate
energy spectrum due to ambiguities arising due to the azimuthal movements of the
large-scale circulation. Most experiments in the past measured velocity or temperature
fields using real-space probes. The energy spectrum from these probe measurements

54

4.6 Conclusions
could be deduced only if Taylor’s hypothesis is valid.
Our results demonstrate that the Taylor’s hypothesis is applicable to turbulent convection in the presence of a steady LSC. Note however that LSC in many experiments
are not steady. In a cylinder, Niemela et al. [158], Sreenivasan et al. [210], Brown et
al. [42], Xi and Xia [250], and Mishra et al. [148] observed azimuthal movement of the
LSC, as well flow reversals. Hence, Taylor’s hypothesis is questionable for such geometries, and we cannot relate E( f ) and E(k ) in a straightforward manner. We advocate a
usage of rectangular rather than a cylindrical or spherical geometry for spectral studies
in thermal convection since LSC is more steady in a box compared to a cylinder.
Note that there are several RBC experiments in rectangular geometry [13, 56, 143,
219, 225, 247, 260]. Our finding are in agreement with the experimental results of Chillà
et al. [56], which was carried out in a rectangular cell with water as a working fluid.
They showed that the frequency and wavenumber spectra of the temperature field are
approximately equal in presence of mean flow. We do hope that there will be more
such experiments in future.
In the next section, we will present the main conclusions of this chapter.

4.6

Conclusions

In this chapter, we performed direct numerical simulation of Rayleigh-Bénard convection in a closed cubical box for Pr = 1 and Ra = 108 , and studied the energy spectrum
using the numerical data in space-domain and time-domain. The main results of this
chapter are as follows:
1. We placed the real space probes in the simulation box and measured the time
series of velocity field. For the velocity field, the wavenumber energy spectrum
as well as the frequency spectrum exhibit Kolmogorov’s spectrum. We observe
that the kinetic energy flux is constant. These observations demonstrate that
RBC has a similar scaling as of hydrodynamic turbulence, rather than BolgianoObukhov’s scaling. These results are consistent with spectral simulation results
presented in Chapter 3.
2. The analysis of the flow structures of RBC and their associated Fourier modes
demonstrate presence of a steady large scale circulation (LSC) in the flow. Such a
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mean flow enables an application of Taylor’s hypothesis to turbulent convection,
which is why both E(k ) and E( f ) show Kolmogorov’s spectrum. We remark
that an azimuthal movement or reversal of the LSC may make such application
questionable.
3. The correspondence between the two spectra, E(k ) and E( f ), is due to the steady
large-scale circulation and the Taylor’s hypothesis.
In the next chapter, we discuss two-dimensional aspects of stably stratified turbulence. We will characterize the scaling of energy spectra, and the interscale transfer of
energy and enstrophy, at strong, moderate, and weak stratification.
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Chapter 5

Phenomenology

of

two-dimensional

stably stratified turbulence under largescale forcing
In Chapter 3, we showed that the three-dimensional (3D) stably stratified turbulence at
moderate stratification yields Bolgiano-Obukhov scaling as predicted by Bolgiano [31]
and Obukhov [159]. The strength of stratification is usually measured by the Froude
number (Fr), the strong stratification has Fr  1, while weak stratification has Fr ≥

1 [182]. In this chapter we restrict ourselves to two-dimensional stable stratification
[100, 127] that allows us to explore a wide range of Fr and characterize the interscale
transfer of energy and enstrophy, and the energy spectra in strongly, moderately, and
weakly stratified scenarios.
In the present chapter, we study the relatively unexamined case of random forcing at large scales in 2D SST. The flows are simulated using a pseudospectral code
Tarang [54, 235] for Fr ranging from 0.16 to 1.1. For Fr = 0.16, i.e., strong stratification,

a VSHF (identified as internal gravity waves) emerges at large scales and co-exists
with small scale turbulence. The turbulent flow is characterized by a forward enstrophy cascade, zero KE flux, and a KE spectrum that scales approximately as k−3 . The PE
spectrum also follows an approximate k−3 power-law with a scale dependent flux of
the form k−2 . At moderate stratification, there is no VSHF, and the KE spectrum shows
a modified form of Bolgiano-Obukhov scaling [31, 159] for 2D flows— approximately
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k−11/5 at large scales and k−3 at small scales. The KE flux also changes character with
scale, and exhibits an inverse (forward) transfer at large (small) scales. The PE spectrum follows an approximate k−1.64 scaling and its flux is weakly scale dependent. Finally, for Fr = 1.1, i.e., weak stratification, the KE flux is upscale for most scales and its
spectrum is characterized by a −2.5 exponent. The PE flux continues to be downscale

and its spectrum obeys a k−1.6 scaling. All exponents observed are well explained by

taking into account the variable nature of the corresponding flux. Exceptions are the
PE spectra for moderate and weak stratification whose scaling is little steeper than expected. The results presented in this chapter have been submitted for publication in
Journal of Turbulence [118].
The outline of this chapter is as follows: Section 5.1 discusses the numerical details
of our simulation. In the subsequent three subsections, we detail various kinds of flows
observed for strongly stably stratified (SS) flows in Sec. 5.2.1, moderately SS flows in
Sec. 5.2.2, and weakly SS flows in Sec. 5.2.3. Finally, we conclude in Sec. 5.3 with a
summary and discussion of our results.

5.1

Simulation method

We solve Eqs. (1.20)-(1.22) numerically using a pseudo-spectral code Tarang [54, 235].
We employ the fourth-order Runge-Kutta method for time stepping, the CourantFriedrichs-Lewy (CFL) condition to determines the time step ∆t, and 2/3 rule for
dealiasing. We use periodic boundary conditions on both sides of a square box of
dimension 2π × 2π. Since the system is stable, we apply random large-scale forcing

in the band 2 ≤ k ≤ 4 to obtain a stastically-steady turbulent flow. For details of
numerical method, refer to Sec. 2.1.1.

In Table 5.1 we list the set of parameters for which we performed our simulations.
We employ grid resolutions of 5122 to 81922 , the higher ones for higher Reynolds
number. The Rayleigh number of our simulations ranges from 108 to 1010 , while the
Reynolds number ranges from 5000 to 3.7 × 104 . All our simulations are fully resolved
since k max η > 1.

The Froude number of our simulations are Fr = 0.16, 0.31, 0.37, 0.45, 0.73, and
1.1; the lowest Fr correspond to the strongest stratification, while the largest Fr to the
weakest stratification. We show in subsequent discussion that the flow behaviour in
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these regimes are very different. One of the major difference is the anisotropy that is
quantified using an anisotropy parameter A = hu2⊥ i/hu2k i. For the strongest stratifica-

tion with Fr = 0.16, A ≈ 38 indicating a strong anisotropy. However, for the weakest
stratification with Fr = 1.1, A ≈ 1.4, indicating a near isotropy.

In the next section, we will present our results of SS flows at strong, moderate, and
weak stratification based on the numerical data obtained from the simulations.

5.2

Results

We begin with a qualitative description of the flow profiles for the strongly, moderately,
and weakly stratified regimes. In Fig. 5.1 we show the velocity vectors superposed on
the magnitude of the velocity field. For strong stratification (Fr = 0.16), we observe
two robust flow structures moving in the opposite directions, i.e., a VSHF [207]. On
further increasing Fr to 0.31, the streams widen and start to diffuse, and the flow becomes more random. In the moderately stratified regime (Fr = 0.37, 0.45), the streams
break into filaments, and the flow becomes progressively disordered. Finally, for weak
stratification (Fr = 1.1), the flow appears turbulent during which the aforementioned
filaments tend to be wrapped into compact isolated vortices [146]. The transition from
moderate to weak stratification occur near Fr = 0.73.

5.2.1

Strong stratification

We perform simulations for Fr = 0.16 and 0.31, but focus on the simulation with Fr =
0.16, Re = 5000, Pr = 1, Ra = 109 , and forcing amplitude ε = 10−6 . The flow exhibits
strong anisotropy as is evident from Fig. 5.1 and the ratio A = hu2⊥ i/hu2k i = 38. The

flow exhibits wave-like behaviour that can be confirmed by studying the dominant
Fourier modes.

59

109
108

1010
108
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0.45
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Ra

5122

Grid

0.16

Fr

60
0.3

0.1

0.01
0.8

1.9

4.9

7.3

11

10−4
0.01

40

Ri

10−6

ε

1.1 × 104

7.3 × 103

4.5 × 103

3.7 × 104

3.1 × 103

5 × 103

Re

9.2 × 10−3

5.3 × 10−3

1.2 × 10−3

4.9 × 10−4

2.2 × 10−5

eu
2.2 × 10−6

Kolmogorov length. We kept the Prandtl number Pr = 1 for all our runs.

