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Abstract. In this article we review the experimental and numerical results related to the dynamo
transitions. Recent experiments of Von Kármán Sodium (VKS)exhibit various dynamo states in-
cluding constant, time-periodic, and chaotic magnetic fields. Similarly pseudospectral simulations
of dynamo show constant, time-periodic, quasiperiodic, and chaotic magnetic field configurations.
One of the windows for the magnetic Prandtl number of unity shows period doubling route to chaos.
Quasiperiodic route to chaos has been reported for the Prandtl number of 0.5. The dynamo simula-
tions also reveal coexisting multiple attractors that wereobtained for different initial conditions.
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INTRODUCTION

Professor Kaw has been instrumental in promoting plasma physics in India. The activ-
ities of Institute for Plasma Research, an institute founded by Prof. Kaw, has played
a pivotal role in the development of research and education of plasma physics in the
country. We thank him for these.

Magnetic field is observed in many planets, stars, and galaxies. It is also present in
the intergalactic environment. The generation of magnetic field in these astrophysical
objects has been a major theoretical puzzle. The magnetic fields in these systems is
primarily dipolar, yet highly time-dependent with strong presence of quadruple and other
higher moments. The polarity of the dipole is known to reverse in solar dynamo and
geodynamo. For the Sun, the reversal is almost periodic with 22 year cycle. However
for the Earth, paleomagnetic data reveals that its polarity reverses after random time
intervals. During some period of geological time, the magnetic field has been observed
to maintain orientation for tens of millions of years, while at some other times, reversals
have taken place within a span of 50,000 years. The last reversal of the geodynamo took
place around 780,000 years ago. The above mentioned phenomena make the whole field
very exciting, and efforts are being made to understand its dynamics using numerical
simulations, experiments, analytical models, astrophysical observations, etc.

It is also known that the cosmic magnetic field is neither due to some permanent
magnet, not due to any remnant magnetic field of the past. Scientists believe that the
generation of the magnetic field in astrophysical systems is due to the motion of the
electrically conducting fluid (also referred to as magnetohydrodynamic (MHD) fluid)
within these bodies such that the flow induced by the inductive action generates just
those currents required to provide the same magnetic field. This positive feedback or
“bootstrap” effect is technically known as “dynamo” mechanism. Larmor was the first
to suggest this mechanism in 1919. Advances in the field have been made notably by
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Cowling, Elsässer, Parker, Steenbecket al. For review of the past and recent work see
Brandenburg and Subramanian [1]. The books by Moffatt and Krause also form standard
references in the field [2].

To understand quantitatively we start with the following governing equations for the
MHD flow

∂tv+(v ·∇)v = −∇p+(B ·∇)B+ν∇2v+F, (1)

∂tB+(v ·∇)B = (B ·∇)v+η∇2B, (2)
∇ ·v = 0, (3)
∇ ·B = 0, (4)

where v is the velocity, B is the magnetic field,p is the total pressure (ther-
mal+magnetic),F is the external force field,ν is the kinematic viscosity, andη is
the magnetic diffusivity. Some of the important parametersthat characterise dynamo
are the magnetic Prandtl numberPM = ν/η, the Reynolds numberRe= UL/ν, and
the magnetic Reynolds numberRM = UL/η, whereU and L are the characteristic
velocity and length of the system, respectively. Only two ofthe above three parameters
are independent (RM = Re∗PM). Note that the range of magnetic Prandtl numberPM
observed in nature is extremely large. Liquid metals including those inside Earth’s outer
core, and the solar plasma in the convective zone have smallPM (10−5 to 10−2), while
interstellar medium have typically largePM (of the order of 1014).

A cursory examination of Eq. (2) reveal that the nonlinear terms must have greater
magnitudes than the magnetic diffusive term for the dynamo action. This observation
immediately suggests that the minimum magnetic Reynolds number must be greater
than one or so. SinceRe= RM/PM, the Reynolds number required for dynamo action
in liquid metals is rather large, which requires large powerin terrestrial experiments
and large grids for computer simulations. Hence, dynamo simulations of liquid metals,
geodynamo, and solar dynamo, as well as terrestrial dynamo experiments using liquid
metals are quite difficult. Most numerical simulations of dynamo have been focused on
PM close to one. Some of the recent studies have extended the simulation to 0.01 using
large eddy simulations or hyperdiffusive parameters [3]. These simulations attempt to
study dynamo effects as a function of Reynolds number and magnetic Prandtl number.

