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ABSTRACT

We perform direct numerical simulations to study the effects of the finite Reynolds number and domain size on the decay law of Saffman
turbulence. We observe that the invariant for Saffman turbulence, u2 ℓ3 , and non-dimensional dissipation coefficient, Cϵ = ϵ/(u3 /ℓ), are
sensitive to finite domain size; here, u is the rms velocity, ℓ is the integral length scale, and ϵ is the energy dissipation rate. Consequently, the exponent n in the decay law u2 ∼ t −n for Saffman turbulence deviates from 6/5. Due to the finite Reynolds number and
the domain size, Saffman turbulence decays at a faster rate (i.e., n > 6/5). However, the exponent n = 6/5 is more sensitive to the
domain size than to the Reynolds number. From the simulations, we find that n remains close to 6/5 as long as Rλ ≳ 10 and ℓ ≲ 0.3Lbox ;
here, Rλ is the Reynolds number based on the Taylor microscale and Lbox is the domain size. We also notice that n becomes slightly
lower than 6/5 for a part of the decay period. Interestingly, this trend n < 6/5 is also observed earlier in freely decaying grid-generated
turbulence.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0015009., s

I. INTRODUCTION
Turbulence is a very complex phenomenon; many of its
observed characteristics lack satisfactory explanations. Consider, for
example, one of the most classical problems of turbulence—freely
decaying grid-generated turbulence. It is clear that in freely decaying
turbulence, the kinetic energy of turbulence decays with time due to
viscous dissipation; however, there is no general agreement on its
decay rate.1 Although significant efforts have been made to understand the physics of freely decaying turbulence, it still remains one
of the most debatable topics of turbulence.
Kolmogorov2 was the first to propose the decay law for freely
decaying turbulence. According to him, the decay of kinetic energy
E of homogeneous isotropic turbulence with time t is independent
of viscosity and follows a power-law E ∼ t −n with the decay law
exponent n = 10/7. Kolmogorov’s predictions for freely decaying turbulence are based on the assumptions that during the decay of turbulence, the Loitsyansky integral I = − ∫ r2 ⟨u ⋅ u′ ⟩dr is invariant and
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the Saffman integral L = ∫⟨u ⋅ u′ ⟩dr = 0; here, u and u′ are the velocities at two points separated by the displacement vector r. The freely
decaying turbulence with the Loitsyansky integral as an invariant is
commonly known as Batchelor turbulence, which exhibits energy
spectrum scaling E(k) ∼ k4 at large scales and u2 ℓ5 as an invariant,
where k is the wavenumber, u is the rms velocity, and ℓ is the integral
length scale. Combining u2 ℓ5 = const. with the empirical relation for
the energy dissipation rate, ϵ = Cϵ (u3 /ℓ), we derive the power laws,
E ∼ t −10/7 and ℓ ∼ t 2/7 for freely decaying Batchelor turbulence, where
Cϵ is a constant known as the non-dimensional dissipation coefficient. Note that the assumption that Cϵ remains constant in freely
decaying turbulence is valid only at high Reynolds numbers. At low
or moderately high Reynolds number, Cϵ changes with time in freely
decaying turbulence.3–7
Saffman8 disagreed with Kolmogorov’s assumptions for freely
decaying turbulence. He argued that in freely decaying turbulence, L is a non-zero invariant, whereas I is not an invariant.
The type of turbulence in which L is non-zero and an invariant
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is commonly known as Saffman turbulence, which exhibits E(k)
∼ k2 scaling at large scales and u2 ℓ3 as an invariant. Combining
u2 ℓ3 = const. with ϵ = Cϵ (u3 /ℓ), we obtain the well-known
power laws for freely decaying Saffman turbulence, E ∼ t −6/5 and
ℓ ∼ t 2/5 .
Both types of turbulence, Batchelor and Saffman, can be easily generated in direct numerical simulations (DNS).1,9,10 However,
experimental data of freely decaying grid-generated turbulence are
more consistent with the characteristics of Saffman turbulence.11–15
