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ABSTRACT

A two-dimensional square enclosure thermally insulated on the vertical walls and heated nonuniformly on the horizontal walls is numerically
studied in comparison with the classical Rayleigh-Bénard (RB) convection in the range of Rayleigh number 105 ≤ Ra ≤ 109 . Two possible
configurations, namely, (1) HCCH and (2) HCHC, are studied in which a unit step function describes the conduction wall temperature as a
combination of hot (H) and cold (C) temperatures. The first two letters (of HCCH or HCHC) represent the applied thermal conditions on
the bottom wall and the last two letters represent those on the top wall. In the mentioned configurations, the average temperature difference
between the bottom and top walls is zero, yet the complex convection state is observed. The diagonally aligned large-scale elliptic roll observed
in the RB convection for the Rayleigh number Ra = 108 is found to be replaced by a circular roll in HCCH and a square roll in HCHC. The
mean and fluctuating temperature fields in cases of HCCH and HCHC are significantly high as compared to the RB case. We found that heat
transport is higher for HCCH and HCHC as compared to the RB convection in a range of 105 ≤ Ra < 108 . The increase in heat transport is
due to (1) an increase in the background potential energy in the case of HCCH and (2) an increase in the available potential energy in the case
of HCHC, which is confirmed by using the global energy budget.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5095242

I. INTRODUCTION
Understanding thermal convection is important for improving
engineering applications such as process technology, heat exchangers, passive cooling devices for electronic equipment, and computer chips.1–4 A great impact on nature inspired phenomena such
as solar-wind, interplanetary magnetic fields, cloud formation, and
large-scale circulations in the ocean5–12 is mainly driven by the convection. A fluid in an enclosure heated from the bottom at temperature T h , and cooled from the top at temperature T c [see Fig. 1(a)],
is popularly known as the classical Rayleigh-Bénard (RB) convection.13–17 For a certain range of applied temperature differences
∆T = T h − T c > 0, interesting features such as thermal plumes,
large-scale rolls, and flow reversals are observed.13,18–28 Some of the
flow features are shown schematically in Fig. 1(a), in which the
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horizontal fluid motions in the x-direction and plume detachment
in the vertical y-direction can be noted.
In an enclosure filled with a chosen fluid of height H and width
W subjected to an applied ∆T, it is observed that three dimensionless
parameters, namely, (1) the Rayleigh number Ra = |g|β∆TH 3 /(νκ),
(2) the Prandtl number Pr = ν/κ, and (3) the aspect ratio Γ = W/H,
govern the heat transport.29,30 Here, the acceleration due to gravity g acts downwards in the y-direction, β is the thermal expansion coefficient, ν is the kinematic viscosity, and κ is the thermal
diffusivity.
In one of the modified RB convection problems, a horizontal
fluid layer heated between two conducting plates whose wall temperatures fluctuate in time is studied by using the linear stability
analysis.31 By carefully modulating the frequency of the fluctuating thermal boundary conditions, it was shown there that delay
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FIG. 1. Schematic shows the difference between the RB
convection and asymmetric convection. Panels for (a) RB
convection, (b) HCCH, and (c) HCHC. The wall temperatures are hot (T h ) and cold (T c ). In asymmetric convection,
half of the conducting wall is maintained at T h and the
remaining half at T c . On all the walls, no-slip is imposed.
BL for the boundary layer and Bulk for the center zone. L
for the left half of the enclosure and R for the right half.