7.7 × 10−2

2.7 × 10−2

2.9 × 10−3

2.8 × 10−3

6.2 × 10−6

1.7 × 10−7

eθ

1.4

1.6

4.2

3.4

38

38

A

3.3

3.8

1.4

4.9

3.7

2.8

k max η

dissipation rate eθ ; anisotropy ratio A = hu2⊥ i/hu2k i; and k max η, where k max is the maximum wavenumber and η is the

Ra; energy supply rate ε; Richardson number Ri; Reynolds number Re; kinetic energy dissipation rate eu ; potential energy

TABLE 5.1: Parameters of our direct numerical simulations (DNS): Froude number Fr; grid resolution; Rayleigh number
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5.2 Results
Fr = 0.16

Fr = 0.31

Fr = 0.37

Fr = 0.45

Fr = 0.73

Fr = 1.1

U
Min

Max

F IGURE 5.1: For Fr = 0.16, 0.31, 0.37, 0.45, 0.73, and 1.1, the density plots of the
magnitude of velocity field with the velocity vector u superposed on it. For low Fr,
fluctuations are suppressed along buoyancy direction. However they grow gradually on the increase of Fr. We classify Fr = 0.16, 0.31 as strong stratification, 0.37
and 0.45 as moderate stratification, 1.1 as weak stratification, and 0.73 as transition
between moderate and weak stratification.

We compute the most energetic Fourier modes in the flow by ordering them according to their energy content. We find the modes (1, 0) and (1, 1) to be the most dominant; in Fig. 5.2 we show the time series of the real and imaginary parts of ûz (1, 1) and
ûz (1, 0) from which we extract the oscillation time period of these modes as approximately 8.4 and 6.5, and their frequencies as 0.75 and 0.97. These numbers match very
well with the dispersion relation (Eq. (1.11)), thus we interpret these structures to be
internal gravity waves. Note that these robust flow structures moving in horizontal
directions constitute the VSHF. We also observe that û(0, n) ≈ 0 where n is an integer,

so almost no energy is transferred to purely zonal flows. A natural vertical length-scale
that emerges in strongly stratified flows is U/ f , where U is the magnitude of the horizontal flow and f = N/2π [21]. The present set of parameters yield VSHFs of size ∼ 1,
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which is in reasonable agreement with the bands observed in the first panel of Fig. 5.1.
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F IGURE 5.2: Time series of the real and imaginary parts of Fourier modes ûz (1, 1)
and ûz (1, 0) for strong stratification (Fr = 0.16).

To explore the flow properties further, we compute the KE spectrum Eu (k ), and
the KE and enstrophy fluxes. As shown in Fig. 5.3(a), the KE at small scales (large k)
is several orders of magnitude lower than that for low-k modes. Thus, even though
small-scale turbulence is present in the system, the energy content of the large scale
internal gravity waves is much larger than the sea of small-scale turbulence. The flux
computations show that the KE flux Πu (k ) ≈ 0 for k > k f , but the enstrophy flux

Πω (k ) is positive and fairly constant (see Fig. 5.3(b)). For these band of wavenumbers

we observe that
−3
Eu (k) ≈ 1.0Π2/3
ω k ,

(5.1)

which is similar to the forward enstrophy cascade regime of 2D hydrodynamic turbulence (including the prefactor) [32, 130]. The aforementioned flux computations are
also consistent with the fluxes reported for 2D hydrodynamic turbulence [24, 28, 30].
In addition, we observe that the PE spectrum, Eθ (k ), scales as k−3 and the PE flux
follows Πθ (k ) ∼ k−2 (see Fig. 5.3(a,c)). The k−3 scaling of the PE is in sharp contrast to
the k−1 Batchelor spectrum for a passive scalar in the 2D turbulence in the wavenumber

regime with forward enstrophy cascade [12,104]. Further, Πθ (k ) decreases rapidly with
wavenumber, rather than being a constant as in turbulence with a passive scalar. We
demonstrate the consistency among these scalings of KE and PE as follows: the KE
spectrum Eu (k ) ∼ k−3 implies uk ∼ k−1 , substitution of which in the PE flux equation
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yields
Πθ ≈ kuk θk2 ∼ k−2 .

(5.2)

Consequently, θk ∼ k−1 , and hence
Eθ (k ) ≈

θk2
∼ k −3 .
k

(5.3)

Also, Fig. 5.3(d) shows the energy supply rate due to buoyancy FB (k ) and the dissipation rate D (k). The buoyancy is active at large-scales only, and it is quite small for
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F IGURE 5.3: Strong stratification (Fr = 0.16): (a) KE and PE spectra; (b) KE flux
Πu (k ) and enstrophy flux Πω (k). The grey shaded region shows the forcing band.
The KE flux is zero for wavenumber k ≥ 10; (c) PE flux Πθ (k); (d) FB (k ), D (k ), and
FB (k) − D (k ).

So, for strong stratification, the picture that emerges is of large-scale internal gravity waves, physically manifested as a VSHF, that co-exist with small scale turbulence
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ω

ω
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-0.1

0.1

F IGURE 5.4: For Fr = 0.16, (a) density plot of the magnitude of vorticity field ω;
(b) The density plot of the vorticity field ω; for this we truncate the modes in the
wavenumber band 0 ≤ k ≤ 10.

which is characterised by an approximate k−3 scaling for both the KE and PE. Moreover, the KE flux is close to zero, while the PE flux is positive and follows an approximate k−2 power-law. Thus, the total energy of the system is systematically transferred to small scales. To visualize the coexistence of the large-scale internal gravity
waves and small scale turbulence, in Fig. 5.4(a,b) we plot the vorticity fields of the full
field and that of the small-scale vorticity field after removing the small wavenumbers
(0 ≤ k ≤ 10, corresponding to large-scale structures) respectively. The figures show
that the large-scale internal gravity waves or VSHF ride on a sea of small-scale turbulence.

5.2.2

Moderate stratification

Among the flows simulated by us, the density stratification is moderate for Fr = 0.37
and 0.45 (see Fig. 5.1). In this subsection we will focus on Fr = 0.37 which is obtained
for Ra = 1010 and an energy supply rate of ε = 0.01. For this case, Re = 3.7 × 104 . As

shown in Fig. 5.1, the flow pattern for the above set of parameters differs significantly
from that corresponding to strong stratification. In fact, there is no evidence of a VSHF
in Fig. 5.1 for Fr = 0.37.
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With regard to turbulence phenomenology, Bolgiano [31] and Obukhov [159] (denoted by BO) were among the first to consider stably stratified flows in isotropic situation. In Sec.1.5, we have shown the detailed derivation for the exponents of spectra
and fluxes at large-scale (see Eqs. (1.50-1.53)), i.e, k < k B . At smaller scales (k > k B ), BO
argued that the buoyancy effects are weak, and hence Kolmogorov’s spectrum is valid
in this regime, and the exponent of relevant quantities follows Eqs. (1.54-1.57). But,
for 2D SS turbulence, Eqs. (1.54-1.57) need to be modified for the k > k B regime since
2D hydrodynamic turbulence yields k−3 energy spectrum at small scales due to constant enstrophy cascade. Thus modifications of Eqs. (1.54-1.57) for 2D hydrodynamic
turbulence [111, 112] will appear as
−3
Eu (k ) = c4 Π2/3
ω k ,

(5.4)

Eθ (k ) = c5 k−1 ,

(5.5)

Πω (k ) = eω = constant,

(5.6)

Πθ (k ) = eθ = constant.

(5.7)

Here Πθ (k ) ≈ kuk θk2 = constant. The energy spectrum Eu (k) ≈ u2k /k ∼ k−3 yields
uk ∼ k−1 , and hence θk ∼ constant. Therefore Eθ (k ) ∼ θk2 /k ∼ k−1 . At these smaller

scales, the degree of nonlinearity is expected to be higher for moderate stratification,
which leads to Eθ (k ) ∼ k−1 and Πθ (k ) ∼ constant, in contrast to Eθ (k ) ∼ k−3 and
Πθ (k ) ∼ k−2 for strongly stratified flows.

The KE and PE spectra as well as their fluxes are shown in Fig. 5.5. The energy
spectrum Eu (k) exhibits BO scaling, in particular, Eu (k ) ∼ k−11/5 for 5 ≤ k ≤ 90,

and Eu (k) ∼ k−3 for 90 ≤ k ≤ 400. The KE flux, exhibited in Fig. 5.5(b), also varies

with scale; at large scales we observe an inverse transfer (that scales as k−0.98 ), while at
small scales we obtain a forward transfer of KE. The enstrophy flux is positive except
a narrow band near k ≈ 10. It is important to note that the KE spectrum Eu (k ) ≈

−3 that is associated with weaker buoyancy and constant enstrophy flux (see
2.0Π2/3
ω k

Fig. 5.5(a,b)), and it is in accordance with Eq. (5.4). Also the total energy flux ΠTotal (k)
(see Eq. 1.44 for definition) is always positive indicating that the total energy cascades
from large scales to small scales.
The PE spectrum (Fig. 5.5(a)) scales as k−1.64 , and the PE flux follows Πθ (k ) ∼ k−0.3

with no signs of dual scaling. Thus, the numerical Eθ (k ) and Πθ (k) differ from BO
predictions. However we can show consistency between the two by replacing eθ of
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Eqs. (1.50-1.52) with Πθ (k) ∼ k−0.3 . This is similar to the variable flux arguments

presented by Verma [233] and Verma and Reddy [241]. Specifically,
Eu (k ) ∼ k−0.3×2/5 k−11/5 ∼ k−2.32 ,

(5.8)

Eθ (k ) ∼ k−0.3×4/5 k−7/5 ∼ k−1.64 ,

(5.9)

Πu (k ) ∼ k−0.3×3/5 k−4/5 ∼ k−0.98 .

