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ABSTRACT

In hydrodynamic turbulence, the kinetic energy injected at large scales cascades to the inertial range, leading to a constant kinetic energy
flux. In contrast, in magnetohydrodynamic (MHD) turbulence, a fraction of kinetic energy is transferred to the magnetic energy.
Consequently, for the same kinetic energy injection rate, the kinetic energy flux in MHD turbulence is reduced compared to its
hydrodynamic counterpart. This leads to relative weakening of the nonlinear term hjðu � rÞuji, (where u is the velocity field) and turbulent
drag, but strengthening of the velocity field in MHD turbulence. We verify the above using shell model simulations of hydrodynamic and
MHD turbulence. Quasi-static MHD turbulence too exhibits turbulent drag reduction similar to MHD turbulence.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5142294

I. INTRODUCTION

Frictional force in a turbulent flow is proportional to the square
of the flow velocity.1,2 This steep dependence of the frictional force or
“turbulent drag” on the velocity makes it a major challenge in aero-
space and automobile industries, as well as in flow engineering. Past
experiments and numerical simulations reported turbulent drag
reduction in a dilute solution with polymers (see Tabor and de
Gennes,3 de Gennes,4 Sreenivasan and White,5 Benzi,6 Benzi and
Ching,7 and references therein) and in solutions with bubbles and sur-
factants.8 Despite many experimental and theoretical attempts, we are
far from consensus on the mechanism behind this phenomenon.
Researchers attribute the following factors for the drag reduction: vis-
coelasticity, nonlinear interactions between the polymer and the veloc-
ity field, interactions at the boundary layers, anisotropic stress, etc.3–7

Both bulk and boundary layer dynamics may play a significant role in
drag reduction. Yet, some researchers argue that the contributions
from the bulk probably dominate that from the boundary layer.5 In
the present paper, we study drag reduction in the bulk region of mag-
netohydrodynamics (MHD) and quasi-static magnetohydrodynamics
(QSMHD) turbulence, but not for the bluff bodies in such flows.

In this paper, using the energy fluxes we show that MHD and
QSMHD turbulence exhibit turbulent drag reduction. In particular,
we demonstrate that an inclusion of magnetic field in a turbulent flow
leads to reductions in the kinetic energy cascade rate, the nonlinear
term hjðu � rÞuji (where u is the velocity field, and h:i represents
averaged value), and turbulent drag. In particular, we describe the tur-
bulent drag reduction from the perspectives of energy transfers and
energy flux in the bulk flow.

In a turbulent flow forced at large scales, the injected kinetic energy
cascades to the intermediate scale and then to small scales, where the
energy flux is dissipated by viscous force. In pure hydrodynamic turbu-
lence, the energy injection rate, kinetic energy flux, and the viscous dissi-
pation are equal,1,2,9,10 and the turbulent drag is proportional to the
kinetic energy flux. In MHD turbulence and QSMHD turbulence, a part
of the kinetic energy is converted to magnetic energy, as illustrated by a
large body of works on energy transfer computations in MHD and
QSMHD turbulence.11–18 The above energy transfers lead to a reduction
in kinetic energy flux and the magnitude of the nonlinear term, and
hence a reduction in turbulent drag in MHD and QSMHD turbulence.

Reduction in kinetic energy flux also takes place in polymeric tur-
bulence and in bubbly turbulence. A common feature among these
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systems is that the kinetic energy is transferred to the elastic energy
associated with the magnetic field, polymers, and bubbles. Here, the
magnetic field in MHD acts like a taut string; polymers as springs; and
bubbles as elastic spheres. It is important to note that MHD turbulence
is more complex than hydrodynamic turbulence.2,19–21

To demonstrate the above, we performed numerical simulations
of shell models of hydrodynamic and MHD turbulence with identical
kinetic energy injection rates. We observe that the kinetic energy flux
and the nonlinear term hjðu � rÞuji for MHD turbulence are lower
than the corresponding quantities for hydrodynamic turbulence, but
the flow speed for MHD turbulence is larger than that for the hydro-
dynamic counterpart. We remark that turbulent drag reduction in
MHD and QSMHD turbulence would be important for astrophysical
and engineering applications. For example, magnetic field is imposed
to suppress velocity fluctuations in crystal growth and plate roll-
ing.22–24 We will describe the applications to dynamo later in the
paper.

The outline of the paper is as follows. In Secs. II and III, we relate
turbulent drag reduction in hydrodynamic and hydromagnetic turbu-
lence to energy fluxes. In Sec. IV, we perform numerical simulations of
hydrodynamic and MHD turbulence using shell models and verify
that the turbulent drag is reduced in MHD turbulence. Sections V and
VI cover drag reduction issues in QSMHD and polymeric turbulence
respectively. We conclude in Sec. VII.