or advance in the onset of convection is possible. Based on spatial
inhomogeneity in the thermal (or density based) boundary conditions, other modified RB configurations are studied. For example,
in “the horizontal convection,” temperatures T h and T c are applied
at two different locations on the same horizontal surface either on
the top or at the bottom.32,33 The large-scale circulations developed
in oceans and lakes are two examples of the horizontal convection.32–34 In the interior of the earth, at a depth of nearly 4 km,
the horizontal convection-driven flow currents are found.35–37 In
one of the famous works by Killworth,38 the importance of nonuniform heating in geophysical systems was explicitly highlighted as “A
feature of most geophysical convection systems is that the heating
and cooling responsible for motion is impressed non-uniformly at
the upper or lower boundaries. The result is a strongly asymmetric circulation.” There are some engineering applications based on
asymmetric convection, e.g., room ventilation and battery life management. In the case of battery life management, usually, a stack of
batteries are packed up together in series/parallel configurations to
get the required potential difference. Due to inhomogeneous chemical reactions in the batteries, some part of the battery is hot relative
to the other and a complicated spatial inhomogeneity in the thermal
boundary conditions is created. The asymmetric convection which
develops in between the stacks affects the battery efficiency and
life.39–41 Recently, other modified configurations such as convection with mixed thermal boundary conditions,42–49 rough plates,50–52
partitioned enclosures,53,54 and phase change convection13,55,56 have
also been explored.
In this work, we propose an interesting question on RB convection in which the thermal boundary conditions on both the conducting walls are mutated without changing the adiabatic sidewall
conditions. For example, what happens if half portion of the bottom wall is heated to T h and the remaining half is cooled to T c ?
One can think in a similar way for the top wall thermal conditions
also. The mentioned mixed thermal boundary conditions (i.e., like
the step function) on each of the conducting walls can be noted
from Figs. 1(b) (for HCCH) and 1(c) (for HCHC). In the case of
the HCCH configuration, the bottom wall is maintained at T h on
the left half side and at T c on the right half side, whereas the top
wall is maintained at T c on the left half side and at T h on the right
half side, respectively. Similarly, the other configuration HCHC is
named based on the sequence of the temperature conditions used
[see Fig. 1(c)]. Note that the wall temperature is not symmetric
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anymore in the left and right directions of the new configurations
and it may lead to asymmetry in thermal convection.
In the HCCH configuration, the left half of the enclosure
resembles the RB convection. However, the right half introduces a
stable temperature difference. Both the left and right halves interact with each other and can form a complex thermal convection
scenario. In the case of the HCHC configuration, both the left and
right halves are supposed to bring a stable thermal gradient even
though the convective motions are established (details are given in
Sec. III). To the best of our knowledge, the mixed thermal conditions
applied on both the bottom and top conducting walls are not yet
explored.
Some of the interesting questions in asymmetric convection
are as follows: (1) what type of convective motions can HCCH and
HCHC generate? (2) what are the dominant flow patterns observed?
(3) how does the heat transport in these configurations differ from
the RB? Inspired by the above questions, we explored the asymmetric convection for the Rayleigh numbers in the range 105 –109 in
2-dimensional geometries, as shown in Figs. 1(b) and 1(c).
In the asymmetric convection (either HCCH or HCHC), heat
enters the system from the hot bottom wall, and it may transport vertically up, or it may immediately transport in the horizontal direction by creating a thermal short circuit. Very importantly,
defining a meaningful Ra in the asymmetric configuration based on
the wall temperature difference is problematic because the spatial
average temperature on any of the conducting wall is always the
mean fluid temperature T m = (T h + T c )/2, and thus, the temperature difference between the walls is zero. In Sec. III, we see that
the asymmetric convection can also set large-scale rolls. We carried
out additional simulations by keeping an adiabatically insulated strip
in between the hot and cold walls (see the insulated strip locations
for HCCH and HCHC in Fig. 9) to mimic the effects of asymmetric
convection in the continental lithosphere and sea ice which act as
insulating lids in mantle convection and oceanic convection, respectively. As mentioned earlier, the asymmetric thermal convection is
not explored in much detail when compared to the RB convection,
and hence, our present work brings one to one comparison. Due
to the computational constraints and also to avoid further complicated three-dimensional effects, we have simulated the flow field in
two-dimensions.
The present work is organized as follows: In Sec. II, we introduce the mathematical equations and numerical methods. The flow
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features are addressed in Secs. III and IV. The heat transport and
scaling laws for both RB and asymmetric convections are discussed
in Sec. V. The global energy budget is presented in Sec. VI. Finally,
the summary is given in Sec. VII.

In any numerical simulation, introducing dimensionless variables is always a convenient
choice. We have used H as the charac√
teristic length, U = ∣g∣β∆TH as the characteristic rise or fall speed,
and τ = H/U as the characteristic time. As mentioned earlier, defining Ra in asymmetric convection is not straightforward; however, to
maintain consistency with the RB convection, we have used Ra based
on the maximum temperature difference ∆T, instead of the difference based on the averaged wall temperatures. In all our simulations,
we have fixed Pr = 1, Γ = 1, and no-slip velocity conditions on all the
walls. The direct numerical simulations are performed with the use
of a finite volume based open source package OpenFOAM57 to solve
Eqs. (1)–(3). A second-order Crank-Nicolson technique and a Gauss
linear scheme are used to discretize the temporal and spatial terms,
respectively. The maximum Courant number of any computational
mesh in our simulations is limited to less than 0.2. Nonuniform
meshes (see Fig. 2) are used in our work to resolve the boundary layers. We have maintained at least 12–20 grid points in the boundary
layers. The total number of computational cells used in our simulations varies from 96 × 96 (for Ra = 105 ) to 320 × 320 (for Ra
= 109 ). We have also performed a grid independence test for
Ra = 108 using two different grids, 192 × 192 and 256 × 256, and the
calculated Nusselt numbers are within 1% error. Extensive numerical details on validation, flow features, and dissipation rates are given
in earlier works.58,59