(5.10)

The spectral indices obtained above match with those in Fig. 5.5 very closely. Though
we do not observe dual scaling in our simulation, it is possible that higher resolution
numerical simulation may yield dual spectrum, an issue that needs to be explored in
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F IGURE 5.5: Moderate stratification (Fr = 0.37): (a) The KE and PE spectra. KE
spectrum shows dual scaling with k−11/5 and k−3 . The best fit for PE spectrum is
k−1.64 (thin black line); (b) KE flux Πu (k ), enstrophy flux Πω (k ), and total energy
flux ΠTotal (k ); (c) PE flux; (d) FB (k ), D (k ), and FB (k ) − D (k).
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(a)

(b)

T
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F IGURE 5.6: For Fr = 0.37 (a) the density plot of the temperature field with the
velocity field superimposed on it. In the boxed zone, hotter (higher) fluid ascends
thus FB (k ) ∝ uz θ > 0; (b) a zoomed view of the boxed zone.

The KE flux in 2D hydrodynamic turbulence exhibits an inverse cascade, in contrast
to the forward cascade in 3D. Still k−11/5 spectrum of BO scaling is valid in 2D SST due
to the following reasons. The energy supply due to buoyancy FB (k) and the dissipation
rate D (k), shown in Fig. 5.5(d), exhibit FB (k ) > 0 for k > 20, in contrast to 3D SS
flows for which FB (k) < 0 (see Sec. 3.1.2 and [114] ). From Eq. (1.41) we deduce that

|Πu (k + ∆k)| < |Πu (k)| when Πu (k) < 0 and FB (k) > 0. Thus |Πu (k)| decreases with
k and this yields Bolgiano scaling for the 2D moderately stratified flows. Physically,
in Fig. 5.6 we observe ascending hot fluid for which uz and θ are positively correlated.
This is in contrast to 3D SS flows for which FB (k) < 0 due to a conversion of KE to
PE [114]; i.e., there uz and θ are anti-correlated. Finally, it should be noted that even
though KE flows upscale in this 2D setting, the total energy is transferred from large to
small scales as exhibited by the total energy flux ΠTotal (k ) in Fig. 5.5(b).

5.2.3

Weak stratification

Lastly we discuss the flow behaviour for weak stratification. In our simulations this is
achieved for Ra = 108 , ε = 0.3 that yields Fr = 1.1 and Re = 1.1 × 104 . The flow pattern
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in Fig. 5.1 for Fr = 1.1 shows a complete lack of a VSHF, instead, there is a tendency to
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F IGURE 5.7: Weak stratification (Fr = 1.1): (a) Plots of KE and PE spectra. KE
spectrum Eu (k ) shows k−2.5 scaling, while PE spectrum Eθ (k ) shows k−1.6 scaling;
(b) Plots of KE flux Πu (k ), enstrophy flux Πω (k ), and total energy flux ΠTotal (k ); (c)
PE flux Πθ (k); (d) FB (k), D (k ), and FB (k ) − D (k ).

The energy spectra and fluxes for this case are shown in Fig. 5.7, which are qualitatively similar to the moderate stratification case. We observe a negative KE flux at large
scales, and a very small positive flux at smaller scales. The enstrophy flux is strong and
always positive, and it increases with wavenumber as k3/4 up to the dissipation scale.
This feature of the enstrophy flux alters the energy spectrum as follows:
3
3/4×2/3−3
Eu (k ) ≈ Π2/3
∼ k−2.5 ,
ω k ∼ k

(5.11)

which is in good agreement with our numerical finding, as shown in Fig. 5.7(a).
The PE spectrum Eθ (k ) ∼ k−1.6 and its flux Πθ is approximately constant with
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Πθ (k ) ∼ k−0.13 . Using Eu (k) ∼ k−2.5 and Πθ (k ) ≈ kuk θk2 ∼ k−0.13 , we obtain Eθ (k ) ≈

θk2 /k ∼ k−1.38 , which is reasonably close to the k−1.6 spectrum obtained in our numer-

ical simulation. However, the scaling of the PE spectrum and flux are similar to that

observed for the moderate stratification case. Thus, BO scaling cannot be ruled out
for Fr = 1.1. Resolution of this issue requires higher resolution simulation. We also
remark that the forward (inverse) transfer of PE (KE) is reminiscent the flux loop scenario proposed by Boffetta et al. [25]. For this case too, the total energy in the system
flows from large scales to small scales (see Fig. 5.7(b)).

5.3

Summary and conclusions

In this chapter, we performed direct numerical simulations of 2D stably stratified flows
under large-scale random forcing and studied the spectra and fluxes of kinetic energy,
enstrophy, and potential energy. The flows exhibit different behavior as the strength of
stratification is varied, and this is summarized in Table 5.2.
The main results of this chapter are as follows:
1. For strong stratification, as with numerous previous studies, we observe the
emergence of a large scale VSHF. This VSHF is explicitly identified as being composed of internal gravity waves, and is further seen to co-exist with smaller scale
turbulence. The turbulent fluctuations follow some aspects of the traditional enstrophy cascading regime of 2D hydrodynamic turbulence. In particular, we find
a strong, nearly constant, positive enstrophy flux, zero KE flux, and KE spectrum
that scales approximately as k−3 . But, the PE does not act as a passive scalar.
Indeed, it exhibits an approximate k−3 spectrum, and a scale dependent k−2 forward flux.
2. Moderate stratification proves to be very interesting, in fact, there is no VSHF and
we observe a modified BO scaling for the KE—Eu (k ) ∼ k−11/5 at large scales, k−3

at small scales. Furthermore, the nature of the KE flux also changes, with upscale
or inverse transfer at large scales and a weak forward transfer at smaller scales.
The PE, on the other hand, always flows downscale and its flux is weakly scale
dependent (approximately k−0.3 ). The PE spectrum shows a k−1.64 , with no signs
of a dual scaling like the KE. The consistency of the spectra and fluxes of KE and
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PE are shown using wavenumber dependent fluxes. We summarize our results
in Table 5.2.
3. Weak stratification differs significantly from 2D hydrodynamic turbulence. In
particular, we observe a positive scale dependent enstrophy flux (k3/4 ) up to the
dissipation scale. In agreement with this form of the enstrophy flux, the KE spectrum scales approximately as k−2.5 . The KE flux is robustly negative, and the
inverse transfer begins at a comparatively smaller scale than with moderate stratification. The PE flux, once again, is positive and almost scale independent and
the PE spectrum follows an approximate k−1.6 scaling law.
TABLE 5.2: Scaling of KE spectrum Eu (k ), PE spectrum Eθ (k ), KE flux Πu (k ), PE
flux Πθ (k ), and enstrophy flux Πω (k ) for diffrent strength of stratification.

Strength of stratification

Strong

Moderate

Spectrum
Large scale VSHF

Small scale turbulence:
Eu (k ) ∼ k−3
Eθ (k) ∼ k−3
For 5 ≤ k ≤ 90:
Eu (k ) ∼ k−2.2
Eθ (k) ∼ k−1.64
For 90 ≤ k ≤ 400:
Eu (k ) ∼ k−3
Eθ (k) ∼ k−1.64

Weak

Eu (k ) ∼ k−2.5
Eθ (k ) ∼ k−1.6

Flux

Πu (k ) ∼ 0
Πω (k ) ∼ const.
Π θ ( k ) ∼ k −2
Πu (k ) ∼ k−0.98 (Negative)
Πω (k ) ∼ const.
Πθ ∼ k−0.3
Πu (k ): weak (positive)
Πω (k ) ∼ const.
Πθ ∼ k−0.3
Πu (k) ∼ const. (Negative)
Πω (k ) ∼ k3/4
Πθ (k ) ∼ k−0.13

Thus, the nature of 2D stably stratified turbulence under large scale random forcing
is dependent on the strength of the ambient stratification. Despite this diversity, we do
observe some universal features. Specifically, the total energy and potential energy always flows downscale, which is in agreement with 3D stratified turbulence [129]. The
KE almost never shows a forward transfer (apart from the weak downscale transfer
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at small scales in moderate stratification). In addition, the zero flux of KE in strong
stratification, and its upscale transfer in moderately and weakly stratified cases are in
contrast to the 3D scenario. Finally, apart from the PE spectrum in the moderate and
weakly stratified cases, the scaling exponents observed match dimensional expectations when we take into account the scale dependent form of the corresponding flux.
After the direct numerical simulations of stably stratified turbulence and RayleighBénard convection at moderate Reynolds numbers, in the next chapter, we will present
a unified shell model of buoyancy-driven turbulence to study the small-scale quantities
at extreme parameters for both SST and RBC.
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Chapter 6

Shell model for buoyancy-driven
turbulence
In the previous three chapters of the present thesis, we performed direct numerical
simulations to test the scaling laws of energy spectra and fluxes of buoyancy driven
turbulent flows. The powerlaw regimes of the aforementioned spectra and fluxes, especially of Chapter 3 and Chapter 4, are somewhat narrow. Also for three-dimensional
stably stratified turbulence, we could not observe the dual spectrum of BO phenomenology, which may require much higher numerical resolution than 10243 . Despite highresolution simulation on 20483 grid points for Rayleigh-Bénard convection at Ra =
1010 , we could only observe Kolmogorov’s scaling for less than two decades. The
aforementioned limitation of DNS motivated us to construct a unified shell model for
buoyancy-driven turbulence.
In this chapter, we present a unified shell model of stably stratified and convective
turbulence. In this model, we assume that the fluid is subjected to a mean temperature
gradient, d T̄/dz, which is positive for a stably stratified flow, and is negative for a
convective flow. We show that our model exhibits Bolgiano-Obukhov [31, 159] scaling
for SST similar to the DNS results of Chapter 3. We also exhibit an approximate dual
scaling (k−11/5 and k−5/3 ) in KE spectrum for a limited range of parameters. The shell
model for convective turbulence yields Kolmogorov’s spectrum for very high Rayleigh
number Ra = 1012 and exhibit a clear cut scaling for more than two decades. We also
show the existence of ultimate regime [113] in a shell model for convective turbulence.
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The results presented in this chapter have been published in Physical Review E [115].
This chapter is organized as follows. In Sec. 6.1, we introduce unified shell model,
for stably stratified turbulence (SST) and convective turbulence (CT); we discuss the
construction of nonlinear terms, the required constraints, and the computation of the
energy spectrum and flux. Sec. 6.2 provides the simulation details. We present our
results on the spectra and fluxes for SST and CT in Sec. 6.3 and 6.4 respectively. In
Sec. 6.5, we exhibit the ultimate scaling for convective turbulence from our shell model.
We conclude in Sec. 6.6.