II. TURBULENT DRAG IN HYDRODYNAMIC
TURBULENCE

In this section, we briefly describe the energy flux in
Kolmogorov’s theory of hydrodynamic turbulence and relate it to the
turbulent drag. The equations for incompressible hydrodynamics are

@u
@t
þ ðu � rÞu ¼ �rðp=qÞ þ �r2uþ Fext; (1)

r � u ¼ 0; (2)

where u; p are, respectively, the velocity and pressure fields; q is the
density which is assumed to be unity; � is the kinematic viscosity; Fext
is the external force employed at large scales that helps maintain a
steady state.

The multiscale energy transfer and dynamics are conveniently
described using Fourier modes. The external force Fext injects kinetic
energy at large scales. For a wavenumber k, the kinetic energy injection
rate is

F extðkÞ ¼ < FextðkÞ � u�ðkÞ½ �; (3)

where < stands for the real part of the argument. We denote the total
kinetic energy injection rate using �inj. That is

ðkf
0
dkF extðkÞ � �inj: (4)

This injected kinetic energy cascades to larger wavenumbers as kinetic
flux PuðkÞ. In the inertial range, PuðkÞ ¼ �inj, which is due to the
absence of external force and negligible viscous dissipation.1,2,9,25

This energy flux is dissipated in the dissipative range, and the
total viscous dissipation rate is given by

�u ¼
ð
dkDuðkÞ ¼

ð
dk2�k2EuðkÞ; (5)

where

EuðkÞ ¼
1
2
juðkÞj2 (6)

is modal kinetic energy, and

DuðkÞ ¼ 2�k2EuðkÞ (7)

is the modal viscous dissipation rate. Based on energetics arguments,
we conclude that2,9,25

PuðkÞ � �inj � �u �
U3

d
; (8)

where d is the large length scale of the system, and U is the large scale
velocity. In this paper, we take U as root mean square (rms) velocity.
We illustrate the kinetic energy flux and the viscous dissipation in Fig. 1.

For the large scales, under a steady state, Eq. (1) yields the average
turbulent drag FD;HD as

hFD;HDiLS � hjðu � rÞujiLS � hFexti; (9)

where h:iLS represents ensemble averaging over the large scales. In
terms of energy flux

UFD;HD � Pu �
U3

d
� �inj; (10)

or

FD;HD �
Pu

U
� U2

d
: (11)

Note that the viscous dissipation can be ignored at large scales.

FIG. 1. In hydrodynamic turbulence, the energy supplied by the external force Fext
at small wavenumbers (red sphere) cascades to the inertial range, leading to a con-
stant kinetic energy flux PuðkÞ in the inertial range. This flux is dissipated at small
scales by viscosity. In the colorbar, the blue color represents constant PuðkÞ, while
the black color represents depleted PuðkÞ.
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In Sec. III, we will describe how the energy transfers from the
velocity field to the magnetic field lead to a drag reduction in MHD
turbulence.

III. DRAG REDUCTION IN MHD TURBULENCE IN TERMS
OF ENERGY FLUX

The equations for incompressible MHD turbulence are

@u
@t
þ ðu � rÞu ¼ �rðp=qÞ þ �r2uþ FuðB;BÞ þ Fext; (12)

@B
@t
þ ðu � rÞB ¼ gr2Bþ FBðB;uÞ; (13)

r � u ¼ 0; (14)

r � B ¼ 0; (15)

where u;B are, respectively, the velocity and magnetic fields; p is the
total (thermalþmagnetic) pressure, q is the density which is assumed
to be unity; � is the kinematic viscosity; g is the magnetic diffusivity;
Fext is the external force employed at large scales; and

Fu ¼ ðB � rÞB; (16)

FB ¼ ðB � rÞu (17)

represent, respectively, the Lorentz force and the stretching of the
magnetic field by the velocity field. Such interactions lead to energy
exchanges among the field variables. In the above equations, the mag-
netic field B is in units of velocity, which is achieved by using
B ¼ Bcgs=

ffiffiffiffiffiffiffiffi
4pq
p

. Here, Bcgs is the magnetic field in cgs units.
Computation of multiscale energy transfers is quite convenient in

spectral or Fourier space, in which the evolution equation for the
modal kinetic energy EuðkÞ ¼ juðkÞj2=2 is1,2,25–28

d
dt

EuðkÞ ¼ TuðkÞ þ F uðkÞ þ F extðkÞ � DuðkÞ; (18)

where

TuðkÞ ¼
X
p

= fk � uðqÞgfuðpÞ � u�ðkÞg½ �; (19)

F uðkÞ ¼ < FuðkÞ � u�ðkÞ½ �
¼
X
p

�= fk � BðqÞgfBðpÞ � u�ðkÞg½ � (20)

with <;= representing the real and imaginary parts, respectively, and
q ¼ k � p. Note that F extðkÞ and DuðkÞ have been defined in Eqs.
(3) and (7), respectively. In this paper, we do not discuss the energetics
of B field because the turbulent drag reduction is related to the energy
fluxes associated with the velocity field. When we sum Eq. (18) over all
the modes in the wavenumber sphere of radius K, we obtain the fol-
lowing equation:1,2,28

d
dt

X
k�K

EuðkÞ ¼
X
k�K

TuðkÞ þ
X
k�K
F uðkÞ

þ
X
k�K
F extðkÞ �

X
k�K

DuðkÞ: (21)