In a famous experiment of grid-generated turbulence, Comte-Bellot
and Corrsin11 obtained the decay law exponent n ≈ 6/5, same as that
for Saffman turbulence. Krogstad and Davidson12 observed decay
law exponent close to n = 6/5 for freely decaying grid generated
turbulence and argued that Saffman turbulence is the most probable type for grid-generated turbulence. Morize and Moisy15 also
obtained n ≈ 6/5 in the grid-generated turbulence by using PIV (particle image velocimetry) measurements. These results indicate that
Saffman turbulence is more likely to manifest in grid-generated turbulence. In this work, we consider only Saffman turbulence for our
analysis.
The implicit assumption in the discussed decay laws, E ∼ t −6/5
or E ∼ t −10/7 , is that the Reynolds number of the turbulence remains
high (Rλ ≫ 1) throughout the decay period, and the turbulence
is freely decaying in a large domain (i.e., ℓ ≪ Lbox ), where Rλ
is the Reynolds number based on the Taylor microscale and Lbox
is the domain size. However, technological constraints in experiments and simulations restrict the study of freely decaying turbulence to a finite Reynolds number and in a finite domain.1,13,16
Therefore, it is necessary to systematically assess the effects of finite
Reynolds number and domain size on the decay laws to enable
a fair comparison between the data obtained by using experiments, simulations, and theories. This is the focus of the present
paper.
Using a phenomenological model, Skrbek and Stalp16 studied
the effect of finite domain size on freely decaying turbulence. They
predicted that due to the saturation of growing large eddies in a finite
domain, the decay law exponent n becomes higher than 6/5 in freely
decaying turbulence. Using Eddy-Damped Quasi-Normal Markovian (EDQNM) model, Meldi and Sagaut17 predicted the correction
to be applied to the power-law exponent n = 6/5 due to the periodic boundary conditions in a finite domain. Thornber18 studied
the effect of finite domain size on freely decaying turbulence by
using large eddy simulations (LES). He remarked that the exponent
m = 2/5 in the power law ℓ ∼ t m for Saffman turbulence is more
sensitive to the finite domain size than the decay law exponent
n = 6/5. Davidson1 and Meldi and Sagaut17 prescribed that if the
integral length scale ℓ remains less than one-tenth of the domain
size Lbox during the decay period, the effect of periodic boundary
conditions on the decay law exponent would be insignificant. Additionally, the higher value n (n > 6/5) in decaying turbulent flow can
intuitively be explained using the energy dissipation relation. For
the saturated integral length scale (ℓ = const.) in a finite domain,
ϵ = Cϵ (u3 /ℓ) predicts E ∼ t −2 , a faster decay than that of Saffman
turbulence (E ∼ t −6/5 ).
In this work, we assess some of the prior results and predictions on the effects of domain size and also study the effect of finite
Reynolds number on the decay law of Saffman turbulence by using
direct numerical simulations. This paper is organized as follows:
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We give details of the numerical simulations in Sec. II, discuss the
results in Sec. III, and conclude our observations in Sec. IV.
II. SIMULATION DETAILS
We solve the Navier–Stokes equation,
∂t u + (u ⋅ ∇)u = −∇p/ρ + ν∇2 u + f,

(1)

∇ ⋅ u = 0,

(2)
19,20

in Fourier space using a pseudo-spectral code Tarang
in a triply
periodic box of size Lbox = 2π. Here, u is the velocity field, p is the
pressure field, and ρ and ν are the density and kinematic viscosity of
the fluid, respectively. The forcing field f is set to zero for the freely
decaying turbulence. For time integration, we use the fourth-order
Runge–Kutta (RK4) method with time step Δt computed from the
CFL (Courant–Friedrichs–Lewy) condition. We use the 2/3 rule for
dealiasing.
For all the simulations (except one), we use the following form
of the energy spectrum with random Gaussian noise, similar to that
in the work of Ishida, Davidson, and Kaneda,9 and fix the initial
energy to unity,
E(k, t = 0) ∼ kσ exp(−(k/kp )2 ).