6.1

Description of the shell model for buoyancy-driven
turbulence

Our shell model for the buoyancy-driven turbulence is
dun
= Nn [u, u] + αgθn − νk2n un + f n ,
dt
dθn
d T̄
= Nn [u, θ ] −
un − κk2n θn ,
dt
dz

(6.1)
(6.2)

where un and θn are the shell variables for the velocity and temperature fluctuations
respectively, f n represents the external force field, and k n = k0 λn is the wavenumber
√
of the n-th shell. Here λ = ( 5 + 1)/2 is the golden mean [71].
The nonlinear terms Nn [u, u] and Nn [u, θ ] are constructed keeping in mind the conR
R
servation of kinetic energy dr(u2 /2), kinetic helicity dr(u · ω), and potential energy
R
(or entropy) dr(θ 2 /2) in the absence of diffusive and forcing terms. For the shell
model, the corresponding qualities are ∑n |un |2 /2, ∑n (−1)n k n |un |2 , and ∑n |θn |2 /2 respectively. The nonlinear term Nn [u, u] has been constructed earlier by invoking the

conservation of kinetic energy and kinetic helicity by L’vov et al. [136], which is called
Sabra model. The expression for Nn [u, u] is as follows:
Nn [u, u] = −i ( a1 k n u∗n+1 un+2 + a2 k n−1 u∗n−1 un+1 − a3 k n−2 un−1 un−2 ),

(6.3)

with constraints a1 + a2 + a3 = 0 and a1 − λa2 + λ2 a3 = 0. For our computation, we
choose a1 = 1, a2 = λ − 2, and a3 = 1 − λ [71].
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For the construction of the nonlinear term Nn [u, θ ], we use the fact that the nonlinear term of the temperature equation is a bilinear product of the temperature fluctuation and the velocity fluctuation. Also, the conservation of potential energy (or
entropy) yields a condition

<

∑ θn∗ Nn [u, θ ]

!

= 0.

(6.4)

n

A combination of the above yields
Nn [u, θ ] = −i [k n (d1 u∗n+1 θn+2 + d3 θn∗+1 un+2 )

+k n−1 (d2 u∗n−1 θn+1 − d3 θn∗−1 un+1 )

−k n−2 (−d1 un−1 θn−2 − d2 θn−1 un−2 )]

(6.5)

with arbitrary d1 , d2 , and d3 . For our shell model, we choose d1 = 1, d2 = λ − 2, and
d3 = 1 − λ. For consistency, we choose the boundary conditions u−1 = u0 = θ−1 =

θ0 = 0 and u M+1 = u M+2 = θ M+1 = θ M+2 = 0, where M is the total number of shells.

Note that the Sabra model [136] yields less fluctuations for the spectrum compared to
the GOY model [20, 82, 136], thus we have used Sabra model [136] for the construction
of nonlinear terms.
The second term in the RHS of Eq. (6.1), αgθn , is the buoyancy term, while −(d T̄/dz)

is the temperature stratification term. Clearly, d T̄/dz > 0 for a stably stratified flow,
and d T̄/dz < 0 for the convective turbulence.
The shell model for CT does not require forcing to maintain a steady state. But, the
shell model for SST requires a forcing for the same; we force a set of small wavenumber
shells (large length-scale modes) randomly so as to feed a constant energy supply rate

ε to the system. We assume that the forcing shells receive equal amount of energy. If
n f shells are forced, then the above conditions yield the force at the n-th shell as
s
fn =

ε iφn
e ,
n f ∆t

(6.6)

where φn is the random phase of the n-th shell chosen from the uniform distribution in

[0, 2π ]. In our simulation we force the shells n = 3 and 4, hence n f = 2.
We nondimensionalize the shell model equations using the same scaling as we used
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p
for the Eqs. (1.20)-(1.22), i.e., un = u0n αg|d T̄/dz|d2 , θn = θn0 |d T̄/dz|d, k n = k0n /d, and
p
t = t0 (d/ αg|d T̄/dz|d2 ). Therefore, in terms of nondimensonalized variables, the

equations are

r
du0n
Pr 02 0
= Nn0 [u0 , u0 ] + θn0 −
k u + f n0 ,
0
dt
Ra n n
dθn0
1
k0n2 θn0 .
= Nn0 [u0 , θ 0 ] − Su0n − √
0
dt
RaPr

(6.7)
(6.8)

Again, we keep S = 1 for CT, and S = −1 for SST. For convenience, the primes from

the variables are dropped in our subsequent discussion. Note that for RBC, the critical
Rayleigh number Rac = 1, after which the flow becomes unstable. Due to the lower
critical Rayleigh number in the shell model, turbulence appears at a lower Rayleigh
number compared to that observed in DNS.

We compute the kinetic energy spectrum (Eu (k )) and the potential energy spectrum
(Eθ (k )), defined as

| u k |2
,
k
| θ k |2
,
Eθ (k) =
k

Eu (k) =

(6.9)
(6.10)

using the steady state data. We also compute the KE and PE fluxes. For the shell model,
the KE flux Πu (k ) is the rate of kinetic energy transfer from the shells within the sphere
of radius k, i.e. m ∈ [0, k ], to the shells outside the sphere, i.e. n ∈ (k, N ]:
Πu (k ) =

∑ ∑ ∑ Suu (n|m| p).

(6.11)

n>k m≤k p

Similarly, the PE flux Πθ (k ) is defined as the rate of potential energy transfer from the
shells within the sphere of radius k to the shells outside the sphere, i.e.,
Πθ (k ) =

∑ ∑ ∑ Suθ (n|m| p).

(6.12)

n>k m≤k p

Here Suu (n|m| p) and Suθ (n|m| p) are the energy transfer rate. We provide the detailed

derivation of the above fluxes and energy transfers in Appendix A, using the detailed
energy conservation of the unified shell model for buoyancy-driven turbulence.
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6.2

Simulation details

We simulate the shell model (Eqs. (6.7, 6.8)) for stably-stratified and convective turbulence and compute the spectra and fluxes. We take 36 shells for the stably stratified turbulence simulations SST1 & SST2, and 76 shells for SST3 and the convective
turbulence simulations (CT1-CT7). For time stepping, we use the fourth-order RungeKutta (RK4) method. For stably stratified turbulence, we apply random force on shells
n = 3 and n = 4. For convective turbulence, we perform seven sets of simulations
for Ra = 1010 , 1011 , 1012 , 1013 , 1014 , 1015 , and 1016 . The parameters of the simulations
are listed in Table 6.1 for stably stratified turbulence and in Table 6.2 for convective
turbulence.
We compute the spectra and fluxes of KE and PE (or entropy), and average over
many snapshots, approximately 108 , of the steady-state flow (of a single run); these
values are further averaged over 100 simulations with independent random initial
conditions [50, 179]. The error bars reported in this chapter for the spectral exponents
and fluxes are the standard deviations of the aforementioned 100 independent data
sets [50, 179]. This is the statistical error of our data. The spectral exponents of Eu (k)
and Eθ (k ) along with the errors for the sets of parameters are summarized in Table 6.3.
The data also has some systematic error, for example the dip in energy spectrum near
k ≈ 7 (the fifth shell) of stably stratified turbulence. The origin of the dip is not under-

stood clearly at present, and it could be a topic for future investigation. Note that for
convective turbulence, we perform spectral analysis for CT3 run only.
Apart from the spectral analysis, we also compute the Nusselt number for different

Ra, and obtain a scaling relationship between Nu and Ra. The Nusselt number, which
is the ratio of the total (convective plus conductive) heat flux to the conducive heat
flux, is expressed as [240]
Nu =

−κ ddzT̄ + hun θn i
−κ ddzT̄

*

= 1−

un θn
κ dT̄
dz
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+

= 1+

√

RaPrhu0n θn0 i.