The first term
P

k�K TuðkÞ is the net energy transfer from the modes
outside the sphere to the modes inside the sphere due to the nonlinear

term ðu � rÞu. It is also negative of the kinetic energy flux for the
sphere because

PuðKÞ ¼ �
X
k�K

TuðkÞ: (22)

The second term
P

k�K F uðkÞ represents the total energy transfer
rate to the velocity modes inside the sphere from all the magnetic
modes.12,27 Since

PBðKÞ ¼ �
X
k�K
F uðkÞ; (23)

the second term is negative of the net energy flux from the velocity
modes inside the sphere to all the magnetic modes. The third termP

k�K F extðkÞ is the net energy injected by the external force Fext (rep-
resented by the red sphere of Fig. 2). The last term

P
k�K DuðkÞ is the

total viscous dissipation rate inside the sphere. See Fig. 2 for an illustra-
tion of the above quantities.

For a wavenumber sphere of radius K, under a steady state
(d
P

k�K EuðkÞ=dt ¼ 0), the kinetic energy injected by Fext is lost to
the two fluxes (Pu, PB) and the total viscous dissipation rate. That is

PuðKÞ þPBðKÞ þ
X
k�K

DuðkÞ ¼ �inj: (24)

In the inertial range, where DuðkÞ � 0, we obtain

PuðKÞ þPBðKÞ � �inj: (25)

FIG. 2. In MHD turbulence, a fraction of kinetic energy flux is transferred to the
magnetic field. PuðKÞ is the kinetic energy flux for the velocity wavenumber sphere
of radius K (yellow sphere) and PBðKÞ is the net energy transfer from u modes
inside the sphere to all the B modes. The external force injects kinetic energy into
the small red sphere with the rate of �inj . The energy fluxes are dissipated with the
dissipation rates Du and DB. In the inertial range, PuðKÞ þPBðKÞ � �inj. In the
colorbars, the light-blue color represents a constant kinetic energy flux PuðkÞ,
while the red color represents PBðKÞ. The black color in the dissipation range rep-
resents depleted fluxes. Light-blue colored PuðkÞ for MHD turbulence is lower than
corresponding dark-blue colored PuðkÞ for hydrodynamic turbulence.
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Following similar lines of arguments as in Sec. II, we estimate the tur-
bulent drag in MHD turbulence using

hFD;MHDi � hjðu � rÞujiLS �
Pu

U
: (26)

Using Eq. (25), we deduce that

hFD;MHDi �
�inj �PB

U
: (27)

Researchers have studied the energy fluxes Pu and PB in detail
for various combinations of parameters—forcing functions, boundary
condition, � and g (or their ratio Pm ¼ �=g, which is called the
“magnetic Prandtl number”). For example, Mininni et al.29 computed
the fluxes Pu and PB using numerical simulations and observed that
PB > 0, and hence

Pu;MHD < Pu;HD: (28)

That is, the kinetic energy flux in MHD turbulence is lower than the
corresponding flux in hydrodynamic turbulence (without magnetic
field). Using numerical simulations, Debliquy et al.,15 Kumar et al.,16

and Verma and Kumar30 arrived at a similar conclusion. In particular,
using a shell model, Verma and Kumar30 simulated MHD turbulence
for Pm¼ 1 and showed that in the inertial range, Pu � 0:066 0:02
and PB � 0:936 0:02; this result indicates a drastic reduction of
kinetic energy flux in MHD turbulence. Note that PB, the energy trans-
ferred from the velocity field to the magnetic field, is responsible for the
enhancement of magnetic field in astrophysical dynamos (e.g., in plan-
ets, stars, and galaxies).31 Laboratory experiments (see Monchaux
et al.32 and references therein) too exhibit similar energy transfers.
Based on these observations on the energy fluxes, we deduce that

FD;MHD < FD;HD; (29)

or turbulent drag is reduced in MHD turbulence. Quantitatively, it will
be more appropriate to compute drag-reduction coefficients

c1 ¼
Pu

U3=d
; c2 ¼

hjðu � rÞuji
U2=d

: (30)

Note that c1; c2 � 1 for hydrodynamic turbulence, and they are
expected to be lower than unity for MHD turbulence.

The aforementioned reduction in the energy flux and the nonlin-
ear term hjðu � rÞuji lead to stronger large-scale velocity (U) in MHD
turbulence than in the corresponding hydrodynamic turbulence. Note
that strong and coherent U yields a diminished hjðu � rÞuji and
kinetic energy flux. This is because the kinetic energy flux depends on
U as well as on the phase relations between the velocity Fourier
modes.26,27 We illustrate the above based on the numerical simulations
of Yadav et al.33 They showed that in a subcritical dynamo transition,
U increases abruptly when the magnetic field becomes nonzero at the
onset of dynamo (see Fig. 4 of the study by Yadav et al.33). Note that
in the dynamo simulations of Yadav et al.,33 the flow exhibits turbulent
behavior even though the Reynolds number is not very large. Hence,
the energy fluxes are expected to be significant in these situations.
Contrast these features with those in laminar regime in which the
Lorentz force increases the drag.