II. GOVERNING EQUATIONS AND NUMERICAL
METHOD

III. COMPARISON BETWEEN THE CLASSICAL RB
AND THE ASYMMETRIC CONVECTION

A two-dimensional square enclosure heated from the bottom
and cooled from the top and insulated at the sidewalls is shown in
Fig. 1(a). Due to small temperature differences, we modeled the convection under the Oberbeck-Boussinesq approximation. The local
fluid density (ρ) is approximated by a linear relation ρ = ρm [1 − β(T
− T m )], where ρm is the fluid density at T m . The conservation of
mass, momentum, and thermal energy equations are given by

A. Instantaneous and time-averaged spatial
information of flow fields

FIG. 2. Computational mesh used for Ra = 108 . The mesh consists of 65 536 cells.
The close-up view of the mesh in the bulk zone and the bottom corner zone is also
shown.

∇ ⋅ u = 0,
∂u
1
+ u ⋅ ∇u = − ∇p + ν∇2 u + gβ(T − Tm ),
∂t
ρm
∂T
+ u ⋅ ∇T = κ∇2 T,
∂t

(1)
(2)
(3)

where u is the velocity field, p is the dynamic pressure (after subtracting from the hydrostatic component), T is the temperature, and
t is the time. The operator ∇ is the spatial gradient, and ∇2 is the
Laplacian.

In Fig. 3 (Multimedia view), instantaneous temperature contours for both the RB and asymmetric convection are shown for
Ra = 108 . In the RB convection [see Fig. 3(a) (Multimedia view)],
rising hot and falling cold thermal plumes accompanied by a largescale elliptic roll along with the two corner rolls can be seen. Occasionally, thermal plumes burst from the boundary layers and can
reach the enclosure center. The large-scale roll in RB is locked
on the diagonal line of the enclosure, and no flow reversals are
observed.24,26,27,60
In Fig. 3(b) (Multimedia view), an instantaneous flow field for
the HCCH configuration is shown. The rising hot and falling cold
plumes in the left half portion of the enclosure meet at the midplane on the left sidewall and are dragged in the horizontal direction toward the center. These hot and cold plumes shear with one
another, and thus, flapping motions are observed. The falling cold

FIG. 3. Instantaneous temperature and velocity fields for
(a) RB convection, (b) HCCH, and (c) HCHC. Simulations for Ra = 108 . Color bar in dimensionless temperature
(T − T c )/∆T. Snapshots are taken at t/τ = 368.4. Multimedia view: https://doi.org/10.1063/1.5095242.1
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plumes are more dominant than the raising hot plumes in the left
half due to the shear produced by the large-scale roll which drags
more number of hot plumes from the top right half toward the
top left half. The relatively calm cold boundary layer in the bottom right half is regularly pulled toward the bottom hot boundary
layer, and thus, the horizontal convection is created. Similarly, the
hot boundary layer on the top is pulled toward the top cold side.
Due to these horizontal and midplane flapping motions, a circular
roll together with one corner roll is observed. Due to the absence of
falling cold plumes and rising hot plumes in the right half portion of
the enclosure, the observed flow features are different from the RB
convection.
In the case of the HCHC configuration, the rising hot plumes
from the bottom hot half of the enclosure and the falling cold plumes
from the top cold half set nearly a square roll, as shown in Fig. 3(c)
(Multimedia view). We can see that there is no possibility of falling
cold plumes in the left half side and rising hot plumes in the right half
side of the enclosure due to which the diagonal rolls are completely
absent in HCHC. The ejected hot plumes from the hot bottom half
rise vertically up along the sidewalls and intensely strike the top hot
layers, which results in disturbances to travel in the horizontal direction toward the top right side. Similarly, the falling cold plumes from
the top cold half strike the cold layers in the bottom right side to create disturbances traveling in the horizontal direction. A continuous
shearing of horizontal layers due to strike induced disturbances sets
nearly a square shaped single large-scale roll.
The asymmetric convection is different from the RB in the
following aspects: (1) The HCCH has a circular roll with the presence of a small corner roll at the bottom, whereas a single square
roll is present in the HCHC without any corner rolls; (2) the horizontal convective motions along the conduction walls are clearly
observed for both HCCH and HCHC; (3) a large number of thermal plumes are present at the enclosure center; and (4) the absence
of flow reversals.
The time-averaged temperature fields give us a better picture on
overall flow features and are usually quantified in terms of the mean
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temperature T = T1 ∫ T(x, t) dt and the root mean square (rms) temperature T RMS = ( T1 ∫ (T(x, t) − T)2 dt)1/2 . Here, x = (x, y) is the
spatial coordinate and the time average is taken over a duration T in
the statistically stationary state. In our work, τ > 5000τ. In Fig. 4, T
and T RMS contours are shown for the RB, HCCH, and HCHC configurations. From the figures, we note that both the mean and RMS
fluctuations are high at the enclosure’s center for the HCCH as compared to the RB convection. In the case of HCHC, the mean and
RMS temperatures are very similar to the RB case. The only major
difference is the change in flow pattern from an elliptical roll (in RB)
to a square roll (in HCHC).
In Fig. 5(a), normalized time-average temperature (T −Tc )/∆T
along the vertical midline of the enclosure is shown. The sharp thermal gradients in the boundary layers and a nearly constant temperature (≈T m ) in the bulk zone are clearly seen in the RB convection.
In cases of HCCH and HCHC, the mean fluid temperature in bulk is
slightly higher than T m [see inset (i)] which reaffirms that the number of plumes entering the center increases. The HCCH shows a
heavier bump on the temperature profile near the bottom wall, and
it is due to the corner roll motion which recirculates the hot plumes
very near to the bottom wall. The midline temperature at the conduction wall is T m due to the mixed thermal condition applied and
can be noted from inset (ii) of the same figure. In Fig. 5(b), timeaveraged vertical velocity uy = T1 ∫ u(x, t) dt, along the horizontal
midline, is shown for RB, HCCH, and HCHC configurations. The
large-scale roll strength measured in terms of the first Fourier mode
amplitude (the mode description is explained in Fig. 14) is high for
RB, followed by HCHC, and low for HCCH. The mentioned changes
in the flow features have a great impact on heat transport which will
be explained in Sec. V.
In Fig. 6, time-averaged thermal gradients along the bottom
and the top walls are shown. The spatial variation in the vertical
thermal gradient along the wall corresponds to nonuniform heat flux
entering at the boundaries. In RB, a major amount of heat flux enters
at the midportion of the conduction wall instead near a sidewall. In
the case of HCCH, the heat flux mainly enters from the hot bottom