(6.13)

M

36

36

76

Flow Type

SST1

SST2

SST3

ε
50
10
1010

Ra
105

78
1010
105

7.9 × 105

2.0 × 105

1.0 × 103

Re

2.0
2.5 × 103

1.6 × 10−7

3.2

Fr

0.25

0.10

Ri

1.4 × 109

0.6

3.9

eu

7.6 × 103

0.8

3.1

eθ

rate eu , potential energy dissipation rate eθ , and Bolgiano wave number k B . We choose Pr = 1 for all our runs.

<1

18

53

kB

ber Ra, energy supply rate ε, Reynolds number Re, Richardson number Ri, Froude number Fr, kinetic energy dissipation

TABLE 6.1: Parameters of our simulations: Flow type: stably stratified turbulence (SST), number of shells M, Rayleigh num-
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6.2 Simulation details
TABLE 6.2: Parameters of our simulations of convective turbulence: Flow type:
convective turbulence (CT), Rayleigh number Ra, Nusselt number Nu, Reynolds
number Re, kinetic energy dissipation rate eu , entropy dissipation rate eθ , and Kolmogorov’s constant KKo . We choose number of shells M = 76 and Prandtl number
Pr = 1 for all our runs.

Flow Type

Ra

Nu

Re

eu

eθ

KKo

CT1

1010

8.6 × 105

36.5

48.8

1.2

CT2

1011

6.0 × 106

76.5

61.8

0.9

CT3

1012

51.0

54.3

1.0

CT4

1013

61.8

80.6

0.9

CT5

1014

36.4

48.5

1.2

CT6

1015

94.1

95.2

0.9

CT7

1016

42.1

108.1

1.1

1.9 × 107

6.4 × 107
1.9 × 108
6.4 × 108
2.2 × 109
6.7 × 109

2.7 × 106

8.7 × 106
2.7 × 107
8.7 × 107
2.9 × 108
8.9 × 108

TABLE 6.3: Spectral exponents of our simulations for the runs SST1, SST2, SST3,
and CT3 listed in Table 6.1 and 6.2: KE spectrum Eu (k ) ∼ k− p and the potential

energy (or entropy) spectrum Eθ (k ) ∼ k−q . The two exponents p, q’s for SST2 are
for the dual BO scaling.

Flow Type

p

q

SST1

−2.1677 ± 0.0004

−1.4667 ± 0.0008

−1.7513 ± 0.0006

−1.6868 ± 0.0007

SST2
SST3
CT3

−2.147 ± 0.004;
−1.746 ± 0.001
−1.703 ± 0.003

−1.117 ± 0.009;
−1.6826 ± 0.0009
−1.711 ± 0.003

In the next section we will discuss the scaling of spectra and fluxes of stably stratified turbulence.
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6.3

Energy spectra and fluxes of stably stratified
turbulence

To test the validity of BO scaling in the stably stratified scenario, we simulate the
shell model for the three sets of parameters, SST1, SST2 and SST3, which are listed
in Table 6.1. Figure 6.1(a) exhibits the KE spectrum Eu (k ) and PE spectrum Eθ (k ) for
Ra = 105 and Ri = 0.10. Green shadow regions in all the figures of the present chapter
represent the forcing bands. The figure indicates that Eu (k ) ∼ k−2.17 and Eθ (k ) ∼ k−1.47

for more than a decade, which is consistent with the BO scaling.

(a)

(b)
k−2.17

10-4
10-8 0
10

Πu (k), Πθ(k)

Eu (k), Eθ (k)

100
k−1.47
Eu (k)
0.001Eθ (k)

101

100
10-4
10-8 0
10

102
k

k−0.8
Πu(k)
0.01Πθ(k)

101

102
k

F IGURE 6.1: For stably stratified simulation with Pr = 1, Ra = 105 , and Ri =
0.10 (SST1): (a) plots of KE and PE spectra; (b) plots of KE flux Πu (k ) and PE flux
Πθ (k ). The green shaded region exhibits the forcing range. This figure is taken from
Ref. [115].

We also compute the KE and potential energy fluxes, which are exhibited in Fig. 6.1(b).
In the inertial range, the PE flux Πθ (k ) is constant, and the KE flux Πu (k ) decreases
with k, but somewhat different from k−4/5 . These results are in general agreement with
the BO scaling for the stably stratified turbulence. We also compute energy supply rate
by buoyancy, FB (k ) = <huk θk∗ i, and is negative as shown in Fig. 6.2. Thus, we show a

conversion of kinetic energy to potential energy by buoyancy, which is consistent with
the DNS result presented in Chapter 3.
For the above case, the Bolgiano wavenumber k B ≈ 53, which lies in the dissipa-

tion range, thus making the k−5/3 KE spectrum inaccessible. The Bolgiano wavenumber k B is estimated by using the formula given in Eq. (1.58). To obtain the dual spec-
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F B ( k)

105

SST1
SST2
SST3
CT3

0

-105 0
10

102

104

106

k
F IGURE 6.2: (a) Plots of FB (k) for stably stratified turbulence SST1, SST2, and SST3,
and for convective turbulence CT3; FB (k ) < 0 for SST’s, but FB (k) > 0 for CT. This
figure is taken from Ref. [115].

100
Eu (k)

10-2

k−2.15
k−1.75

10-4
10-6
10-8 0
10

101

102

103

104

k
F IGURE 6.3: For stably stratified simulation with Pr = 1, Ra = 1010 , and Ri = 0.25
(SST2), plot of KE spectrum. The wavenumber range 4 < k < 18 exhibit E(k ) ∼
k−2.15 , and 18 < k < 100 exhibit E(k ) close to the Kolmogorov’s spectrum.
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trum predicted in BO scaling, we increase the Rayleigh number to 1010 , which yields
Re = 2.0 × 105 , Ri = 0.25, and Fr = 2.0 (SST2 of Table 6.1). For these parameters we
observe an approximate dual spectrum, as shown in Fig. 6.3. The KE spectrum can be
approximately described by Eu (k) ∼ k−2.15 for 4 < k < 18, and Eu (k ) ∼ k−1.75 and
18 < k < 100 respectively, with Bolgiano wavenumber k B = 18. We observe that a

106
103
10-1

(a)
k−1.75
k

Πu (k), Πθ(k)

Eu (k), Eθ (k)

further increase of Ra shrinks the −11/5 regime and makes it invisible.

−1.69

Eu (k)
102 Eθ (k)

10-5 0
10 101 102 103 104 105

1010

(b)

108
106

Πu(k)
104 Πθ(k)

104 0
10 101 102 103 104 105

k

k

F IGURE 6.4: For stably stratified simulation with Pr = 1, Ra = 105 , and Ri =
1.6 × 10−7 (SST3): (a) plots of KE and PE spectra; and (b) plots of KE flux Πu (k ) and

PE flux Πθ (k ) exhibit Kolmogorov’s spectrum since Ri or buoyancy is small. This
figure is taken from Ref. [115].

For the parameters of SST3, the nonlinearity is stronger than the buoyancy term,
which is evident from the fact that the Richardson number Ri  1 and the Froude
number Fr  1. Hence, we observe Kolmogorov scaling, i.e. Eu (k ) ∼ k−5/3 and
Eθ (k ) ∼ k−5/3 for these parameters, exhibited in Fig. 6.4(a). The fluxes of both KE and

PE are constant in k, as shown in Fig. 6.4(b).

In the next section we will discuss the results of convective turbulence.

6.4

Energy spectra and fluxes of convective turbulence

As we discussed in the Sec. 1.5.3, the buoyancy feeds energy to the kinetic energy,
hence the KE flux increases marginally at lower wavenumbers for convective turbulence. In the intermediate range of wavenumbers, where the dissipation rate D (k) =
∑ 2νk2 |uk |2 /2 approximately balances the energy supplied by buoyancy FB (k), we exk
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pect Kolmogorov’s spectrum for the velocity field. We perform a shell model calculation to verify the above conjecture using the parameters Pr = 1 and Ra = 1012 (CT3 of
Table 6.2).

10-3
10-6

(a)

(b)

k−1.70

Πu (k), Πθ(k)

Eu (k), Eθ (k)

100

k −1.7

1

Eu (k)
0.01Eθ (k)

10-9 0 1 2 3 4 5
10 10 10 10 10 10

102
101
Πu(k)
100
0.1Πθ(k)
-1
10 0 1 2 3 4 5
10 10 10 10 10 10

k

k

F IGURE 6.5: For convective turbulence simulation with Pr = 1 and Ra = 1012
(CT3), the (a) plots of KE and entropy spectra; (b) plots of KE flux Πu (k ) and
entropy flux Πθ (k ) exhibit Kolmogorov’s spectrum. This figure is taken from

F B ( k) , D ( k)

Ref. [115].

102
10-1
10-4
0
-4
-10
-10-1
-102 0
10

F B ( k)
−D(k)
FB (k)−D(k)

102

104

106

k
F IGURE 6.6: For RBC run (CT3), plots of FB (k), − D (k ), and FB (k ) − D (k ); the grey

shaded region where FB (k ) ≈ D (k ) is the inertial range. This figure is taken from
Ref. [115].

