Complexity of viscous dissipation in turbulent thermal convection
Shashwat Bhattacharya, Ambrish Pandey, Abhishek Kumar, and Mahendra K. Verma

Citation: Physics of Fluids 30, 031702 (2018); doi: 10.1063/1.5022316
View online: https://doi.org/10.1063/1.5022316
View Table of Contents: http://aip.scitation.org/toc/phf/30/3
Published by the American Institute of Physics

PHYSICS OF FLUIDS 30, 031702 (2018)

Complexity of viscous dissipation in turbulent thermal convection
Shashwat Bhattacharya,1,a) Ambrish Pandey,2,b) Abhishek Kumar,3,c)
and Mahendra K. Verma4,d)
1 Department

of Mechanical Engineering, Indian Institute of Technology Kanpur, Kanpur 208016, India
für Thermo- und Fluiddynamik, Technische Universität Ilmenau, Ilmenau 98684, Germany
3 Applied Mathematics Research Centre, Coventry University, Coventry CV1 5FB, United Kingdom
4 Department of Physics, Indian Institute of Technology Kanpur, Kanpur 208016, India

2 Institut

(Received 13 January 2018; accepted 14 March 2018; published online 29 March 2018)
Using direct numerical simulations of turbulent thermal convection for the Rayleigh number between
106 and 108 and unit Prandtl number, we derive scaling relations for viscous dissipation in the bulk
and in the boundary layers. We show that contrary to the general belief, the total viscous dissipation
in the bulk is larger, albeit marginally, than that in the boundary layers. The bulk dissipation rate is
similar to that in hydrodynamic turbulence with log-normal distribution, but it differs from (U 3 /d)
by a factor of Ra 0.18 . Viscous dissipation in the boundary layers is rarer but more intense with a
stretched-exponential distribution. Published by AIP Publishing. https://doi.org/10.1063/1.5022316
Physics of hydrodynamic turbulence is quite complex,
involving strong nonlinearity and boundary effects. To simplify, researchers have considered hydrodynamic turbulence
in a box away from the walls. The turbulence in such a geometry is statistically homogeneous and isotropic. The physics of
even such idealised flows remain primarily unsolved, yet their
energetics are reasonably well understood. Here, the energy
supplied at large length scales cascades to intermediate scales
and then to dissipative scales.1,2 Thus, under steady state, the
energy supplied by the external force equals the energy cascade
rate, Π u , and the viscous dissipation rate,  u . From dimensional analysis, it has been deduced that  u ≈ U 3 /L, where
U is the large-scale velocity, L is the large length scale, and
the prefactor is approximately unity.3,4
Thermal convection is a very important problem of science and engineering. Here too researchers have considered an
idealised system called Rayleigh–Bénard convection (RBC) in
which a fluid is confined between two horizontal thermal plates
separated by a vertical distance of d; the bottom plate is hotter
than the top one.5–7 The kinematic viscosity (ν) and thermal
diffusivity (κ) are treated as constants. Additionally, the density of the fluid is considered to be a constant except for the
buoyancy term of the fluid equation. The governing equations
of RBC are as follows:
∂t u + (u · ∇)u = −∇σ/ρ0 + αgθẑ + ν∇2 u,

(1)

∂t θ + (u · ∇)θ = (∆/d)uz + κ∇ θ,

(2)

2

∇ · u = 0,

(3)

where u and σ are the velocity and pressure fields, respectively, θ is the temperature fluctuation over the conduction
state, ρ0 and α are, respectively, the mean density and thermal expansion coefficient of the fluid, g is the acceleration due
to gravity, and ∆ is the temperature difference between the
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hot and cold plates. RBC is specified by two nondimensional
parameters—Rayleigh number Ra = (αg∆d 3 )/(νκ), which is
a measure of buoyancy, and the Prandtl number Pr = ν/κ (see
the supplementary material).
For thermal convection, walls and their associated boundary layers play an important role; hence, turbulence in thermal
convection is more complex than hydrodynamic turbulence.
In this letter, we focus on the properties of the viscous dissipation in RBC. Verzicco and Camussi8 and Zhang, Zhou, and
Sun9 computed the viscous dissipation rates in the bulk and in
the boundary layers in RBC and found them to be of the same
order. Here, we perform a detailed analysis of these quantities and their probability distributions, both numerically and
phenomenologically. We will show that the walls of thermally
driven turbulence introduce interesting and generic features in
the viscous dissipation.
Shraiman and Siggia10 derived an interesting exact relation that relates the viscous dissipation rate,  u , to the heat
flux,
*
! 2+
ν ∂ui ∂uj
 u = h u (r)i =
+
2 ∂xj ∂xi
=