FIG. 4. Temperature fields for Ra = 108 : top panels for (T −
Tc )/∆T and bottom panels for (T rms − Tc )/∆T. Classical
RB [(a) and (d)], HCCH [(b) and (e)], and HCHC [(c) and
(f)]. Dash lines for the circulation rolls. Note different color
bar ranges.
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FIG. 6. Normalized thermal gradients along the conduction walls for (a) the bottom
wall and (b) the top wall.

FIG. 5. Time-averaged information: (T − Tc )/∆T along the vertical midline [in
panel (a)] and uy /U along the horizontal midline [in panel (b)]. Lines for the RB
(red), HCCH (blue), and HCHC (green). Insets: (i) zoomed-in portion of bulk, (ii)
zoomed-in view of the bottom boundary layer, and (iii) regions indicating bulk and
boundary layers along with the vertical midline.

layer in the left half and a minor amount leaves from the cold bottom layer in the right half. The midportion of the conduction wall
always senses the hot and cold layers next to each other and hence,
the observed sharp jump in the wall thermal gradient. In HCHC, the
thermal gradient in the hot bottom layer (in the left half) is relatively
uniform due to the mentioned square roll. A similar trend can be
seen on the top wall also. Now, we proceed further to discuss the
heat flux at the center of the enclosure.
Time-averaged convective heat flux in dimensionless form
along the horizontal midline is shown in Fig. 7. The convective
motions are strong near the sidewalls due to rising plumes (see peaks
p1 ). Thermal plumes are rarely visible at the enclosure center, and
hence, the convective heat flux is small there. The convective heat
flux is small for Ra = 106 and high for Ra = 108 . Due to the sweeping effect of the large-scale circulation, some of the hot plumes fall
downward and cold plumes rise near the sidewalls, thus the negative
peaks (p2 ). On the overall, the convective motions are weak in the
case of HCCH when compared to the RB and the HCHC cases.
B. Comparison of asymmetric convection
with the classical RB of Γ = 1/2
By employing both the hot and cold thermal boundary conditions next to each other on the conducting walls, we may expect
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FIG. 7. Time-averaged convective heat flux along the horizontal midline for (a)
Ra = 106 and (b) Ra = 108 . Note that the vertical axis scales are different for (a)
and (b). The inset shows the position of the horizontal midline.
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FIG. 8. Instantaneous temperature-velocity fields at
Ra = 108 . Panels for (a) RB convection with Γ = 1/2,
(b) HCCH, and (c) HCHC. Snapshots taken at t/τ
= 177.2. Color bar in (T − T c )/∆T. Multimedia view:
https://doi.org/10.1063/1.5095242.2

with Γ = 1/2 are compared with the asymmetric convection. The
stacked-up roll patterns30,61,62 mentioned for the RB with Γ = 1/2 are
clearly visible in our simulations. The HCCH configuration resembles the half aspect ratio RB convection, whereas the HCHC does
not.
C. Effect of an insulating strip
in asymmetric convection