In Fig. 6.5(a) we plot the KE and entropy spectra that shows Kolmogorov (KO)
scaling, i.e. Eu (k) ∼ k−5/3 and Eθ (k ) ∼ k−5/3 , for convective turbulence. Our spectrum

results are consistent with the KE and entropy fluxes computations, which are plotted
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in Fig. 6.5(b). Both the fluxes (Πu (k) and Πθ (k )) are constant in the inertial range,
20 < k < 2000. We also compute energy supply rate FB (k ) = <huk θk∗ i and plot it

in Figs. 6.2 and 6.6. We observe that FB (k ) > 0 indicating a positive energy transfer

from buoyancy to the kinetic energy. Figure 6.6 exhibit the dissipation rate D (k ) and
FB (k ) − D (k ). In inertial range, FB (k) and D (k ) cancel each other approximately, and

hence yield a constant KE flux Πu (k ). Thus, we show that in convective turbulence,
the KE exhibits Kolmogorov’s spectrum, not BO spectrum, consistent with our DNS
results of Chapters 3 and 4.
We also compute the Kolmogorov constant KKo using the energy spectrum and the
energy flux for all the seven set of data. We observe that KKo listed in Table 6.2 ranges
from 0.9 to 1.2.
In the next section, we exhibit the Nusselt number scaling with the Rayleigh number.

6.5

Nusselt number scaling from shell model

We compute the Richardson number for all convection runs, and observe it to be approximately 0.01. Since Richardson number is relatively small, the nonlinear term
dominates the buoyancy term; the observed Kolmogorov’s spectrum is possibly because of this reason.
We compute the Nusselt number using Eq. (6.13), and plot it in Fig. 6.7 as a function
of Ra. The best fit of our data is Nu = (86.4 ± 18.7)Ra(0.49±0.01) . This result is consistent with Kraichnan’s predication [113], according to which Nu ∼ Ra1/2 for very high
Rayleigh numbers (called the ultimate regime).

6.6

Conclusions

In this chapter, we constructed a unified shell model for bouynacy-driven turbulence.
This shell model is applicable for both the stably stratified flows as well as convective
flows. We investigated the scaling of energy spectra and fluxes using the aforementioned shell model at very high Reynolds number, ranging from 103 to 109 .
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1011
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108
107
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1010

1012

1014

1016

Ra
F IGURE 6.7: Plot of the Nusselt number Nu versus Ra. The function Nu = (86.4 ±

18.7)Ra(0.49±0.01) fits well with the simulation data.

The main results of this chapter are as follows:
1. Ours is the first shell model for stably stratified turbulence, and it yields results
consistent with the BO scaling predicted by Bolgiano [31] and Obukhov [159].
2. We observe an approximate dual scaling (k−11/5 and k−5/3 ) in the kinetic energy
spectrum for a very narrow set of parameters, Re = 2.0 × 105 , Ri = 0.25, and
Fr = 2.0, for which the buoyancy is strong, but not so strong so as to make the
flow quasi two-dimensional.
3. For weak stratification, Ri  1 and Fr  1, we observe Kolmogorov’s spectrum
consistent with the DNS results of Chapter 3.

4. For convective turbulence, our shell model exhibits Kolmogorov’s spectrum in
the intermediate range of wavenumbers, not BO spectrum, as envisaged in some
of the earlier work [134, 135, 173, 187].
5. Our shell model simulations also exhibit the ultimate scaling for convective turbulence as predicted by Kraichnan [113] for very high Rayleigh numbers.
In summary, we constructed a unified shell model for the buoyancy driven turbulence that yields BO scaling for stably stratified turbulent flows, but Kolmogorov’s
spectrum for convective turbulence. Such low dimensional models have strong utility
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since they can be used to explore highly non-linear regimes which are inaccessible to
numerical simulations and experiments.
In the next chapter, we will present the summary and conclusions of this thesis.
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Chapter 7
Conclusions and scope for future work

7.1

Conclusions of the thesis

Buoyancy-driven flows are common in many instances ranging from geophysical flows
to astrophysical flows [94, 132, 182, 190]. These flows are generally classified into stable
and unstable configurations. Stably stratified flows come under stable configuration,
while convective flows under unstable configuration. In the present thesis, we studied
the scaling of energy spectra and fluxes of the velocity and temperature fields for both
the stably stratified turbulence and the convective turbulence.
We performed high-resolution numerical simulations of stably stratified turbulence
and showed that the kinetic energy spectrum Eu (k ) ∼ k−11/5 and the potential energy

spectrum Eθ (k ) ∼ k−7/5 . We have also computed KE and PE fluxes. The KE flux ex-

hibits −4/5 dependence on the wavenumber, while PE flux remains constant in the

inertial range. These scalings are in agreement with the prediction of Bolgiano [31]
and Obukhov [159]. We further investigated the Bolgiano-Obhukhov conjecture by
computing the energy supply rate by buoyancy FB (k ), which comes out to be negative.
The negative FB (k ) indicates the conversion of kinetic energy (KE) to the potential energy (PE), which further leads to decreasing KE flux. For weaker buoyancy, Ri  1

and Fr  1, the conversion of KE to PE is weak, hence our simulations exhibit Kol-

mogorov’s spectrum.

We would like to remark that the recent DNS of Rosenberg’s et al. [186] too support
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the BO scaling for SST at moderate stratification. Also, using global energy balance
Bhattacharjee [18] argued for BO scaling in SST.
Rayleigh-Bénard convection (RBC), in which fluid is confined between two plates
and is heated from below and cooled on the top, is an idealized set up for understanding convective turbulence. We performed numerical simulation of RBC with Ra = 1010
and Pr = 1 on a 20483 grid box, and showed that the energy supply rate due to buoyancy is positive. Therefore, the KE flux Πu (k ) increases briefly, and then becomes constant due to delicate balance of dissipation and energy supply rate. Due to the constancy of energy flux, the turbulent RBC exhibit Kolmogorov’s spectrum as demonstrated from our numerical results. Our result is in contrast to the prediction of Procaccia and Zeitak [173], L’vov [134], L’vov and Falkovich [135], and Rubinstein [187],
who favored Bolgiano-Obhukhov scaling for RBC. Note that the recent results obtained
from convective turbulence experiment of Pawar and Arakeri [168] are also consistent
with our findings.
Next, we test the applicability of Taylor’s hypothesis [221] in convective turbulence.
Taylor’s hypothesis is used to relate the time-domain results, i.e., frequency spectrum,
to the theoretical prediction of space-domain. But this hypothesis is valid in presence of
a mean flow. We demonstrate the above conjecture, using hydrodynamic turbulence
simulation in presence and in absence of mean velocity field U0 . For U0 = 10ẑ, we
obtain E( f ) ∼ f −5/3 , since 2π f = U0 k [121, 221]. But for U0 = 0, our simulations

exhibit E( f ) ∼ f −2 since f ∼ e1/3 k2/3 from Kolmogorov’s theory [222].

A mean flow is absent in convective turbulence, therefore the condition of Taylor’s
hypothesis is questionable for such system. However, we show that the Taylor’s hypothesis is valid in presence of a steady large-scale circulation (LSC) [42, 148, 158, 210,
250]. For the aforementioned purpose, we performed RBC simulation for Ra = 108
and Pr = 1, and recorded the time-series of velocity field using the real space probes.
We compute the frequency spectrum E( f ) from the time-series data. E( f ) in presence
of LSC yields f −5/3 scaling which match with the k−5/3 scaling of the wavenumber
spectrum computed from full real space data. In absence of a mean flow, at the central
region of the box, our analysis yields E( f ) ∼ f −2 .
We have also studied the scaling of energy spectra, and interscale transfer of energy and enstrophy for two-dimensional stably stratified turbulence under a largescale forcing. We performed six sets of simulations in a square periodic box using the
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pseudospectral code Tarang [54, 235]. We varied the Froude number Fr, from 0.16 to
1.1, to explore the strongly, moderately, and weakly stratified scenarios under stable
configuration.
We performed simulation for strongly stratified case (Fr = 0.16), and observed
that a large-scale vertically sheared horizontal flow (VSHF) [207] co-exists with smallscale turbulence. Analysis of dominant large-scale Fourier modes indicates that the
aforementioned VSHF is composed of internal gravity waves. Spectral analysis of our
simulation data exhibits an approximate k−3 scaling with zero flux for kinetic energy
and a robust positive enstrophy flux. The spectrum of the turbulent potential energy
also approximately follows a k−3 power-law and its flux is directed to small scales.
For moderate stratification, at Fr = 0.37, we observe no sign of VSHF. The KE
spectrum exhibits Bolgiano-Obhukhov scaling at small wavenumbers and an approximate k−3 scaling at large wavenumbers. Consequently, the nature of KE flux also
changes, and shows an inverse cascade at small wavenumbers and a weak forward
cascade at large wavenumbers. The PE flux is always forward and the PE spectrum
Eθ (k) ∼ k−1.64 .
Weak stratification exhibits a positive scale dependent enstrophy flux Πω (k) ∼