ν 3 (Nu-1)Ra U 3 (Nu-1)Ra
=
,
d Re3 Pr 2
d4
Pr 2

(4)

where h·i denotes the volume average over the entire domain
and ui with i = (x, y, z) is the ith the component of the velocity
field. The Nusselt number, Nu, is the ratio of the total heat flux
and the conductive heat flux, and Re = UL/ν is the Reynolds
number. When the boundary layer is either absent (as in a
periodic box) or weak (as in the ultimate regime proposed by
Kraichnan11 ), Nu ∼ (RaPr)1/2 and Re ∼ (Ra/Pr)1/2 (see Refs. 7
and 12–14). Substitution of these relations into Eq. (4) yields
 u ∼ U 3 /d, similar to hydrodynamic turbulence. In this letter,
we focus on Pr ∼ 1 and hence we ignore the Prandtl number
dependence.
The scaling however is different for realistic RBC for
which boundary layers near the plates play an important role.
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Scaling arguments,12,15–17 experiments,5,16,18–21 and numerical simulations8,22–26 reveal that Re ∼ Ra1/2 and Nu ∼ Ra0.3 ,
substitution of which in Eq. (4) yields  u , U 3 /d, rather
u ∼

U 3 −0.2 ν 3 1.3
Ra
∼ 4 Ra ,
d
d

(5)

because U ∼ Re ∼ Ra1/2 . This is due to the relative suppression of the nonlinear interactions in RBC, as Pandey et al.,25
Pandey and Verma,26 and Verma, Kumar, and Pandey7 showed
that in RBC, the ratio of the nonlinear term and viscous term
scales as (UL/ν)Ra 0.15 . The aforementioned suppression of
nonlinear interactions leads to weaker energy cascade Π(k)
and hence lower viscous dissipation than the corresponding
hydrodynamic turbulence.
In RBC, the viscous dissipation rates in the bulk and in
the boundary layers are very different. In the following discussion, using scaling arguments and the exact relation given
by Eq. (4), we will quantify the total viscous dissipation rates
in the bulk and boundary layers, D̃u,bulk and D̃u,BL , as well
as the corresponding average viscous dissipation rates,  u,bulk
and  u,BL , which are obtained by dividing the total dissipation
rates by their respective volumes.
Grossmann and Lohse’s model12,13 assumes that  u,bulk ∼
3
U /d ∼ Ra3/2 . We find that the average viscous dissipation in
the bulk scales similar to the viscous dissipation rate in the
entire volume, i.e.,
 u,bulk ∼

U 3 −0.18
Ra
.
d

(6)

Since the fluid flow in the boundary layers is laminar, we
expect  u,BL ∼ νU 2 /δu2 , where δu is the thickness of the viscous boundary layer. Hence, the ratio of the two dissipation
rates is
!
!
 u,BL
νU 2
U3
∼ Ra0.18
/
 u,bulk
d
δu2
!2
!2
1 d
d
0.18
∼
Ra
∼
Ra−0.32 .
(7)
Re δu
δu
Note, however, that the volume of the boundary layers is much
less than that of the bulk. For simplicity, we assume that the
fluid is contained in a cube of dimension d, then the ratio of
the volumes of the boundary layer and bulk is
VBL
δu d 2
δu
∼
∼
Vbulk
d
(d − δu )3

(8)

because δu  d for Pr ∼ 1. Using the above relations, we can
deduce the scaling of the ratio of the total viscous dissipation
rates in the boundary layer and in the bulk as
D̃u,BL
 u,BL
VBL
d
∼
×
∼ Ra−0.32 .