Though the past results on energy fluxes provide strong credence
toward drag reduction in MHD turbulence, we need a clear-cut

demonstration of the same. Toward this objective, we performed sim-
ulations of shell models for hydrodynamic and MHD turbulence with
the same kinetic energy injection rates. We show that the kinetic
energy flux and hjðu � rÞuji are reduced for MHD turbulence, but U
for MHD turbulence is larger than that for hydrodynamic turbulence.
We will report these results in Sec. IV.

IV. NUMERICAL VERIFICATION USING THE SHELL
MODEL

We employ a well-known Gledzer–Ohkitani–Yamada (GOY)
shell model34,35 of hydrodynamic and MHD turbulence to quantify
the kinetic energy flux, root mean square (rms) velocity, and nonlinear
term connected to ðu � rÞu discussed in Secs. I–III. Based on these
quantities, we will show that the turbulent drag is indeed reduced in
MHD turbulence compared to hydrodynamic turbulence.

The equation for the GOY shell model for hydrodynamic turbu-
lence is

dun
dt
¼ Nn u; u½ � � �k2nun þ Fext;n; (31)

where un and Fext;n represent, respectively, the velocity and external
force fields for shell n, kn ¼ k0k

n is the wavenumber of the nth shell,
and � is the kinematic viscosity. Note that k is a constant, and it is
taken to be golden ratio.36 The mathematical expression of Nu½u; u� is

Nn u; u½ � ¼ �iða1knu�nþ1u�nþ2 þ a2kn�1u
�
nþ1u

�
n�1

þ a3kn�2u
�
n�1u

�
n�2Þ; (32)

where a1, a2, and a3 are constants. The conservation of kinetic energy
[
Ð
drðu2=2Þ] and kinetic helicity [

Ð
drðu � xÞ, where x denotes vortic-

ity field] for the force-less and dissipationless regime, helps us deter-
mine the values of constant a1; a2; a3. A choice of the constants used
in previous simulations and also in this paper is a1 ¼ k; a2 ¼ 1� k
and a3 ¼ �1.

There are many shell models for MHD turbulence, e.g., see Refs.
37–39. However, in this paper, we employ the GOY-based shell model
proposed by Verma and Kumar,30 which is

dun
dt
¼ Nn u; u½ � þMn B;B½ � � �k2nun þ Fext;n; (33)

dBn

dt
¼ On u;B½ � þ Pn B; u½ � � gk2nBn; (34)

where Bn is the shell variable for the magnetic field and g is the mag-
netic diffusivity. In addition to Nu½u; u� of Eq. (32), there are three
additional nonlinear termsMn½B;B�; On½u;B�, and Pn½B; u�, which are

Mn B;B½ � ¼ �2iðb1knB�nþ1B�nþ2 þ b2kn�1B
�
nþ1B

�
n�1

þ b3kn�2B
�
n�1B

�
n�2Þ; (35)

On u;B½ � ¼ �i knðd1u�nþ1B�nþ2 þ d3B
�
nþ1u

�
nþ2Þ

�
þ kn�1ð�d3u�nþ1B�n�1 þ d2B

�
nþ1u

�
n�1Þ

� kn�2ðd1u�n�1B�n�2 þ d2B
�
n�1u

�
n�2Þ�; (36)

Pn B; u½ � ¼ i knðb2u�nþ1B�nþ2 þ b3B
�
nþ1u

�
nþ2Þ

�
þ kn�1ðb3u�nþ1B�n�1 þ b1B

�
nþ1u

�
n�1Þ

þ kn�2ðb2u�n�1B�n�2 þ b1B
�
n�1u

�
n�2Þ�; (37)
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where fb1; b2; b3g and fd1, d2, d3g are the constants. Akin to hydro-
dynamic turbulence, these constants are computed using the conserva-
tion of the total energy [

Ð
drðu2 þ B2Þ=2], the magnetic helicity

[
Ð
drðA � BÞ, where A is magnetic vector potential], and the cross hel-

icity [
Ð
drðu � BÞ] for � ¼ g ¼ 0 and Fext;n ¼ 0. It is also ensured that

the pure fluid case (Bn ¼ 0) satisfies the conservation of kinetic energy
and kinetic helicity. These constraints yield the following values of the
constants:30

b1 ¼ k; b2 ¼ 1þ k
2
; b3 ¼ �1�

3k
2
; (38)

d1 ¼
5k
2
; d2 ¼ �kþ 2; d3 ¼ �

k
2
: (39)

Note that the expression of Nn½u; u� and the constants a1, a2, and a3
are the same as those for hydrodynamic turbulence discussed earlier.