k3/4 ,

which is in sharp contrast to the constant Πω (k ) of 2D hydrodynamic turbu-

lence [24, 28, 30, 111, 112]. Our flux computation for KE shows robust inverse cascade,
which yields k−2.5 scaling in the kinetic energy spectrum. The PE flux is positive and
constant in k and Eθ ∼ k−1.6 .
For all stratification strengths, the total energy flux always flows from large to small
scales, which is in agreement with the 3D SST [129]. Note that the spectral indices can
be explained when we consider the scale dependent form of the corresponding fluxes
using the procedure of Verma [233] and Verma and Reddy [241].
Finally, the computational limitations of DNS motivated us to construct a unified
shell model for buoyancy-driven turbulence. In a shell model the wavenumber space
is divided into logarithmically binned shells, which yields a long range of wavenumbers. We constructed the nonlinear term for the temperature field (u.∇θ) by invoking
the conservation of potential energy in the Sabra shell model [136]. We computed the
energy spectra and fluxes for SST and convective turbulence (CT). For computation
of energy fluxes, we derived a formula using elemental shell-to-shell energy transfer, described in Appendix A.
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Our shell model simulation for SST yields Bolgiano-Obhukhov [31, 159] scaling for
the Richardson number Ri = 0.1, which is consistent with our DNS result. Further
increase in the Rayleigh number up to 1010 with forcing amplitude ε = 10, yields Ri =
0.25. For the aforementioned parameter, we observe an approximate dual scaling in the
KE spectrum as predicted by Bolgiano [31] and Obukhov [159]. We also compute the
energy supply rate by buoyancy, FB (k ) = <huk θk∗ i. Our simulation exhibits FB (k ) < 0

for SST, thus indicating the conversion of kinetic energy to the potential energy by
buoyancy.
When we increase Ra further keeping ε = 10, the −11/5 regime of KE spectrum

shrinks and becomes invisible. Next, we try to strengthen the nonlinearity in comparison to buoyancy. For the aforementioned purpose, we keep Ra = 105 and set ε = 1010 ,
thus the Richardson number, αgθ/(u · ∇u), decreases significantly to 1.6 × 10−7 , with
Re = 7.9 × 105 . Therefore, for weaker buoyancy we observe Kolmogorov’s scaling in

both the spectra (Eu (k), Eθ (k ) ∼ k−5/3 ) and fluxes (Πu (k ), Πθ (k ) ∼ constant).

For convective turbulence, we performed simulation for Ra = 1010 to Ra = 1016 .
We computed energy spectra and fluxes for Ra = 1012 , which yields Kolmogorov’s
scaling. The KE spectrum and entropy spectrum shows k−5/3 scaling for more than
two decades. Our simulation results also exhibit constant KE flux Πu (k ) and entropy
flux Πθ (k) in k, which supports the Kolmogorov’s scaling. FB (k) is positive for CT,
which shows a positive energy transfer from buoyancy to the kinetic energy. Our shell
model simulation results are similar to that of our DNS results, albeit at larger Rayleigh
numbers.
A shell model behaves as in a periodic box simulation. Therefore, in absence of
boundary layer we expect ultimate scaling [113] of the Nusselt number with the Rayleigh
number, which is observed in the direct numerical simulations [43, 131, 240] of a periodic box. Best fit of our simulation data yields Nu = (86.4 ± 18.7)Ra(0.49±0.01) , which
is consistent with the Kraichnan’s ulitmate regime [113].

7.2

Future directions

In this thesis, we put forward a novel energy flux analysis that deciphers the energy
spectrum and flux of buoyancy-driven turbulence. Using high-resolution DNS, we
showed that the stably stratified turbulence at moderate stratification exhibits Bolgiano-
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Obhukhov [31, 159] scaling due to negative energy supply rate due to buoyancy. For
RBC, we showed that due to delicate balance of dissipation and energy supply rate
KE flux becomes constant, which leads to Kolmogorov’s scaling, not Bolgiano and Obhukhov’s k−11/5 . We also constructed a unified shell model that supports the aforementioned results, but for a larger set of parameters. Our 2D SST simulations exhibit
a large-scale VSHF riding on a sea of small-scale turbulence with k−3 scaling for both
KE and PE spectra.
Based on the above results, in the following we discuss some possible projects
which may be investigated in future.
1. For 3D stably stratified turbulence, we observed k−11/5 scaling in KE spectrum,
but fail to see the dual scaling, k−11/5 followed by k−5/3 , as it was proposed by
Bolgiano and Obhukhov. Even with the shell model simulation, we could not observe clear-cut dual scaling. 40963 numerical simulation of Rosenberg’s et al. [186]
too, only exhibit an approximate dual scaling. It would be instructive to perform
DNS with much higher resolution with the appropriate parameter and illustrate
dual scaling of moderate SST.
2. We explored the small-scale quantities, like energy spectra and fluxes, for stably
stratified turbulence and Rayleigh-Bénard convection. It would be useful to look
at the real space structure functions, and also the intermittence correction as it is
done for other buoyancy-driven flows, e.g., Rayleigh-Taylor turbulence [26, 29],
Taylor-Couette flow [91], Bubbly flow [172], etc. For details refer to the recent
paper of Verma et al. [238].
3. Physics of boundary layer is quite different from the bulk. In the present study
we focused on the bulk flow. It would be instructive to study the energy spectrum
of different planes from boundary layer to bulk with no-slip boundary condition
on larger grid. Note that our simulation for Ra = 1010 , presented in Chapter 3, is
with free-slip boundary condition, which is good for studying energy spectrum
in bulk, since the boundary layer near the walls contribute to the energy at small
scales. Therefore, the energy spectrum is affected at large k, and remains similar
in the inertial range for both free-slip and no-slip boundary conditions. But the
behavior of energy spectrum might change in the planes of the boundary layer.
4. We observed VSHF for stably stratified turbulence in 2D setting. These VSHF
or zonal flows are also observed in beta-plane turbulence [181]. It would be in-
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teresting to relate the VSHF of our simulation to the earlier studies of zonal jet
formation of beta-plane turbulence [66, 140, 193, 226, 231].
Buoyancy-driven turbulence is a rich topic with many features. We hope that our
work has attempted to resolve some unsolved issues of this topic.
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Appendix A

Energy transfers in unified shell model
for buoyancy-driven turbulence
In the present appendix, we will derive the expressions for the energy fluxes of our unified shell model. For the aforementioned purpose, first we need to derive the formula
for the shell-to-shell energy transfer using detailed energy conservation.

A.1

Detailed energy conservation

In Sec. 6.1, we have mentioned that our model conserves kinetic energy (KE), kinetic
helicity, and potential energy (PE) in absence of dissipative (νk2n un , κk2n θn ), buoyancy
(αgθn ), stratification ({d T̄/dz}un ), and external forcing ( f n ) terms. As in the shell

model, the energy exchange takes place between three nearest neighbouring shells,
therefore, we can discover interesting relationships between energy transfers if we focus on a single unit of three consecutive shells (n − 1, n, n + 1). Note that this unit of
three consecutive shells is analogous to a triad interaction (k, p, q) with k = p + q in

Fourier space representation of the Navier-Stokes equation. Hence, the equations of
motion for the shell variables would be
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u̇n−1 = −ik n−1 ( a1 u∗n un+1 ),

(A.1)

u̇n = −ik n−1 ( a2 u∗n−1 un+1 ),

(A.2)

u̇n+1 = −ik n−1 (− a3 un un−1 ),

(A.3)

θ̇n−1 = −ik n−1 (d1 u∗n θn+1 + d3 θn∗ un+1 ),

(A.4)

θ̇n = −ik n−1 (d2 u∗n−1 θn+1 − d3 θn∗−1 un+1 ),

(A.5)

θ̇n+1 = ik n−1 (−d1 un θn−1 − d2 θn un−1 ).

(A.6)

Using above set of equations we have the energy equations for the velocity field
d|un−1 |2 /2
uu
= a1 Auu
n = L ( n − 1| n, n + 1),
dt
d|un |2 /2
uu
= a2 Auu
n = L ( n | n − 1, n + 1),
dt
d|un+1 |2 /2
uu
= a3 Auu
n = L ( n + 1| n, n − 1),
dt

(A.7)
(A.8)
(A.9)

where
∗
Auu
n = − k n−1 =( un−1 un un+1 ),

(A.10)

and for the temperature field
d|θn−1 |2 /2
= d1 Bnuθ + d3 Cnuθ = Luθ (n − 1|n, n + 1),
dt
d|θn |2 /2
= d2 Dnuθ − d3 Cnuθ = Luθ (n|n − 1, n + 1),
dt
d|θn+1 |2 /2
= −d1 Bnuθ − d2 Dnuθ = Luθ (n + 1|n, n − 1),
dt

(A.11)
(A.12)
(A.13)

where
Bnuθ = −k n−1 =(θn−1 un θn∗+1 ),

Cnuθ = −k n−1 =(θn−1 θn u∗n+1 ),

Dnuθ = −k n−1 =(un−1 θn θn∗+1 ).

(A.14)
(A.15)
(A.16)

Here Luu (n|n − 1, n + 1) is the energy transfer into the shell n jointly from the shells
n − 1 and n + 1. The other Luu and Luθ have similar interpretations. Interestingly,

the total KE and PE are conserved in this unit interaction when we impose condition
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( a1 + a2 + a3 = 0) and choose any arbitrary value of d1 , d2 , and d3 . This is the detailed
energy conservation in a triadic unit of shells. When all the triads are included, then the
total KE and PE would also be conserved.