In the present article we focus on dynamo transition, that isbehavior of dynamo near
its onset. Some of the important problems in this study are: what is the nature of the
bifurcation from the fluid state to the dynamo state with a magnetic field?, how is chaos
generated in dynamo?, what leads to the reversals of the magnetic field?, how is dynamo
affected by forcing and geometry?, etc. In this article we will describe some of the recent
experimental and simulation results related to dynamo transition.

Dynamo has been first observed at Riga dynamo facility [4]. Although preliminary
experiment at Riga could only observe a growth of an externally applied magnetic field,
but in subsequent experiments they could observe a self sustained dynamo without the
applied magnetic field. Dynamo was also observed at Karlsruhe experiment [5], in which
the fluid flow was helical. Recently Monchauxet al.[6] performed dynamo experiments
on liquid sodium (PM ∼10−5) confined within a horizontal cylinder. The fluid was forced
using two fans at the two ends of the cylinder. The speeds of the two fans were used as the
main controlling parameters. This experiment is called VKS(von Kármán Sodium) due
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FIGURE 1. Top: Dipolar (left) and qudrupolar (right) modes of the VKS experiment. Bottom: Different
dynamo states displayed in(Br ,Bθ ) plane as a function of fan speeds (F1,F2). Stationary dynamo is
observed for (22,22), (22,20, (22,19), (22,18), 22,17), and limit cycle is observed for (22,18.5). (22,22)
has dominantBθ or azimuthal component, while (22,19) has dominant radial component. Adopted from
F. Raveletet al. [7].

to the nature of its forcing and the velocity configurations.Monchauxet al.[6] observed
dynamo forRM ≈ 30 for equal and opposite forcing frequencies of the two fansas a
result of a supercritical pitchfork bifurcation. The magnetic field generated through the
primary bifurcation is axisymmetric and is constant in time. By changing the relative
frequencies of the fans, the VKS experimental team could obtain a variety of dynamo
solutions including periodic, quasiperiodic, and chaoticmagnetic field configurations [7]
(see Fig. 1 and Fig. 2 ). They also observed that the generatedmagnetic field reverses
after random intervals.

Dynamo simulations of geodynamo, solar dynamo, and VKS experiment are quite
difficult due to their complex geometries and the low magnetic Prandtl number of the
fluid. Glatzmaier and Roberts [8] simulated geodynamo in thespherical geometry and
observed reversals for the first time. A large number of numerical simulations however
focus on box simulations with specialised forcing such as Taylor-Green, ABC, and
Roberts. These studies attempt to derive conditions for dynamo, such as minimum
magnetic Reynolds number (Rc

M) and Prandtl number (Pc
M). In the present paper we

will focus on Taylor-Green (TG) dynamo which is quite popular. For TG forcing, Ponty
et al. [3] reported thatRc

M increases sharply withP−1
M as turbulence sets in, and then it

saturates (see Fig. 3). Mininniet al.[9] and Yadavet al.[10] observed interesting spatial
structures in TG dynamo.

DYNAMO TRANSITION USING NUMERICAL SIMULATIONS

In the present article we study TG dynamo forPM = 1 and 0.5. We will show that the
dynamo transition is supercritical and subcritical, respectively, for the twoPM ’s. We
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FIGURE 2. Various dynamo states observed in the VKS experiment. Adopted from F. Raveletet al.[7].

FIGURE 3. Plot of the critical magnetic Reynolds numberRc
m vs. Reynolds numberReobtained from

numerical simulations. Adopted from A. B. Iskakovet al. [3].

also observe a variety of dynamo states with constant, time-periodic, quasi-periodic,
and chaotic magnetic fields. Here we will report a period-doubling route to chaos for
PM = 1, and quasiperiodic route to chaos forPM = 0.5. In the following discussions we
provide the simulation method and results. Further detailscan be found in [10].
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FIGURE 4. Flow structure of the Taylor-Green (TG) flow: (a) volume rendering of the velocity field
magnitudes illustrating 16 TG cells; (b) volume rendering of the magnetic field magnitudes illustrating
two major and two minor slabs indicating the dominance ofB(0,0,1) andB(0,0,2) magnetic modes.