V
δ
D̃u,bulk
u,bulk
bulk
u

(9)

According to the Prandtl–Blassius theory,27
δu
∼ Re−1/2 ∼ Ra−1/4
d

(10)

which yields D̃u,BL /D̃u,bulk ∼ Ra−0.07 . Thus, in RBC, the total
viscous dissipation in the boundary layer and bulk is comparable to each other. For very large Ra, the bulk dissipation

outweighs the dissipation in the boundary layer. This is contrary to the general belief that the viscous dissipation occurs
primarily in the plumes of the boundary layers.
In this letter, using numerical simulations we show that
δu /d differs slightly from Eq. (10) and
δu
∼ Re−0.44 ∼ (Ra1/2 )−0.44 ∼ Ra−0.22 ,
d
using which we find
D̃u,BL
∼ Ra−0.10 .
D̃u,bulk

(11)

(12)

Thus,
νU 2
ν3
∼ 4 Ra1.44 ,
2
d
δu
ν3
∼  u,BL δu d 2 ∼ Ra1.22 ,
d
3
ν
∼  u,bulk d 3 ∼ Ra1.32 .
d

 u,BL ∼

(13)

D̃u,BL

(14)

D̃u,bulk

(15)

Interestingly, D̃u,BL ∼ d 2 νU 2 /δu ∼ (ν 3 /d)Ra5/4 , as assumed
in Grossmann and Lohse’s model.12,13
We perform direct numerical simulations of RBC and
verify the aforementioned scaling. The simulations were performed using a finite volume code OpenFOAM28 for Pr = 1 and
Ra between 106 and 108 in a three-dimensional cube of unit
dimension. We impose no-slip boundary condition at all the
walls, isothermal condition at the top and bottom walls, and
adiabatic condition at the sidewalls (see the supplementary
material). A second-order Crank-Nicolson scheme is used for
time-stepping. The values of ν and κ used in the simulations
are shown in Table I, while keeping the temperature difference
between the horizontal plates ∆ = 1 for all the runs.
We employ 2563 non-uniform grid points and solve the
governing equations of RBC. The grid is finer near the walls
so as to adequately resolve the boundary layer. We ensure
that minimum 4 grid points are in the boundary layer, thereby
satisfying the criterion set by Grötzbach.29 The ratio of the
Kolmogorov length scale η to the average mesh width ∆x avg
remains greater than unity for each simulation run implying
that the smallest length scales are being adequately resolved
in our simulations. We observe that the Nusselt numbers
computed numerically using huz θi match quite closely with
those computed using  u and Eq. (4). See Table I for the
comparison of these two Nusselt numbers. Also, to validate
our code, we compute Nu for Pr = 6.8 fluid and verify that
it matches quite well with the experimental value of Nu.30
We further remark that our simulations capture the largescale quantities—volume-averaged viscous dissipation and
Nusselt number—quite well; such quantities are not affected
significantly by discretization errors at very small scales.
Note that spectral method is more accurate but more complex than a finite volume method; yet a sufficiently resolved
finite volume code is quite appropriate for studying large-scale
quantities.
First we compute the thickness of the boundary layer, δu ,
for all our runs. For the same, we compute the root mean square
horizontal velocity in each horizontal plane and estimate δu
as the vertical height of the intersection of the tangent to the
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TABLE I. Details of our direct numerical simulations performed in a unit box for Pr = 1: the Rayleigh Number
(Ra), the kinematic viscosity (ν), the Reynolds Number (Re), the ratio of the Kolmogorov length scale (η) to the
average mesh width ∆x avg , the Nusselt Number (Nu), the Nusselt number deduced from  u using Eq. (4) (NuS ),
the number of mesh points in the viscous boundary layer (N BL ), the volume fraction of the boundary layer region
(V BL /V ), and the ratio D̃u,BL /D̃u,bulk .
Ra
1 × 106
2 × 106
5 × 106
1 × 107
2 × 107
5 × 107
1 × 108

ν (=κ)