We simulate the shell models for hydrodynamic and MHD tur-
bulence for identical kinetic energy injection rates and compare the
kinetic energy fluxes, hjðu � rÞuji, and the rms velocities for the two
models. For the simulations, we divide wavenumbers into 36 logarith-
mically binned shells and take k ¼

ffiffiffi
5
p
þ 1

� �
=2, the golden ratio. For

time integration, we use the Runge–Kutta fourth order (RK4) scheme
with a fixed Dt. We carry out our hydrodynamic and MHD simulation
up to 1000 eddy turnover time unit.

As illustrated in Figs. 1 and 2, we force the large-scale velocity
field using external random force at shells n¼ 1 and 2 such that the
kinetic energy supply rate is maintained at a constant value. For the
same, we employ the scheme proposed by Stepanov and Plunian.38

We perform three sets of simulations with kinetic energy supply rates
�inj ¼ 0:1; 1:0 and 10.0, and �; g ¼ 10�6. For �inj ¼ 0:1 and 1.0, we
choose Dt ¼ 5� 10�5, but for �inj ¼ 10:0, we take Dt ¼ 10�5. The
numerical results are summarized in Table I.

The simulations reach their respective steady states after around
200 eddy turn over times. In Fig. 3, for the steady states, we plot the
time series of the kinetic energy for hydrodynamic simulations and
kinetic, magnetic, and total energies for MHD simulations for the
three injection rates. The time series demonstrate that for the same
�inj, the kinetic energy for MHD turbulence is typically larger than that
for the hydrodynamic turbulence. These observations clearly demon-
strate an enhancement of the speed in MHD turbulence than hydrody-
namic turbulence, as described in Sec. III.

For hydrodynamic and MHD turbulence, using the numerical un
from the shell models, we estimate the rms value of the velocity using

U ¼
�X

n

junj2
�1=2

; (40)

and the rms values of ðu � rÞu using the formula

hjðu � rÞuji ¼
�X

n

jNn u; u½ �j2
�1=2

: (41)

We average the computed values over 50 000 frames during the steady
state. These values are further averaged over 16 different simulations
that were started with random initial condition. The results listed in
Table I indicate a relative suppression of hjðu � rÞuji in MHD turbu-
lence compared to hydrodynamic turbulence. However

UMHD > UHD (42)

indicating a relative enhancement of the velocity in MHD turbulence.
Note that the hjðu � rÞuji depends critically on the phases of the
Fourier modes; larger U does not necessarily imply larger hjðu � rÞuji.

TABLE I. For the three sets of shell model simulations of hydrodynamic and MHD
turbulence with kinetic energy injection rates �inj ¼ 0:1; 1:0 and 10.0, the table con-
tains the numerical values of kinetic energy flux (Pu) in the inertial range; rms veloc-
ity (U); and hjðu � rÞuji ¼ h

P
n jNn½u; u�j2i1=2.

Hydrodynamics MHD

�inj Pu U hjðu � rÞuji Pu U hjðu � rÞuji

0.1 0.1 0.87 8.77 0.02 0.92 4.17
1.0 1.0 1.88 47.48 0.21 2.02 23.79
10.0 10.0 3.95 271.88 2.06 4.33 136.44

FIG. 3. Time evolution plots of the kinetic energy for hydrodynamics (red dashed
curves), as well as those of the kinetic energy (solid red curves), magnetic energy
(green curves), and total energy (dark-blue curves) for MHD turbulence. The three
subplots represent the results for injection rates (a) �inj ¼ 0:1, (b) �inj ¼ 1:0, and
(c) �inj ¼ 10:0.
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Using the numerical data, we also compute the averaged kinetic
energy spectrum

EuðkÞ ¼
1
2kn
hu2ni (43)

for hydrodynamic and MHD turbulence. We adopt the same averag-
ing procedure as done for the computation of U and hjðu � rÞuji. The
energy spectra shown in Fig. 4 for the three sets show k�5=3 power law
in the inertial range. For each case, EuðkÞ values for hydrodynamic
and MHD turbulence are almost equal to each other, except at small
and large wavenumbers. At small wavenumbers, EuðkÞ for MHD tur-
bulence is larger than that for hydrodynamics, consistent with the
observation that UMHD > UHD. Also, note that the trend is reversed at
large wavenumbers, whose role in turbulent drag reduction needs to
be explored in future.

Finally, we compute averaged kinetic energy fluxes for hydrody-
namic andMHD turbulence using the following flux formula:30,40

PuðKÞ ¼ a3kK�1h=ðu�K�1u�Ku�Kþ1Þi
�a1kKh=ðu�Ku�Kþ1u�Kþ2Þi: (44)

In Fig. 5, we plot the kinetic energy fluxes for the three �inj. The figure
clearly shows that for all three cases,

Pu;MHD < Pu;HD: (45)

We also compute PB as �inj �Pu and observe it to be positive. That
is, the magnetic field receives energy from the velocity field. These
results are consistent with the discussion of Sec. III.