The TG forcing is given by

F(k0) = F0





sin(k0x)cos(k0y)cos(k0z)
−cos(k0x)sin(k0y)cos(k0z)

0



 , (5)

whereF0 is the forcing amplitude, andk0 is the wavenumber of the forcing, which
has been taken to be 2 in our work. Note that the helicity of theforce, (∇×F).F = 0
everywhere. Noreet al. [11] and Pontyet al. [3] however argue that local fluctuations
in kinetic helicity are generated by the TG forcing. Eqs. (1-4) were solved numerically
using TARANG [12], a pseudo-spectral code, in a 3D box of dimensions 2π on each side
for PM = 1 with ν = η = 0.1 and forPM = 0.5 with ν = 0.1,η = 0.2. Runge-Kutta fourth
order scheme was applied for time advancement. The number ofgrid points used in our
simulation is 643, with the runs dealiased using 2/3 rule. The range of Reynolds number
investigated is from 6 to 160, for which our simulations are well resolved askmaxη (the
largest wavenumber times the Kolmogorov length) is always greater than 1.3.

Most of earlier simulations have focused on the study of kinetic and magnetic energy.
Here we analyze some of the low wavenumber Fourier modes in detail. These modes
correspond to the large length scales of the system. The time-dependent behavior of the
system is exhibited more clearly by these modes compared to the kinetic and magnetic
energies that tend to average them out the spatial details. In many numerical runs with
differentF0’s, Yadavet al. [10] observe that the most prominent velocity Fourier modes
are(±2,±2,±2), (±4,±4,±4), (±4,±4,0), (0,±8,±4), and the most prominent mag-
netic Fourier modes are(0,0,±1), (0,0,±2) (0,0,±3), (±2,±2,∓3), (∓2,∓2,±1).
Here the three arguments refer tox, y, andz components of the wavenumber. Due to
our choice ofk0 = 2, the velocity field is arranged in 16 TG cells, while magnetic field
is concentrated in two major and two minor slabs corresponding to the (0,0,±1) and
(0,0,±2) modes, respectively (see Fig. 4). In the following discussions we will describe
various dynamo states forPM = 1 andPM = 0.5.
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FIGURE 5. The time series of the real part ofBx(0,0,1) for F0 = 3.9(a), 10(b), 36(c) and 4.8(d)
illustrating constant, time-periodic, quasi-periodic, and chaotic magnetic fields, respectively.

PM = 1

For PM = 1, Yadavet al. [10] explored various dynamo states by varyingF0 in the
interval of [1:40]. They observed pure fluid solution (Eb = 0) till F0 = 3.9 after which
a constant steady-state magnetic field (Eb > 0) was observed. The critical magnetic
Reynolds numberRc

M is around 19.9. They also studied the time series of some of the
low wavenumber Fourier modes. Fig. 5 exhibits the time series of real part ofBx(0,0,1)
for fixed point (F0 = 3.9), a periodic state (F0 = 10), a quasiperiodic state (F0 = 36), and
a chaotic state (F0 = 4.8) of the dynamo.

Bifurcation diagrams are very useful tool to study origin ofvarious dynamical states
of a system. ForPM = 1 Fig. 6 exhibits the bifurcation diagram, which was constructed
by plotting the time averaged value of the amplitude of the magnetic modeB(0,0,1)
for differentF0 (obtained from around 60 DNS runs). Non-zero magnetic field is born
at aroundF0 = 3.9 through a pitchfork bifurcation. The absence of hysteresis near the
onset of dynamo reveal that the dynamo transition is througha supercritical pitchfork
bifurcation. After the primary instability (or bifurcation), we observe different kinds
of dynamo states with constant, periodic, quasiperiodic, and chaotic magnetic fields as
evident from the bifurcation diagram. The windows of these states appear for various
range ofF0, e.g., chaos appears forF0 = [11 : 12]. We also find windows ofF0 where
〈|B(0,0,1)|〉 becomes relatively small, but〈|B(0,0,2)|〉 becomes significantly large.

We also observe multiple coexisting dynamo states for a single value ofF0. For
F0 = 16, two different sets of initial conditions yield either a fixed point or a periodic
solution. These two states are illustrated in Figs. 7(a,b) using projections of the phase
space on (|B(0,0,1)|-|B(0,0,3)|) plane. AtF0 = 36, the two different coexisting dynamo
states involve quasiperiodic and chaotic magnetic fields asillustrated in Figs. 7(c,d).
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36(c,d) exhibiting multiple attractors. Figures (a,b) show coexisting fixed point and periodic states for two
different initial conditions. Figures (c,d) show coexisting quasiperiodic and chaotic states.