FIG. 9. Schematic of the asymmetric convection with the insulation strip (of size d)
between the hot and cold walls. Panels for (a) HCCH and (b) HCHC.

half part of the enclosure to resemble the half aspect ratio RB
convection. The HCCH and the HCHC configurations consist of
vertical unstable-stable and stable-stable density layer combinations
next to each other on the conduction walls, respectively. In Fig. 8
(Multimedia view), instantaneous temperature contours for the RB

In the mentioned horizontal convection,32–34 it was observed
that horizontal motions take place whenever a density gradient (in
our case, it is temperature) exists at the same surface level. To understand these motions, we have considered a small thermally insulated
strip in between the hot and cold conduction walls (see Fig. 9). The
instantaneous temperature contours in asymmetric convection for
three different insulated strip widths d/H = 0, 0.001, and 0.1 can be
seen in Fig. 10 (Multimedia view). By increasing the strip width from
0 to 0.1, the observed circular roll present in HCCH decreases in size,
whereas the size of the corner roll increases. The flapping motions
continue to persist for a long time along the horizontal midline. In
the case of HCHC, the square roll is replaced by a circular roll (with
no corner rolls) by increasing the d/H value.

FIG. 10. Instantaneous temperature-velocity fields at Ra =
108 : top panels for HCCH and bottom panels for HCHC.
The strip widths d/H = 0 [(in (a) and (d)], 0.001 [in
(b) and (e)], and 0.1 [in (c) and (f)]. Snapshots taken
at t/τ = 368.4. Color bar in (T − T c )/∆T. Multimedia
views: (a)–(c) https://doi.org/10.1063/1.5095242.3; (d)–(f)
https://doi.org/10.1063/1.5095242.4
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FIG. 11. Time-averaged information:
HCCH (top panel) and HCHC (bottom panel). Panels (a) and (b) for (T
−Tc )/∆T along the vertical midline. The
time-averaged thermal gradients along
the bottom wall [panel (c) and (d)] and
the top wall [panel (e) and (f)]. Simulations for Ra = 108 .

In Figs. 11(a) and 11(b), time-averaged temperature profiles
along the vertical midline are shown for the asymmetric convection for different insulation widths. By increasing the insulation
width, the time-averaged temperature in bulk becomes T m . We

have also shown the vertical thermal gradients along the walls in
Figs. 11(c)–11(f ). The wall gradients are zero at the insulation strips.
The sharp jump in the wall gradients decreases by increasing the
insulation width (see the peak values).
D. Pointwise information at the enclosure center
and at the sidewalls
To understand the pointwise (or the local) information, probability density functions (PDFs) of the normalized temperature
(T − T)/σT are shown in Fig. 12. Here, σT is the standard deviation calculated from the temperature time series. The PDF of the RB
convection shows a significant deviation from the normal Gaussian
which indicates the intermittency.14,63 The non-Gaussian nature
is high for the HCCH. The flapping motions which bring strong
plumes into the center of the enclosure lead to such long tails in

FIG. 12. Temperature probability density functions: (a) HCCH and (b) HCHC. Symbols: circles (RB), diamonds (d/H = 0), squares (d/H = 0.002), left triangles (d/H
= 0.1), and right triangles (d/H = 0.2). The dashed line for normal Gaussian. σT is
the standard deviation. Simulations for Ra = 108 .
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FIG. 13. Time series of temperature fluctuations near the sidewalls at different
heights y/H = 0.04, 0.50, and 0.96. Left panels (a)–(c) at fixed x/H = 0.2 (left
sidewall) and right panels (d)–(f) at fixed x/H = 0.8 (right sidewall). Note RB (in
red), HCCH (in blue), and HCHC (in green). Simulations for Ra = 108 .
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be inferred from the observed fluctuations near the top and bottom boundary layers. In all the RB, HCCH, and HCHC cases, the
intermittency is clearly visible.
IV. THE FOURIER DECOMPOSITION METHOD
To quantify the flow structures in thermal convection, we have
calculated the Fourier modes and amplitudes for vertical velocity
(uy ) using the relation
uy (x, y, t) = ∑ v̂m,n cos(
m,n

mπx
nπy
) sin(
),
H
H

(4)

where the wave number (m, n) represents a particular flow pattern
with m rolls in the x-direction and n rolls in the y-direction. The
mode amplitude v̂m,n is calculated by using
v̂m,n (t) = ∫

0

FIG. 14. The Fourier mode amplitudes vs time: (a) RBC, (b) HCCH, and (c) HCHC.
Simulations for Ra = 108 .