The above results on PuðKÞ are consistent with the fact
that hjðu � rÞuji for MHD turbulence is lower than the corre-
sponding term for hydrodynamic turbulence (see Table I); lower
hjðu � rÞuji leads to lower kinetic energy flux. In addition, lower
hjðu � rÞuji produces larger U for MHD turbulence. We also
remark that the above trends on the energy fluxes are consistent
with the results of Mininni et al.29 based on direct numerical
simulations.

Thus, our numerical simulations demonstrate that MHD turbu-
lence has lower hjðu � rÞuji and kinetic energy flux, but a larger U
compared to hydrodynamic turbulence. These results demonstrate
that turbulent drag is indeed reduced in MHD turbulence.

In Sec. V, we will describe turbulent drag reduction in QSMHD
turbulence.

V. DRAG REDUCTION IN QSMHD TURBULENCE IN
TERMS OF ENERGY FLUX

Quasi-static MHD turbulence, a special class of MHD flows, has
a very small magnetic Prandtl number.17,41 A typical example of
QSMHD is a liquid metal flow with a strong external magnetic field.
In a nondimensionalized set of equations, the Lorentz force is propor-
tional to �Nu; hence, it is dissipative.17,41 The parameter N, called
“interaction parameter,” is the ratio of the Lorentz force and nonlinear
term ðu � rÞu, or

N ¼ rB2
0L

qU
; (46)

where r is the electrical conductivity and B0 is the external magnetic
field, which is assumed to be constant.

In QSMHD turbulence,17,41 the corresponding force and related
energy transfer rates are

FuðkÞ ¼ �NuðkÞ cos2h; (47)

F uðkÞ ¼ < FuðkÞ � u�ðkÞ½ � ¼ �2NEuðkÞ cos2h < 0; (48)

where h is the angle between the external magnetic field B0 and the
wavenumber k. Therefore, the energy transferred from the velocity
field to the magnetic field, PBðKÞ, takes the following form:

PBðKÞ ¼ �
X
k�K
F uðkÞ ¼

X
k�K

2NEuðkÞ cos2h > 0: (49)

Hence, the dissipative Lorentz force transfers the kinetic energy to the
magnetic energy, which is immediately destroyed by Joule dissipation.
Hence, as argued above, the kinetic energy flux is suppressed com-
pared to the hydrodynamic turbulence.

FIG. 5. Plots of kinetic energy fluxes PuðkÞ for the different injection rates �inj ¼ 0:1
(red), �inj ¼ 1:0 (green), and �inj ¼ 10:0 (blue). The solid curves represent the
PuðkÞ for MHD turbulence, while the dashed curves for hydrodynamic turbulence.

FIG. 4. Plots of kinetic energy spectra EuðkÞ for injection rates �inj ¼ 0:1 (red),
�inj ¼ 1:0 (green), and �inj ¼ 10:0 (blue). The solid curves represent EuðkÞ for
MHD turbulence, and the dashed curves for hydrodynamic turbulence.
Kolmogorov’s �5=3 scaling (black) fits well in the inertial range for all the cases.
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As argued in Sec. IV, the depleted Pu in QSMHD turbulence
leads to a reduction in turbulent drag. Physically, the magnetic field
smoothens the velocity field compared to hydrodynamic turbulence.
Therefore, we expect the turbulent drag in QSMHD turbulence to be
lower than the corresponding hydrodynamic counterpart.

Reddy and Verma42 simulated QSMHD turbulence for a wide
range of interaction parameter N with a constant energy injection rate
of 0.1 (in nondimensional unit). In Table II, we list the rms velocity U
as a function of N. Here, U is measured in units of L/T, where L and T
are length and time scales of the large scale eddies. Clearly, U increases
monotonically withN. In other words, the turbulent drag is reduced in
QSMHD turbulence. It is important to note that a large U does not
necessarily imply a large nonlinear term ðu � rÞu, which depends on
U, as well as on the phase relations between the velocity modes. The
magnetic field alters the phase relations in ðu � rÞu, thus suppresses
this term and the drag, and produces larger U.

The reduced turbulent flux plays an important role in drag reduc-
tion. Note however that such reduction does not occur in laminar
QSMHD because the Lorentz force damps the flow further. For exam-
ple, in a QSMHD channel flow, the maximum velocity in the center of
the channel is17,44

UQSMHD ¼ �
1

rB2
0

@p
@x

� 	
: (50)

In contrast, in a hydrodynamic channel flow, the maximum
velocity is45

UHD ¼ �
d2

2�q
@p
@x

� 	
; (51)

where d is the half-width of the channel. The ratio of the two veloc-
ities is

UQSMHD

UHD
¼ 2�q

rB2
0d2
¼ 1

Ha2
; (52)

where Ha is the Hartmann number, which is much larger than unity
for QSMHD turbulence. Hence, the velocity in laminar QSMHD is
much smaller than that in the hydrodynamic channel. In contrast, in a
turbulent flow, the Lorentz force suppresses hjðu � rÞuji, and hence
increases the mean velocity. Thus, the aforementioned drag reduction
is a nonlinear phenomenon, which is related to the energy flux. We
remark that such reduction in fluctuations has been observed in labo-
ratory experiments. For example, Berhanu et al.46 observed significant
reduction in velocity fluctuations in a turbulent flow of gallium under
an external magnetic field. In addition, suppression of fluctuations in
QSMHD turbulence finds applications in engineering, for example, in
crystal growth and plate rolling.22–24

In Sec. VI, we show that a similar process is at work in turbulent
flows with dilute polymers. We discuss this briefly to make a

connection between turbulent drag reduction in MHD turbulence
with that in a polymeric solution.