The bifurcation diagram reveals a complex set of dynamo states resulting from various
secondary bifurcations. Yadavet al [10] analyzed the dynamo states forF0 = [4.6 : 4.8]
of Fig. 6 and observed a period doubling route to chaos in thiswindow. To understand
the transition to chaos better, the phase space projectionson the (|B(0,0,1)|-|B(0,0,3)|)
plane were plotted. At aroundF0 = 4.6 a fixed point or a constant magnetic field was
observed as evident from Fig. 8(a). AtF0 ≃ 4.73, the fixed point bifurcates to a periodic
solution (limit cycle) through a Hopf bifurcation (also shown in Fig. 8(a)). The power
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spectral density (PSD) plot of the time series for thisF0 exhibits a peak at a single
frequency f1 = f ≃ 0.018 (in non-dimensional units) as shown in the right side of
Fig. 8(a). AsF0 is increased further, period-2, period-4, and period-8 solutions were
observed atF0 = 4.77,4.777, and 4.778 respectively. These new states are generated
through the “period-doubling bifurcations”. Figs. 8(b,c,d) exhibits the projections of
the phase space on the (|B(0,0,1)|-|B(0,0,3)|) plane along with the power spectra for
these three states. The power spectra clearly indicate peaks at subharmonicsf2 = f/2,
f3 = f/4, f4 = f/8 corresponding to the period-2, period-4, and period-8 respectively.
At F0 ≃ 4.8, the system becomes chaotic as evident from the phase spaceprojection
and the broad frequency spectrum shown in Fig. 8(e). These results demonstrate period-
doubling route to chaos in TG dynamo forPM = 1. The value of magnetic Reynolds
number for the above dynamo states is around 22.

PM = 0.5

For PM = 0.5 Yadavet al. [13] performed similar analysis forF0 in the range [1:46].
Here too, various dynamo states including chaotic ones wereobserved. The bifurcation
diagram forPM = 0.5 is exhibited in Fig. 9. A nonzero magnetic field is observed for F0
near 15.2. A closer examination of this region reveals a hysteresis (see the inset of Fig. 9)
indicating that the dynamo transition forPM = 0.5 is subcritical. The critical magnetic
Reynolds forPM = 0.5 is around 30.

The above bifurcation diagram is clearly quite complex withmany secondary bi-
furcations, multiple coexisting attractors, etc. Yadavet al. [13] focussed on theF0 =
[34.95−46] window (shown by an oval in Fig. 9) which exhibits a quasiperiodic route
to chaos. In Fig. 10 we plot the phase space projections on the(|B(0,0,1)|-|B(0,0,3)|)
plane for various values ofF0. There is a clear transition from the quasiperiodic states
(F0 = 34.95−43) to chaotic states (F0 ≥ 44.75) with an intermediate phase-locked state
nearF0 = 43.85. Fig. 11(a,b,c,d) exhibit the Poincaré sections illustrating the quasiperi-
odic, phase-locked, and two chaotic states. The figures havebeen created by sectioning
(|B(0,0,1)|, |B(0,0,2)|, |B(0,0,3)|) phase space using|B(0,0,3)|= constantplane. The
route to chaos here is similar to that in Curry-Yorke model [14] where chaos appears af-
ter quasiperiodicity inT2 (2-Torus) and phase locking.

CONCLUSION

Numerical simulations and recent experiments on dynamo reveal interesting properties
of dynamo transition. In this article we have highlighted some of the results of the Von-
Karman sodium (VKS) experiment and the Taylor-Green (TG) dynamo. In the VKS
experiment the dynamo transition is through a supercritical pitchfork bifurcation after
which a variety of dynamo states with constant, time-periodic, quasiperiodic, and chaotic
magnetic fields are observed. Recently Yadavet al. [10, 13] have performed numerical
simulations forPM = 1 and 0.5 with TG forcing and analyzed the low wavenumber
Fourier modes to infer the dynamo states. The dynamo transition in the simulation was
supercritical and subcritical forPM = 1 andPM = 0.5 respectively. Yadavet al. [10, 13]
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constructed approximate bifurcation diagrams for these two Prandtl numbers using a
large number of pseudospectral simulations.

All the time-dependent states observed in Von Kármán Sodium(VKS) experiment
have also been observed in Yadavet al.’s simulations [10, 13]. There are several win-
dows of chaotic states. One of the windows forPM = 1 exhibits period doubling route
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to chaos. Quasiperiodic route to chaos is observed forPM = 0.5. Note however that the
bifurcation diagrams exhibits many other chaotic states whose origin could be through
other routes of chaos.

The geometry and the forcing function of the TG dynamo simulations are simpler than
those of experiments, and geodynamo and solar dynamo. Yet the similarities between the
experimental results and the numerical simulations of Yadav et al. [10, 13] may be due
to certain inherent common features of dynamo, e.g., nonlinear interactions among the
large-scale MHD modes. Future numerical simulations with more realistic geometry and
forcing functions will reveal valuable insights into this puzzle.
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