Re

η/∆x avg

Nu

NuS

N BL

V BL /V

D̃u,BL /D̃u,bulk

0.001
0.000 707 1
0.000 447 2
0.000 32
0.000 223 6
0.000 141 4
0.000 1

150
212
342
460
654
1080
1540

4.92
3.89
2.87
2.32
1.84
1.36
1.09

8.40
10.1
13.3
16.0
20.0
25.5
32.8

8.34
10.3
13.5
15.9
20.0
26.0
32.0

10
8
7
6
5
4
4

0.14
0.12
0.099
0.086
0.074
0.062
0.054

0.81
0.67
0.65
0.63
0.61
0.57
0.56

profile at its local maximum with the slope of the profile at
the plates.23,31,32 Similar computations are performed for the
sidewalls. In Fig. 1, we plot δu for the horizontal walls and
sidewalls. The best fit curves of the data yield
at thermal plates: δu /d = 0.35Ra

−0.20

,

(16)

at sidewalls: δu /d = 0.62Ra−0.23 ,

(17)

average: δu /d = 0.52Ra−0.22 ,

(18)

with the errors in the exponents and prefactors being ≈0.002
and 0.01, respectively. In Fig. 1, we plot the horizontal and
sidewall boundary layer thicknesses against Ra. These results,
a key ingredient of our scaling arguments [see Eq. (11)], are
consistent with earlier studies.8,23,33 As shown in the inset of
Fig. 1, near the wall, the velocity profiles differ slightly from
the Prandtl–Blasius profile, a result consistent with those of
Scheel, Kim, and White23 and Shi, Emran, and Schumacher;32
such deviations are attributed to the perpetual emission of
plumes from the thermal boundary layers.
We compute the ratio V BL /V, where V is the total volume,
using δu and Eq. (8). In Table I, we list this ratio for various
Ra’s. Clearly, the boundary layer occupies much less volume
than the bulk, and the ratio decreases with Ra as δu /d ∝ Ra 0.22
[see Eq. (11)].
After this, from the numerical data we compute the total
dissipation rates in the bulk and in the boundary layer by

FIG. 1. Plot of normalized boundary layer thickness δ u /d vs. Ra for horizontal and vertical plates. Best fits are depicted as dashed and dotted lines. Inset
shows the comparison of horizontal velocity profiles near the bottom plate
with the Prandtl–Blasius profile (solid black line).

computing ∫ dτ u (r) over the respective volumes. In Fig. 2(a),
we plot these values for various Ra’s. Best fit curves for these
data sets yield
D̃u,bulk ≈ 0.05

ν 3 1.33
Ra ,
d

(19)

ν 3 1.22
Ra
(20)
d
which are consistent with the scaling arguments presented in
Eqs. (14) and (15). The ratio of the above quantities, plotted
in Fig. 2(b) and listed in Table I, is
D̃u,BL ≈ 0.2

D̃u,BL
≈ 4Ra−0.11
D̃u,bulk

(21)

which is consistent with the scaling of Eq. (12). Note that the
above ratio, listed in Table I, decreases from 0.81 to 0.56 as

FIG. 2. (a) Plots of the viscous dissipation rates D̃u —total, bulk, and in the
boundary layer—vs. Ra. (b) Plot of the dissipation rate ratio, D̃u,BL /D̃u,bulk ,
vs. Ra that varies as Ra 0.11 .
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Ra is increased from 106 to 108 . Thus, bulk dissipation dominates the dissipation in the boundary layer, which is contrary to
the belief that viscous dissipation primarily takes place in the
boundary layer. It is, however, important to keep in mind that
the scaling arguments take inputs from numerical simulations,
such as Eq. (18) and Nusselt number scaling.
Thus, both scaling arguments and numerical simulations
show that the bulk dissipation is weaker than that in hydrodynamic turbulence, for which D̃u,bulk ∼ U 3 /d ∼ Ra3/2 . We
also compute the total dissipation rate in volume V i = (1/4)3 V
located deep inside the bulk and observe similar weak scaling
with Ra (see the supplementary material). Furthermore, the
viscous dissipation in the bulk dominates that in the boundary
layer, albeit marginally. The boundary layer, however, occupies much smaller volume than the bulk. Hence,  u (r) in the
boundary layer is much more intense than in the bulk, which is
illustrated in Fig. 3. Here we show density plots of normalized
viscous dissipation rate  u (r)/(ν 3 d 4 ) for three planes—in the
bottom and a side boundary layer, and in the bulk.
To quantify the asymmetry of the dissipation rate in the
bulk and in the boundary layer, for Ra = 108 , we compute the
probability distribution function (PDF) of local viscous dissipation,  u (r), over the full volume, the bulk, and the boundary
layer. These PDFs, plotted in Fig. 4, reveal many important
features. Note that  u (r) = d D̃u /dτ with dτ as the local volume. For  u (r)/ u < 20, we observe that  u,bulk (r)   u,BL (r),
and thus, the average dissipation rate in the bulk is relatively
weak. But for  u (r)/ u > 20, the viscous dissipation in the
boundary layer dominates the bulk dissipation.
In addition, the PDF of  u,bulk is log-normal, similar to
Obukhov’s predictions34 for the hydrodynamic turbulence. See
Fig. 4(a) for an illustration. This is consistent with the results