the PDF. By increasing the insulation width, the rolls get strengthened, and the shear instabilities at the interface get intensified, thus
an increase in the intermittency. In the case of HCHC, due to the
strong sweeping effect created by the square roll, thermal plumes
rarely enter the enclosure center; thus, the intermittency is low.
Time series of temperature fluctuations taken at three different
vertical heights to understand the plume motions near the sidewalls
are shown in Fig. 13. The rising and falling plume motions can

H

∫

0

H

uy (x, y, t) cos(

mπx
nπy
) sin(
) dx dy.
H
H

Due to the incompressibility condition, both the horizontal and
vertical velocity components are directly connected with each other.
Hence, it is sufficient to examine one component. Therefore, we consider the vertical component of the velocity in our case. Note that the
mentioned Fourier basis functions do not satisfy the no-slip boundary conditions, but they can capture the convective flow structures
quite well.26–28 The first few Fourier mode amplitudes of the vertical
velocity, v̂1,1 , v̂2,2 , v̂1,2 , v̂2,1 , v̂1,3 , and v̂3,1 are shown for Ra = 108 in
Fig. 14. We can note that v̂1,1 (diagonal elliptic roll) and v̂2,2 (corner
rolls) are the first and second dominating modes in RB convection
[see Fig. 3(a)]. From Fig. 14(b), we can see that the dominant mode
of convection in the HCCH case is v̂1,1 (circular roll) superimposed
by a two-roll v̂1,2 . In the HCHC case, v̂1,1 is the dominant mode with
a square roll structure. The Fourier mode shapes of v̂1,1 , v̂2,2 , v̂1,2 ,
v̂2,1 are shown in Fig. 15. In HCCH and HCHC, the flow reversals
are not observed and can be understood with the absence of the v̂2,2
mode.
The time-averaged Fourier mode amplitudes are shown in
Fig. 16. In RB convection, we observed a single roll structure with
mode v̂1,1 as the dominant mode for Ra < 107 and Ra ≥ 108 . In
between the mentioned limits, a change from the elliptic roll to a
two roll structure is observed. For Ra > 107 , additional modes such
as the corner rolls (mode v̂2,2 ) are also present in addition to the
elliptic roll. These flow patterns are in good agreement with the previous results.24,26,27 In HCCH, we found vertically stacked two roll
structures (mode v̂1,2 ) for Ra ≤ 107 . The large-scale roll with mode
v̂1,1 becomes dominant for Ra ≥ 108 . In HCHC, the v̂1,1 mode is
dominant throughout the Ra range considered.

FIG. 15. The dominant Fourier mode
shapes based on the vertical velocity:
(a) v̂1,1 , (b) v̂1,2 , (c) v̂2,1 , and (d) v̂2,2 .
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FIG. 17. Nu vs time for Ra = 108 . Dashed lines for the time averages. The insets
show the instantaneous thermal fields and flow patterns.

FIG. 16. Time-averaged Fourier mode amplitudes vs Ra: (a) RBC, (b) HCCH, and
(c) HCHC.