(3)

We name it Synthetic initial condition. Here, we set σ = 2 to obtain
E(k, t = 0) ∼ k2 (Saffman turbulence) scaling at large scales, and
wavenumber kp , which corresponds to the size of large eddies, is varied to control the initial ℓ/Lbox . In one of the simulations, we use
a fully evolved and statistically stationary turbulence as an initial
condition. We develop this flow field by applying a random forcing scheme that supplies constant energy and no kinetic helicity in
the wavenumber band kf ∈ (11, 12).21–24 We name it evolved initial condition. Interestingly, this turbulent flow also exhibits E(k)
∼ k2 scaling at large scales in the steady state. For all the simulations, kmax η > 1, ensuring that the grid spacing is sufficient to resolve
the smallest scale of the flow, where kmax is the largest wavenumber in the simulations and η is the Kolmogorov length scale in the
turbulent flow.
Table I presents the details of the simulations and the key
results obtained for freely decaying Saffman turbulence. We perform
seven simulations (S1–S7) with the synthetic initial condition and
one simulation with the evolved (SF) initial condition for different kp
and ν to obtain a wide range of initial Reynolds numbers and ℓ/Lbox .
The Reynolds number based on the Taylor microscale for isotropic
turbulence is defined as
√
15
2
.
Rλ = E
3
νϵ
τ i represents the initial transient period. We estimate τ i by using
the temporal variation of the decay law exponent n [Fig. 3(b)]. τ i
is defined as the time when ∂n/∂τ first becomes equal to −0.01 after
the initial maximum. μn and σ n given in the table are mean and standard deviation of n, respectively, from τ = τ i to τ = τ f , where τ f is the
time when ℓ/Lbox ≈ 0.3. The values of Rλ in the table are at τ = 0, τ
= τ i , and τ = τ f . Note that the time τ is normalized by initial eddy
turn-over time.
In Sec. III, we discuss the results obtained from the
simulations.
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TABLE I. Details of the simulations for Saffman turbulence with the synthetic and the evolved initial conditions. N is the number of grid points in each direction. Rλ are at
τ = 0, τ = τ i , and τ = τ f , respectively, and ℓ/Lbox are at τ = 0 and τ = τ i ; here, τ f is the time where ℓ = 0.3Lbox . μn and σ n are mean and standard deviation of n, respectively,
from τ = τ i to τ = τ f .

Runs
S1
S2
S3
S4
S5
S6
S7
SF

N

ν

kp (kf for SF)

τi

τf

Rλ

512
512
512
512
512
1024
1024
512

0.001
0.001
0.001
0.001
0.001
0.0005
0.0005
0.001

5
10
20
30
40
40
80
(11, 12)

5.1
12.1
14.9
21.7
21.1
17.5
23.4
15.1

6.3
15.1
49.7
84.9
154.1
233.1
500
81.8

320, 45, 44
155, 29, 28
76, 18, 17
50, 13, 12
38, 11, 9
75, 17, 13
37, 10, 7
46, 12, 10

III. RESULTS AND DISCUSSION
In this section, we discuss the results for freely decaying
Saffman turbulence obtained by using the synthetic and evolved
initial conditions.
Figure 1 shows the temporal variation of Rλ and ℓ/Lbox . We
observe that Rλ decreases, whereas ℓ increases with time. Runs S1
and S2 have relatively high Reynolds number and high initial ℓ/Lbox ,
whereas S5 and S7 have relatively low Reynolds number and low initial ℓ/Lbox . Among all the simulations, only S6 has both reasonably
high Rλ and low ℓ/Lbox at the same time throughout the decay period.
Squares and circles marked in Fig. 1 at τ = τ i and τ = τ f , respectively,