A.2

Elemental shell-to-shell energy transfer

In the above discussion Luu (n|n − 1, n + 1) represents energy transfer into shell n from
the shells n − 1 and n + 1. Motivated by the mode-to-mode energy transfer formulas

derived by Dar et al. [67] and Verma [232], we set out to explore whether we can derive
a formula for the energy transfer to a shell from the other shells. If we postulate Suu (n +
1|n|n − 1) as the elemental shell-to-shell energy transfer from the shell n to the shell n +

1 with the shell n − 1 acting as a mediator. Then these quantities must satisfy the
following identities:

Suu (n + 1|n|n − 1) + Suu (n + 1|n − 1|n) = Luu (n + 1|n − 1, n),

Suu (n|n + 1|n − 1) + Suu (n|n − 1|n + 1) = Luu (n|n − 1, n + 1),

Suu (n − 1|n + 1|n) + Suu (n − 1|n|n + 1) = Luu (n − 1|n, n + 1).

(A.17)
(A.18)
(A.19)

Clearly, the energy received by shell n from the shell m is equal and opposite to the
energy received by shell m from the shell n. This condition provides three additional
relations for the Suu ’s, i.e.,
Suu (n + 1|n|n − 1) = −Suu (n|n + 1|n − 1),

Suu (n|n − 1|n + 1) = −Suu (n − 1|n|n + 1),

Suu (n − 1|n + 1|n) = −Suu (n + 1|n − 1|n).

(A.20)
(A.21)
(A.22)

The aforementioned energy transfer are clearly depicted in Fig. A.1.
The desired energy transfer formulae Suu ’s are linear functions of un−1 , un , and

un+1 as well as one of the wavenumber. Therefore, we choose the following form for
Suu ’s
Suu (n + 1|n|n − 1) = α1 Auu
n ,
Suu (n|n − 1|n + 1) = α2 Auu
n ,
Suu (n − 1|n + 1|n) = α3 Auu
n .
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(A.23)
(A.24)
(A.25)
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n

-1|n

|n|
+1

+1)

uu (n

S

S uu(

1)

n|n

n-

n -1

n +1
Suu(n -1|n+1|n)

F IGURE A.1: Schematic diagram for energy transfers in a traid.

We fix the solution of Eq. (A.23), and using Eqs. (A.18, A.20, and A.8), we have
α2 = α1 + a2 .

(A.26)

Similarly using Eqs. (A.17, A.22, and A.9), we have
α3 = α1 − a3 .

(A.27)

Thus the solutions of Suu ’s are
Suu (n + 1|n|n − 1) = α1 Auu
n ,

Suu (n|n − 1|n + 1) = (α1 + a2 ) Auu
n ,

Suu (n − 1|n + 1|n) = (α1 − a3 ) Auu
n .

(A.28)
(A.29)
(A.30)

√
For our computations we take α1 = λ = ( 5 + 1)/2 after which α2 and α3 are automatically determined. Similar to the way we derived the solutions of Suu ’s, we can
derive the solutions for Suθ ’s as following
Suθ (n + 1|n|n − 1) = −d2 Dnuθ ,
Suθ (n|n − 1|n + 1) = d3 Cnuθ ,
Suθ (n − 1|n + 1|n) = d1 Bnuθ .

(A.31)
(A.32)
(A.33)

Note that the above solution is not unique and one can add a circulating transfer that
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traverses (n − 1) → n → (n + 1) → (n − 1). Following the same arguments as Dar et
al. [67] and Verma [232], we can show that the circulating transfer does not affect the

value of energy flux, which is defined in the next section. A shell model contains a large
number of shells, and all the energy transfers can be split into the unit interactions as
discussed in the present section.

A.3

Energy flux

As discussed in the Sec. 1.4, the kinetic energy flux is defined as the KE leaving a
wavenumer sphere of radius k. It is easy define the KE flux Πu (k ) for a shell model as
the energy transfers from all the shell within a sphere of radius k to the shell outside
the sphere, which is
Πu (k ) =

∑ ∑ ∑ Suu (n|m| p).

(A.34)

n>k m≤k p

The above energy flux gets contributions from shells k − 1, k, k + 1, k + 2 as the inter-

actions are local, that is, only three neighbouring shells interact. Hence,
Πu (k ) =

∑ ∑ ∑ Suu (n|m| p)

n>k m≤k p
uu

= S (k + 1|k|k − 1) + Suu (k + 1|k|k + 2) + Suu (k + 1|k − 1|k)
+Suu (k + 2|k|k + 1)

uu
uu
uu
= α1 Auu
k + α 2 A k +1 − α 3 ( A k + A k +1 ).

(A.35)

Similarly, we have the potential energy flux
Πθ (k ) =

∑ ∑ ∑ Suθ (n|m| p)

n>k m≤k p
uθ

= S (k + 1|k|k − 1) + Suθ (k + 1|k|k + 2) + Suθ (k + 1|k − 1|k)
+Suθ (k + 2|k|k + 1)

= d3 Ckuθ+1 − d2 Dkuθ − d1 ( Bkuθ + Bkuθ+1 ).
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[57] F. Chillà and J. Schumacher. New perspectives in turbulent Rayleigh-Bénard
convection. Eur. Phys. J. E, 35:58, 2012.
[58] E. S. C. Ching and W. C. Cheng. Anomalous scaling and refined similarity of an
active scalar in a shell model of homogeneous turbulent convection. Phys. Rev.
E., 77:015303, 2008.
[59] E. S. C. Ching, H. Guo, X. Shang, P. Tong, and K. Q. Xia. Extraction of plumes in
turbulent thermal convection. Phys. Rev. Lett., 93:124501, 2004.
[60] E. S. C. Ching and T. C. Ko. Ultimate-state scaling in a shell model for homogeneous turbulent convection. Phys. Rev. E., 78:036309, 2008.

103

BIBLIOGRAPHY
[61] M. R. Cholemari and J. H. Arakeri. Experiments and a model of turbulent exchange flow in a vertical pipe. Int. J. Heat Mass Transfer, 48:4467–4473, 2005.
[62] M. R. Cholemari and J. H. Arakeri. A model relating Eulerian spatial and temporal velocity correlations. J. Fluid Mech., 551:19–29, 2006.
[63] M. R. Cholemari and J. H. Arakeri. Axially homogeneous, zero mean flow
buoyancy-driven turbulence in a vertical pipe. J. Fluid Mech., 621:69–102, 2009.
[64] S. Cioni, S. Ciliberto, and J. Sommeria. Temperature structure functions in turbulent convection at low Prandtl number. EPL, 32:413–418, 1995.
[65] S. Cioni, S. Ciliberto, and J. Sommeria. Strongly turbulent Rayleigh–Bénard convection in mercury: Comparison with results at moderate Prandtl number. J.
Fluid Mech., 335:111, 1997.
[66] S. Danilov and D. Gurarie. Scaling, spectra and zonal jets in beta-plane turbulence. Phys. Fluids, 16:2592–2603, 2004.
[67] G. Dar, M. Verma, and V. Eswaran. Energy transfer in two-dimensional magnetohydrodynamic turbulence: Formalism and numerical results. Physica D,
157:207–225, 2001.
[68] P. A. Davidson. Turbulence in Rotating Stratified and Electrically Conducting Fluids.
Cambridge University Press, Cambridge, 2013.
[69] P. A. Davidson. Turbulence: An introduction for scientists and engineers. Oxford
University Press, Oxford, UK, 2015.
[70] M. De Pietro, L. Biferale, and A. A. Mailybaev. Inverse energy cascade in nonlocal
helical shell models of turbulence. Phys. Rev. E, 92:043021, 2015.
[71] P. Ditlevsen. Turbulence and Shell Models. Cambridge University Press, Cambridge, 2011.
[72] R. du Puits, C. Resagk, A. Tilgner, F. H. Busse, and A. Thess. Structure of thermal boundary layers in turbulent Rayleigh–Bénard convection. J. Fluid Mech.,
572:231–254, 2007.
[73] P. Embid and A. Majda. Low Froude number limiting dynamics for stably stratified flow with small or finite Rossby numbers. Geophys. Astrophys. Fluid Dynamics, 87:1–50, 1998.

104

BIBLIOGRAPHY
[74] M. S. Emran and J. Schumacher. Fine-scale statistics of temperature and its
derivatives in convective turbulence. J. Fluid Mech., 611:13, 2008.
[75] J. H. Ferziger and M. Peric. Computational Methods for Fluid Dynamics. SpringerVerlag Berlin Heidelberg, 2002.
[76] J. Frederiksen and R. Bell. Statistical dynamics of internal gravity waves - turbulence. Geophys. Astrophys. Fluid Dynamics, 26:257–301, 1983.
[77] P. Frick and D. Sokoloff. Cascade and dynamo action in a shell model of magnetohydrodynamic turbulence. Phys. Rev. E, 57:4155, 1998.
[78] U. Frisch. Turbulence: The Legacy of A N Kolmogorov. Cambridge University Press,
Cambridge, 2011.
[79] D. Funfschilling, E. Bodenschatz, and G. Ahlers. Search for the “ultimate state”
in turbulent Rayleigh-Bénard convection. Phys. Rev. Lett., 103:014503, 2009.
[80] T. Gilbert, V. S. L’vov, A. Pomyalov, and I. Procaccia. Inverse cascade regime in
shell models of two-dimensional turbulence. Phys. Rev. Lett., 89:074501, 2002.
[81] J. Glazier, T. Segawa, A. Naert, and M. Sano. Evidence against ’ultrahard’ thermal turbulence at very high Rayleigh numbers. Nature, 398:307–310, 1999.
[82] E. Gledzer. System of hydrodynamic type admitting two quadratic integrals of
motion. Sov. Phys. Dokl., 18:216, 1973.
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