V. THE HEAT TRANSPORT VS THE RAYLEIGH NUMBER
In the RB convection, heat flux enters at the bottom hot wall
and leaves from the top cold wall. The heat flux entering at a particular wall i is estimated as qi (t) = A1i ∬Ai K ∂T
dAi , where K is the
∂y
thermal conductivity of the wall and Ai is the corresponding area.
In dimensionless form, the heat flux at the wall is given by the Nusselt number, Nui = qi (t)/(K∆T/H). For asymmetric convection, we
have computed the respective area averaged heat flux on each portion of the conducting wall separately as Nubh for the bottom hot,
Nubc for the bottom cold, Nuth for the top hot, and Nutc for the top
cold walls. In a statistical stationary state, the Nusselt numbers satisfy Nubh + Nuth = Nubc + Nutc . The hot and cold average Nusselt
number Nu = [(Nubh + Nubc ) + (Nutc + Nuth )]/2 is calculated and
is shown in Fig. 17. At any given instant of time, we observe strong
fluctuations in the heat flux. In the same figure, the time-averaged
information is also shown with corresponding dashed lines. The
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FIG. 18. (a) Nu vs Ra and (b) Nu/Ra1/3 vs Ra. Symbols: circles (RB with Γ
= 1), stars (RB with Γ = 1/2), diamonds (HCCH), triangles (HCHC), and pluses
(from Ref. 60).
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HCHC case shows higher Nu, when compared to either the RB or
HCCH. The observed increase in Nu for HCHC is due to the change
in a large-scale roll from an elliptical roll to a square roll (see the
insets).
In Fig. 18(a), Nu vs Ra is shown. To guide the eye, a scaling fit in the form Nu = A Raγ , where γ is the scaling exponent,
is also shown. We can see that the heat flux increases with Ra. In
Fig. 18(b), a reduced scaling in the form Nu/Ra1/3 is also shown,
which clearly shows that a single constant A is not possible. The
nearest scaling exponent of γ ≈ 1/3. A precise scaling exponent is
still a debatable issue in the scientific community; see Refs. 32, 33,
64, and 65 for more details. To quantify the enhancement in heat
transport in the case of the asymmetric convection, Nu/NuRBC is
shown in Fig. 19(a). In HCCH and HCHC configurations, a significant increase in heat transport by 1.4 times is observed at Ra = 105 .
The enhancement decreases by increasing Ra. Similarly, by increasing the insulation width, the observed enhancement in heat flux
further decreases. From the results, we can conclude that the horizontal convection plays an important role in heat transport at low
Ra. In Fig. 19(b), γ vs insulation strip width is shown. In asymmetric
convection, we found γ ≈ 1/4 instead of 1/3. A similar scaling exponent is reported in the aforementioned studies on the horizontal
convection.32,33
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VI. THE MECHANICAL AND THERMAL
ENERGY BUDGET
Instantaneous flow states of the mentioned RB and asymmetric convection can be understood based on the energetics.9,66–70 In
a heated enclosure, thermal energy which enters and leaves from
the boundaries is finally responsible for inducing fluid motions. The
buoyancy flux which enters the system is redistributed into various
forms at different length and time scales, and an overall thermodynamic balance is expected at the stationary state. At any given
instant, two quantities such as the volume averaged kinetic energy
EK = 12 ∭ [u ⋅ u] dV (which represents the mechanical contribug
tion) and the potential energy EP = ρm ∭ ρy dV (which represents
the energy possessed by the system by bringing all the particles to a
reference height ym against the gravity) represent the system’s state.
Here, ∭dV is the volume integral. Note that the density is connected
to the local temperature through the Boussinesq approximation.
The evolution equations for the energy balance in volume averaged
sense68,71 are
dEK
= −φy + φτ − 𝜖,
dt
dEP
= φy + φb1 + φi ,
dt

(5)

where φy = ρ∣g∣m ∭ ρuy dV is the buoyancy flux, 𝜙τ = ν∬ [u ⋅
(n ⋅ ∇u)] dS is the boundary stress term (which is zero in our case
due to no-slip conditions), 𝜖 = ν∭ [∇u:∇u] dV is the viscous dissipation, φb1 = κ∣g∣
y[n ⋅ ∇ρ] dS is the net buoyancy input applied
ρm ∬
∆ρ
at the hot and the cold walls, and φi = − κ∣g∣
dS is the energy
ρm ∬ ∆y
required to rise (or lower) the centre of mass due to the molecular
diffusion irreversibly. Here, ∬ dS is the surface integral.
The potential energy can be decomposed66 into a form EP
= EBP + EAP . The background potential energy EBP = ρ∣g∣m ∭ yr ρ dV,
which represents the lowest potential energy that can be possessed
by an adiabatic process by readjustment of the instantaneous density ρ from a chosen location at x = (x, y) to a new location
xr = (xr , yr ). However, the convective motions are completely driven
by the available component (EAP ), and the background component
helps only in exchanging energy between the terms. The thermal
gradient applied at the boundaries converts the background into
available potential energy, and the irreversible mixing in the temperature (or density) field does the opposite. The corresponding evolution equations written for individual potential energy components
are
dEBP
= −φb2 + φd ,
dt
dEAP
= φy + φb1 + φb2 − φd + φi ,
dt

FIG. 19. (a) Nu/NuRBC vs Ra and (b) γ vs d/H.
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(6)

where φb2 = −κ∣g∣
y [n ⋅ ∇ρ] dV is the buoyancy force term
ρm ∭ r
required to maintain the convection to take place instead of reachdyr
ing an adiabatically relaxed state and φd = − κ∣g∣
[∇ρ ⋅ ∇ρ] dV
ρm ∭ dρ
is the irreversible mixing taking place in the density.
In Fig. 20(a), the kinetic energy EK vs time is shown. EK
starts at zero due to initial quiescent conditions and saturates to a
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FIG. 20. (a) Kinetic energy vs time for Ra = 108 and (b) time-averaged kinetic
energy vs Ra. The insulation strip width d/h = 0 is used.