μn ± σn

ℓ/Lbox
0.219, 0.291
0.112, 0.281
0.056, 0.197
0.038, 0.177
0.028, 0.144
0.028, 0.111
0.014, 0.076
0.069, 0.160

1.16 ± 0.005
1.10 ± 0.007
1.13 ± 0.009
1.17 ± 0.01
1.20 ± 0.01
1.21 ± 0.02
1.23 ± 0.005
1.21 ± 0.03

indicate that as long as ℓ ≲ 0.3Lbox , the growth of the integral length
scale and the decay of the Reynolds number approximately follow
the power laws, ℓ ∼ τ 2/5 and Rλ ∼ τ −1/10 , respectively, for most of the
runs. Later in the discussion, we also show that the effects of finite
domain size on the decay law E ∼ τ −6/5 are not significant as long as
ℓ ≲ 0.3Lbox for Saffman turbulence.
Since the decay law for Saffman turbulence is the outcome of
the assumed constancy of u2 ℓ3 and Cϵ during the decay period,
we need first to analyze their temporal variation. Figure 2 shows
the variation of u2 ℓ3 and Cϵ with time. We notice that both the
quantities, u2 ℓ3 and Cϵ , are not strictly constant during the decay
period. Marked circles on the lines in Fig. 2(a) indicate that the

FIG. 1. Temporal variation of (a) Rλ and
(b) ℓ/Lbox for Saffman turbulence with the
synthetic and the evolved initial conditions. Dashed lines in (a) and (b) represent the power laws for Saffman turbulence, Rλ ∼ τ −1/10 and ℓ ∼ τ 2/5 , respectively. Marked squares and circles represent τ at which ∂n/∂τ ≈ − 0.01 and
ℓ ≈ 0.3Lbox , respectively.

FIG. 2. Temporal variation of (a) u2 ℓ3 and
(b) Cϵ for Saffman turbulence with the
synthetic and the evolved initial conditions. Marked squares and circles represent τ at which ∂n/∂τ ≈ −0.01 and
ℓ ≈ 0.3Lbox , respectively.
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FIG. 3. (a) Decay of kinetic energy E and
(b) the temporal variation of the associated decay law exponent n for freely
decaying Saffman turbulence with the
synthetic and the evolved initial conditions [inset in (b) shows time using a linear scale]. Marked squares and circles
represent τ at which ∂n/∂τ ≈ −0.01 and
ℓ ≈ 0.3Lbox , respectively. Dashed lines
represent the decay law, E ∼ τ −6/5 and
n = 6/5 in (a) and (b), respectively.