VI. REVISITING TURBULENT DRAG REDUCTION WITH
DILUTE POLYMERS

Among a large body of works on turbulent drag reduction in pol-
ymers,3–7 those related to the energy fluxes of polymeric flows are
quite small in number. Recently, Valente et al.47,48 performed numeri-
cal simulations of polymeric solution and computed various energy
fluxes. They showed a transfer of kinetic energy to the elastic energy of
polymers for a set of parameters. Nguyen et al.49 reported similar
energy transfers, but they also showed a transfer from the elastic
energy to the kinetic energy at small scales. Using numerical simula-
tions, Benzi et al.50 and Perlekar et al.51 analyzed the energy spectra
and dissipation rates of kinetic and elastic energies. Thais et al.52 com-
puted the above quantities using turbulent stresses. Ray and
Vincenzi53 and Kalelkar et al.54 studied the turbulent drag reduction
in polymers using the shell model. Several numerical simulations
explore the effects of various parameters—elasticity, Reynolds number,
and geometry of polymers—on turbulent drag reduction.55,56 In this
paper, we relate the energy fluxes in polymeric turbulence to turbulent
drag reduction.

Polymers are often described using a finitely extensible nonlinear
elastic-Peterlin (FENE-P) model.2,6 In this model, the equations for a
turbulent flow with dilute polymer in tensorial form are2,6,57

@ui
@t
þ uj@jui ¼ �@ip=qþ �@jjui þ

l
sp
@jðfwijÞ þ Fext;i; (53)

@wij

@t
þ ul@lwij ¼ wil@luj þ wjl@lui þ

1
sp

fwij � dij
� 


; (54)

@iui ¼ 0; (55)

where q is the mean density of the solvent, � is the kinematic viscosity,
l is an additional viscosity parameter, sp is the polymer relaxation
time, and f is the renormalized Peterlin’s function. In the above equa-
tions, the following forces are associated with u and wij (apart from
constants):

Fu;i ¼ @jðfwijÞ; (56)

Fw;ij ¼ wil@luj þ wjl@lui: (57)

In Fourier space, the energy feed to kinetic energy by Fu is

F uðkÞ ¼ �
X
p

= kjf ðqÞwijðpÞu�i ðkÞ
� 


; (58)

where q ¼ k � p. The net energy transferred from the velocity modes
inside the sphere of radius K to all the modes of the polymer is

PwðKÞ ¼
X
k�K
�F uðkÞ: (59)

Using numerical simulations of polymeric turbulence, Valente
et al.47,48 analyzed the energy transfers, in particular, the fluxes Pu and
Pw. These fluxes depend on the Deborah number, De, which is the
ratio of the relaxation timescale of the polymer and the characteristic
timescale for the energy cascade. A common feature among all the
numerical runs is that Pw > 0. In addition, the transfer from kinetic
energy to elastic energy is maximum when De 	 1. For example,

TABLE II. For simulation of QSMHD turbulence by Verma and Reddy,43 root mean
square (rms) velocity of the flow (U) as a function of interaction parameter N. The
flow speed increases with the increase in N.

N 1.7 18 27 220
U 0.39 0.51 0.65 0.87
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Valente et al.47 showed that for De ¼ 1:17; Pw=�inj � 0:8 for
kg > 0:2, where g is Kolmogorov’s wavenumber, and Pu=�inj peaks
to approximately 0.3 near kg � 0:1. Thus, Pu is reduced to around
20%–30% for this case. We expect similar reduction for other cases
when De 	 1. Using a shell model, Ray and Vincenzi53 showed that
the kinetic energy is transferred to the polymer elastic energy. Thais
et al.,52 and Nguyen et al.49 arrived at similar conclusions based on
their direct numerical simulation of polymeric turbulence. Based on
these observations, we deduce that

Pu;Polymeric < Pu;HD: (60)

This reduction leads to a decrease in hjðu � rÞuji and in turbulent
drag (also see Sec. III). Note however that in the laminar regime, the
energy flux vanishes and hence the drag is not reduced. This is consis-
tent with the observations by Sreenivasan and White,5 and with the
formulas for laminar QSMHD discussed in Sec. V. It will be interesting
to perform a comparative study between the shell models for polymers
and hydrodynamics, as in Sec. IV.