FIG. 3. For Ra = 108 : Spatial distribution of normalized viscous dissipation
rate  u (r)/(ν 3 d 4 ) in planes (a) in the bottom boundary layer at z = 2δ u /3,
(b) in the bulk at z = 0.5d, and (c) in one of the sidewall boundary layers at
x = 2δ u /3.
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FIG. 4. For Ra = 108 and Pr = 1: (a) Probability distribution functions (PDFs)
of normalized local dissipation rate  u in the bulk (green), in the boundary
layer (red), and in the entire volume (blue). The bulk  u has a log-normal
distribution (solid black line) with σ = 1.2 and µ = 0.4. (b) Semilog plot of
the PDF of  u indicates a strong tail for  u,BL that fits well with a stretched
exponential curve with α = 0.30 (dashed red line) in the shaded region and
with α = 0.20 (solid orange line) outside the region. The shaded region is also
shown in (a) for comparison.

of Kumar, Chatterjee, and Verma35 and Verma, Kumar, and
Pandey,7 who showed similarities between turbulence in RBC
and in hydrodynamics. The PDF of  u,BL , however,pis given
∗
by a stretched exponential—P( u ) ∼ β exp(−m ∗α
u )/  u with
α ≈ 0.20 for  u (r)/ u > 130 and α ≈ 0.30 for 30 <  u (r)/ u
< 130 [see Fig. 4(b)]. Here  ∗u correspond to those values of
 u , which are larger than the abscissa of the most probable
value. This result indicates that the extreme dissipation takes
place inside the boundary layer. We also carry out the PDF
analysis of  u,BL for Ra = 106 and 107 and observe similar
findings (see the supplementary material). Our detailed work
is consistent with earlier results.8,9 Emran and Schumacher 36
reported similar PDF for the thermal dissipation rate.
We remark that by conducting a similar analysis for
Pr = 6.8 and moderate Rayleigh numbers, we observe nearly
identical scaling behaviour and distribution of the viscous dissipation rate (see the supplementary material). Thus, it can be
inferred that our findings are robust.
A combination of scaling and PDF results reveals that the
local viscous dissipation in the bulk,  u,bulk (r), is weak, but
they add up to a significant sum due to a larger volume. On the
contrary, the boundary layer exhibits extreme dissipation in a
smaller volume. Interestingly, the total dissipation rate in the
bulk and in the boundary layers is comparable, with the bulk
dominating the boundary layer marginally.
Our findings clearly contrast the homogeneous-isotropic
hydrodynamic turbulence and thermally driven turbulence.
The dissipation in thermal convection has two components—
 u,bulk , similar to hydrodynamic turbulence, but distinctly

031702-5

Bhattacharya et al.

weaker by a factor of Ra 0.18 , and  u,BL , which is unique to
the flows with walls. We believe that a similar approach could
be employed to analyse the thermal dissipation rate and heat
transport.
See supplementary material for a similar analysis of viscous dissipation for a larger Prandtl number Pr = 6.8 and the
Rayleigh number dependence of the probability distribution
function.
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