deviation of u2 ℓ3 from constancy starts when ℓ becomes larger
than ∼0.3Lbox for most runs. The run S1, which has the highest
ℓ/Lbox , exhibits the maximum deviation of u2 ℓ3 and Cϵ from their
constancy. For the runs (S3–S6), which have reasonably high Rλ
and low ℓ/Lbox , Cϵ remains almost constant throughout the decay
period.
Figure 3 shows the decay of kinetic energy E and the variation of
the associated decay law exponent n with time. We observe that the
decay of turbulent flow first passes through a transient period. Interestingly, our simulations show that the transient period is inversely
correlated with the initial Reynolds number. As the initial Reynolds
number increases, the transient period decreases (see Table I), suggesting that τ i could be some sort of relaxation time in decaying
turbulent flow. As expected, the effect of the non-constancy of u2 ℓ3
and Cϵ with time directly is reflected on the decay law of kinetic
energy; the exponent n does not remain close to 6/5 throughout
the decay period. The runs S1 and S2, which have relatively high
ℓ/Lbox , exhibit significant deviation from n = 6/5, and n is higher
than 6/5 in these runs. For the rest of the runs (S3–S7 and SF), which
have relatively low ℓ/Lbox , n remains close to 6/5. Note that the run
S7, which has the lowest ℓ/Lbox and Rλ among all the simulations,
shows n slightly higher than 6/5. The runs S5 and S6 with reasonably
high Rλ and low ℓ/Lbox at the same time exhibit exponent n closest
to 6/5.
These observations suggest that the effect of finite domain size
(e.g., the runs S1 and S2) and Reynolds number (e.g., the run S7) on
freely decaying turbulence makes the decay faster (i.e., n > 6/5). This
could be the main reason why experiments and simulations of freely
decaying turbulence (with low Rλ and high ℓ/Lbox ) exhibit n > 6/5,
and sometimes, the results are incorrectly interpreted to represent
Batchelor turbulence (n ≈ 10/7) due to the finite Reynolds number
and domain size. Skrbek and Stalp16 discussed this observation and
argued that n > 6/5 observed in grid-generated turbulence is due to
the saturation of growing large eddies in a finite domain. Thus, using
the value of n (n = 6/5 and n = 10/7 for Saffman and Batchelor turbulence, respectively) is not a reliable way of distinguishing between
Saffman and Batchelor turbulence.
Moreover, our simulations suggest that the effect of the finite
domain size on the decay law is more, as compared to the effect
of the finite Reynolds number. Also, for the simulations that have
ℓ ≲ 0.3Lbox , n remains close to 6/5 during the decay period. This
observation suggests that the condition, ℓ ≲ 0.1Lbox prescribed by
Davidson1 and Meldi and Sagaut17 to avert the effect of finite domain
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size, is perhaps over-restrictive; the condition ℓ ≲ 0.3Lbox may be
sufficient to observe the decay law close to E ∼ τ −6/5 for Saffman
turbulence. A noticeable difference between the simulations with
the synthetic and the evolved initial conditions is that the decay law
exponent n for the run SF remains closer to 6/5 than that observed in
the run S2, which has kp = 10 [close to kf ∈ (11, 12)]. This difference
may be a result of the fact that S2 uses a synthetic initial condition,
whereas SF employs a more realistic initial condition—an evolved
turbulence.
For the runs S1–S6 and SF, we also observe that n becomes
slightly lower than 6/5 for a part of the decay period. Interestingly,
n slightly lower than 6/5 (n ≈ 1.1) is also observed in many gridgenerated turbulence experiments.11,12,15 Krogstad and Davidson12
argued that n < 6/5 in grid-generated turbulence arises due to the
decay of Cϵ with time in freely decaying turbulence. However, we
observe n < 6/5, for a part of the decay period, also for the runs
that exhibit increasing Cϵ with time [see S4–S6 in Fig. 2(b)]. Therefore, the observation n < 6/5 in freely decaying grid-turbulence still
appears to be an unsolved issue, and it requires further investigations.
Figure 4 shows the temporal variation of the energy dissipation
rate ϵ. During the initial period, ϵ increases and reaches its peak.
Yoffe and McComb7 used this behavior of ϵ to estimate the initial

FIG. 4. Temporal variation of energy dissipation rate for Saffman turbulence with
the synthetic and the evolved initial conditions. Note that during the initial period ϵ
increases. Marked squares and circles represent τ at which ∂n/∂τ ≈ −0.01 and
ℓ ≈ 0.3Lbox , respectively. Dashed line represents ϵ ∼ τ −11/5 .
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FIG. 5. Temporal variation of (a) energy
spectrum from τ = 0 to τ ≈ 64.4 and
(b) energy flux from τ ≈ 4.6 to τ ≈ 64.4
with time difference Δτ ≈ 4.6 for the
run S6. Note that the energy transfer remains forward. The directions of
arrows indicate increasing time.