Earlier, Fouxon and Lebedev57 showed that the equations for
dilute polymers are intimately connected to those of MHD turbu-
lence. Hence, the aforementioned energy transfers47,52,53 from the
kinetic energy to elastic energy are consistent with the results of
MHD turbulence.

We end this section with a cautionary remark. Turbulent drag
reduction in a polymer solution is attributed to many factors: bound-
ary layers, viscoelasticity, turbulence in the bulk, interactions between
polymers and large scale velocity field, anisotropy, polymer concentra-
tion, elasticity parameters, Reynolds number, etc.3–7,55,56 In the paper,
we focus on the reduction in kinetic energy flux due to polymers.
More detailed and comprehensive simulations and experiments with
all the above parameters are required for a definitive conclusion.

Turbulent drag reduction has also been reported in flows with
bubbles (e.g., L’vov et al.8). It has been argued that kinetic energy may
be transferred to the elastic energy of the bubbles; this process may be
important for the turbulent drag reduction in bubbly turbulence.

We conclude in Sec. VII.

VII. DISCUSSIONS AND CONCLUSIONS

In this paper, we show that MHD turbulence and quasi-static
MHD (QSMHD) turbulence exhibit turbulent drag reduction. We
relate the above to the reduced kinetic energy flux due to a partial
transfer of kinetic energy flux to the magnetic field. This process leads
to a suppression of the nonlinear term hjðu � rÞuji, and stronger rms
velocity U compared to hydrodynamic turbulence. Similar reduction
in kinetic energy flux has been reported in solutions with dilute poly-
mers and bubbles. Thus, the energy flux provides a useful perspective
on turbulent drag reduction. We remark that some of the works by
Eyink et al.58,59 and Jafari et al.60–62 are useful in quantifying random-
ness in hydrodynamic and MHD turbulence. These authors also stud-
ied stochasticity in dynamo.

We simulated shell models of hydrodynamic and MHD turbu-
lence, and computed the rms velocities, hjðu � rÞuji, and kinetic
energy fluxes for the two cases. For the same kinetic energy injection
rate, hjðu � rÞuji and kinetic energy flux in MHD turbulence are
lower than those for hydrodynamic turbulence. However, the rms
velocity is larger for MHD turbulence; this enhanced velocity still
yields suppression in hjðu � rÞuji in MHD turbulence due to the

phase relations of the complex Fourier modes. Our simulations also
show that in MHD turbulence, a finite amount of energy is transferred
from the velocity field to the magnetic field. These numerical observa-
tions demonstrate turbulence drag reduction in MHD turbulence.
Direct numerical simulations of hydrodynamic and MHD turbulence
will provide stronger credence to the above theory. However, such
simulations are very expensive, and they are planned for the future.

Turbulent drag reduction in MHD turbulence has important
ramifications in astrophysical and engineering flows. We believe
that this feature would have consequences in solar and planetary
dynamos. In a subcritical dynamo transition, a finite magnetic field
appears at one transition point, and a finite magnetic field shut-
down abruptly at the other transition point.33,63 When we carry
forward our results discussed in this paper to such a system, we
expect that the generated magnetic field would suppress the non-
linear term hjðu � rÞuji and enhance U, while shutdown of the
dynamo would enhance hjðu � rÞuji and suppress U. Yadav et al.33

observed precisely this feature in their simulation of subcritical
dynamo transition with a small magnetic Prandtl number. We can
relate this result to the Martian dynamo. At present, Mars has no
magnetic field, but there is evidence of a strong crustal magnetic
field. Hence, researchers believe that dynamo action was present in
Mars in the past, but it got shutdown via a subcritical dynamo
transition.64 Based on the above arguments, we can conjecture that
during this dynamo shutdown, hjðu � rÞuji may have increased,
while the mean Umay have been weakened. We hope that numeri-
cal simulations may verify this conjecture.

In addition, we expect that our findings would be useful for
understanding the dynamics of some of the laboratory dynamos
employed to understand geodynamo.65 Note that the large laboratory
devices for studying dynamo transitions need to be robust enough to
handle the aforementioned sudden increase in the large-scale velocity
field. These issues would be of concern to the designers of the experi-
ments. In addition, the magnetic field can be used to suppress fluctua-
tions or the nonlinear term u � ru in engineering flows, as in crystal
growth and plate rolling.22–24 These ideas help in producing smooth
plates for aerodynamic designs and defect-free large crystals.

Turbulent drag reduction for aircrafts and automobiles is an
interesting and challenging problem. Toward this objective, research-
ers have devised many interesting schemes including laminar flow
control, control of boundary layer detachment, injection of traveling
waves, etc.66,67 This phenomenon is related to the relaminarization of
fluid flows. Narasimha and Sreenivasan68 studied relaminarization in
stably stratified turbulence, rotating turbulence, and accelerated flows,
and connected relaminarization to the reduction in the nonlinear term
hjðu � rÞuji. Connecting the above phenomena to the energy flux
would be an interesting and useful exercise.

In summary, turbulent energy flux provides valuable insights
into the dynamics of drag reduction.
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