FIG. 21. (a) Available potential energy vs time for Ra = 108 and (b) ∣EBP ∣/EAP vs
Ra. The insulation strip width d/h = 0 is used.

positive value with time. Fluctuations can be seen in EK at any
instant of time for the considered configurations. The time-averaged
EK vs Ra is shown in Fig. 20(b), and we can note that the fluid
motions in the RB dominate over the other in HCCH and HCHC.
The average kinetic energy in HCCH and HCHC is nearly the same.
Just to guide the eye, power-law fits are also shown, from which we
can speculate that at very high Ra, the fluid motions in HCCH or
HCHC may dominate over the RB convection.
In Fig. 21(a), the available potential energy EAP vs time is
shown. Similar features such as the fluctuations and the stationary
state are observed. The time-averaged available potential energy EAP
is highest for the RB and lowest for the HCHC configuration at
Ra = 108 . The background potential energy EBP shows a similar
trend. In Fig. 21(b), EBP /EAP vs Ra is shown. Note that EP = EAP
BP
+ EBP ≡ EAP [1 + EEAP
]. We can note EBP < EAP for the RB which indicates that most of the heat energy converts into mechanical energy.
By mutating the thermal boundary conditions (for both HCCH and
HCHC), the major part of the potential energy is stored in the
background form instead of the available form.
By supplying heat at the boundaries, EP of the system is created
via 𝜙b1 , and EBP is created via 𝜙b2 . The rising (or falling) hot (or cold)
thermal plumes to reach the thermally stable state are completely
driven by 𝜙y . Note that the other terms such as 𝜙d is a measure
on the destruction of thermal gradients away from the stable background state, and 𝜙i is the system’s irreversibility. At the stationary
state, the energy conversion rates are mainly controlled by 𝜙y and
𝜙b1 but not by individual energy values. Indeed, the mentioned conversion rate terms satisfy exact relations 𝜖 ≡ φy , φd = φb2 , and φi +φd
≡ φb1 + φb2 + φy .

In Fig. 22, individual contributions from φb1 , φb2 , and φy are
shown on a bar chart. In the RB convection, φb1 = φb2 ≡ 21 (Nut
+ Nub ), and φy (driving source of plumes) is always greater than φb1
and φb2 . In the case of HCCH, φb2 gives largest contribution among
the others and hence the background potential energy increases
over time, thus weaker convective motions. In the case of HCHC,
φb1 > φb2 which indicates that most of the energy is converted into
available potential energy.
To give a perspective, by mutating the thermal boundary conditions, the energy entering the system is stored at different levels. In
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FIG. 22. A bar chart on energy conversion rates for RB, HCCH, and HCHC. Simulations for Ra = 108 . The dynamics are driven by (1) the buoyancy flux in RB
(φb1 ≡ φb2 < φy ), (2) the background potential energy in HCCH (φb1 < φy
< φb2 ), and (3) the convective energy in HCHC (φb1 > φy > φb2 ).
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HCCH, the stability of the system is increased by storing the energy
in the background potential form. In HCHC, the convective motions
are significantly improved due to the increase in the available form.
VII. SUMMARY AND CONCLUSIONS
Through numerical simulations, the thermal convection in a
two-dimensional enclosure similar to the classical Rayleigh-Bénard
(RB) convection but with the mixed thermal boundary conditions on
the horizontal conduction walls is investigated (see Fig. 1). We have
identified two different scenarios as the “asymmetric convection,”
namely, HCCH and HCHC, in comparison with the RB convection. We note that horizontal convective motions are created on
the walls due to step function like thermal boundary conditions.
The flow disturbances travel along the conduction wall from (1) a
cold-stable zone to a hot-unstable zone at the bottom wall and (2) a
hot-stable zone to a cold-unstable zone at the top wall in asymmetric
convection.
In RB convection, the flow consists of a large circular roll for
Ra < 107 , two vertically stacked-up rolls for 107 ≤ Ra < 108 , and an
elliptic roll with additional corner rolls for Ra ≥ 108 . In the case of
HCCH, the two vertically stacked-up rolls are visible for Ra ≤ 107 ,
and thereafter, a single circular roll accompanied by a small corner
roll is visible. In the case of HCHC, a single square roll is present
for 105 ≤ Ra ≤ 109 . By using Fourier mode analysis, the large-scale
flow modes present in the RB, HCCH, and HCHC configurations
are compared. It is observed that due to the absence of v̂2,2 mode,
flow reversal is not possible for the asymmetric convection.
The heat transport in the case of asymmetric convection is
higher than that in the RB case for Ra < 108 . Through the energy
kinetics, we have found that the reasons for the increase in heat
transport may be due to (1) an increase in the background potential
energy in HCCH and (2) an increase in available potential energy
in HCHC configurations. We have introduced an insulated strip
between the hot and cold walls to understand the thermal short
circuit behavior created by the horizontal convective motions. The
observed short circuit behavior diminishes with the increase in the
insulation strip width. Moreover, the flow patterns in HCCH and
HCHC are significantly affected by the strip width. We have also
estimated the scaling laws on global heat transport in the form of
Nu ∝ Raγ and found the scaling exponent γ = 1/4 instead of 1/3
for the asymmetric convection, and it is consistent with the previous
studies on horizontal convection.
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