transient period. However, we employ initial temporal variation of n,
instead of ϵ, to estimate τ i , since the method of Yoffe and McComb7
fails to estimate the transient period for the run SF. Unlike the runs
with the synthetic initial conditions, the energy dissipation rate ϵ for
the evolved initial condition (run SF) starts decreasing from τ = 0.
After the initial transient period, the decay of ϵ, as expected, exhibits
a power law close to ϵ ∼ τ −11/5 for the runs having ℓ ≲ 0.3Lbox .
Figure 5 shows the temporal variation of the energy spectrum
and the flux for the run S6 (other simulations exhibit similar behavior). Temporal variation of the energy spectrum [Fig. 5(a)] shows
that the energy of all the scales decays with time after the initial
transient period. The energy flux Π(k), which is the net transfer
of energy out of the sphere of radius k by the modes inside the
sphere,25,26 remains positive with the decay of turbulence. It indicates that the energy transfer is forward (from large to small scales)
throughout the decay period [see Fig. 5(b)]. Figure 6 exhibits shell
to shell energy transfer in Fourier space. Shell to shell energy transfer is a useful tool to analyze whether the energy transfer is local
or non-local in a turbulent flow.25 Local energy transfer implies
that a major fraction of energy is transferred to the neighboring modes, whereas non-local indicates that a significant amount
of energy is also transferred to distant modes. In Fig. 6, D and
R represent the donor and the receiver shells, respectively. For

FIG. 6. Shell to shell energy transfer at τ ≈ 18.4 for the run S6. Shells D,
R = 5, 10, and 15 correspond to wavenumbers k ≈ 14, 52, and 196, respectively.
Note that the energy transfer is forward and local.
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more details on the shell to shell energy transfer, see the work
of Verma.25 With these definitions, Fig. 6 shows that the energy
transfer not only remains forward but also local in freely decaying
turbulence.
IV. CONCLUSIONS
In this work, we study the effects of finite Reynolds number
and domain size on the decay law of freely decaying Saffman turbulence by using direct numerical simulations. We observe that due
to finite Reynolds number and domain size, the decay law exponent n becomes higher than that proposed for Saffman turbulence
(n = 6/5). This could be the primary reason why n > 6/5 is frequently
observed in experiments and simulations (with the finite Reynolds
number and domain size) of freely decaying turbulence. Hence, the
value of power law exponent n in any simulations or experiments is
not a trustworthy way to distinguish between Saffman (n = 6/5) and
Batchelor (n = 10/7) turbulence.
Furthermore, the effect of finite Reynolds numbers on the decay
law exponent, n = 6/5, is relatively less as compared to that of finite
domain size. Also, the effect of finite domain size on the decay
law E ∼ t −6/5 is perhaps not as restrictive as that proposed earlier
(ℓ ≲ 0.1Lbox ). Our simulations suggest that the conditions Rλ ≳ 10 and
ℓ ≲ 0.3Lbox are sufficient to observe n ≈ 6/5 in decaying Saffman
turbulence. We also notice that the decay law exponent n becomes
slightly lower than 6/5 for a part of the decay period. Interestingly,
this trend n < 6/5 is also observed in earlier grid-generated turbulence experiments. These observations for freely decaying Saffman
turbulence suggest that care must be taken while making any conclusive remarks from the data obtained from experiments and
simulations at finite Reynolds number and in a finite domain.
We also perform a similar analysis for freely decaying Batchelor turbulence(not included in this paper). We use σ = 4 in Eq. (3) to
ensure E(k → 0) ∼ k4 scaling at τ = 0 for the energy spectrum. Compared to Saffman turbulence, we observe a stronger dependence of
the decay law exponent n = 10/7 for Batchelor turbulence on finite
Reynolds numbers.
In this paper, we have only considered an idealized case
of turbulence—incompressible homogeneous isotropic turbulence.
However, finite Reynolds numbers and domain size may also play
a crucial role and may affect the dynamics of decaying anisotropic
and/or compressible turbulence. In a future study, it would be
interesting to analyze the effects of finite Reynolds numbers and
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domain size in more complex flows, such as decaying rotating turbulence,10,22,23 magnetohydrodynamic turbulence,27 compressible
turbulence,28,29 and turbulent flow with polymer additives.30
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