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Abstract

In this review article we will describe recent developments in statistical theory of magnetohydrodynamic (MHD)
turbulence. Kraichnan and Iroshnikov first proposed a phenomenology of MHD turbulence where Alfvén time-scale
dominates the dynamics, and the energy speciin is proportional tok—3/2. In the last decade, many numerical
simulations show that spectral index is closeétwvhich is Kolmogorov’s index for fluid turbulence. We review
recent theoretical results based on anisotropy and Renormalization Groups which support Kolmogorov’s scaling
for MHD turbulence.

Energy transfer among Fourier modes, energy flux, and shell-to-shell energy transfers are important quantities
in MHD turbulence. We report recent numerical and field-theoretic results in this area. Role of these quantities in
magnetic field amplification (dynamo) are also discussed. There are new insights into the role of magnetic helicity
in turbulence evolution. Recent interesting results in intermittency, large-eddy simulations, and shell models of
magnetohydrodynamics are also covered.
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1. Introduction

Fluid and plasma flows exhibit complex random behavior at high Reynolds number; this phenomena
is called turbulence. On the Earth this phenomena is seen in atmosphere, channel and rivers flow, etc.
In the universe, most of the astrophysical systems are turbulent. Some of the examples are solar wind,
convective zone in stars, galactic plasma, accretion disk etc.

Reynolds number, defined @5L /v (U is the large-scale velocity, is the large length scale, and
v is the kinematic viscosity), has to be large (typically 2000 or more) for turbulence to set in. At large
Reynolds number, there are many active modes which are nonlinearly coupled. These modes show randon
behavior along with rich structures and long-range correlations. Presence of large number of modes and
long-range correlations makes turbulence a very difficult problem that remains largely unsolved for more
than hundred years.

Fortunately, random motion and presence of large number of modes make turbulence amenable to
statistical analysis. Notice that the energy supplied at large-s¢a)egets dissipated at small scales,
sayly. Experiments and numerical simulations show that the velocity differetice- 1) — u(Xx) has a
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universal probability density function (pdf) fég </ < L. That is, the pdf is independent of experimental
conditions, forcing and dissipative mechanisms, etc. Because of its universal behavior, the above quantity
has been of major interest among physicists for last 60 years. Unfortunately, we do not yet know how
to derive the form of this pdf from the first principle, but some of the moments have been computed
analytically. The range of scalésatisfyinglq </ < L is called inertial range.

In 1941 Kolmogoro{80—82]computed an exact expression for the third moment of velocity differ-
ence. He showed that under vanishing viscosity, third moment for velocity difference for homogeneous,
isotropic, incompressible, and steady-state fluid turbulence is

3 4
(X +1) —u(x)°) = gﬂl .

where|| is the parallel component alohg(-) stands for ensemble average, dhi the energy cascade
rate, which is also equal to the energy supply rate at large kcatel dissipation rate at the small scale
lg. Assuming fractal structure for the velocity field, afido be constant for all, we can show that the
energy spectrunt' (k) is

E(k) = KxoIT?/3k =5/ |

whereKg is a universal constant, called Kolmogorov’s constant, Bnti< k <ld_1. Numerical simula-
tions and experiments verify the above energy spectrum apart from a small deviation called intermittency
correction.

Physics of magnetohydrodynamic (MHD) turbulence is more complex than fluid turbulence. There
are two coupled vector fields, velocityand magnetib, and two dissipative parameters, viscosity and
resistivity. In addition, we have mean magnetic fiBlgiwhich cannot be transformed away (unlike mean
velocity field which can be transformed away using Galilean transformation). The mean magnetic field
makes the turbulence anisotropic, further complicating the problem. Availability of powerful computers
and sophisticated theoretical tools have helped us understand several aspects of MHD turbulence. In the
last 10 years, there have been major advances in the understanding of energy spectra and fluxes of MHD
turbulence. Some of these theories have been motivated by Kolmogorov’s theory for fluid turbulence.
Note that incompressible turbulence is better understood than compressible turbulence. Therefore, our
discussion on MHD turbulence is primarily for incompressible plasmahis paper we focus on the
universal statistical properties of MHD turbulenoghich are valid in the inertial range. In this paper
we will review the statistical properties of the following quantities

The inertial-range energy spectrum for MHD turbulence.

Various energy fluxes in MHD turbulence.

Energy transfers between various wavenumber shells.

Anisotropic effects of mean magnetic field.

Structure function§u (X +1) —u) (x))") and((b; (x+1) — b (X))"), whereu | andb;; are components
of velocity and magnetic fields along vector

6. Growth of magnetic field (dynamo).

arwNE

Currently energy spectra and fluxes of isotropic MHD turbulence is quite well established, but anisotropy,
intermittency, and dynamo is not yet fully understood. Therefore, items 1-3 will be discussed in greater
detail.
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Basic modes of incompressible MHD are Alfvén waves, which travel parallel and antiparallel to the
mean magnetic field with speeBh. The nonlinear terms induce interactions among these modes. In
mid-60s Kraichnari85] and Iroshniko\[77] postulated that the time-scale for the nonlinear interaction
is proportional toBgl, leading toE (k) ~ Bé/zk—S/Z. However, research in last 10 ye§35,69,108,179]
show that the energy spectrum of MHD turbulence Kolmogorov-like’®). Current understanding is
that Alfvén waves are scattered by “local mean magnetic fiBlgdk) ~ k~1/3, leading to Kolmogorov’s
spectrum for MHD turbulence. The above ideas will be discussed in Sections 7 and 9.

In MHD turbulence there are energy exchanges among the velocity—velocity, velocity—-magnetic, and
magnetic—magnetic modes. These exchanges lead to energy fluxes from inside of the velocity/magnetic
wavenumber sphere to the outside of the velocity/magnetic wavenumber sphere. Similarly we have
shell-to-shell energy transfers in MHD turbulence. We have developed a new formalism called “mode-
to-mode” energy transfer rates, using which we have computed energy fluxes and shell-to-shell energy
transfers numerically and analyticall#5,181,183,184]The analytic calculations are based on field-
theoretic techniques. Note that some of the fluxes and shell-to-shell energy transfers are possible only
using “mode-to-mode” energy transfer, and cannot be computed using “combined energy transfer” in a
triad [100].

Many analytic calculations in fluid and MHD turbulence have been done using field-theoretic tech-
niques. Even though these methods are plagued with some inconsistencies, we get many meaningful
results using them. In Sections 7, 8, and 9 we will review the field-theoretic calculations of energy
spectrum, energy fluxes, and shell-to-shell energy transfers.

Growth of magnetic field in MHD turbulence (dynamo) is of central importance in MHD turbulence
research. Earlier dynamo models (kinematic) assumed a given form of velocity field and computed the
growth of large-scale magnetic field. These models do not take into account the back-reaction of magnetic
field on the velocity field. In last 10 years, many dynamic dynamo simulations have been done which
include the above-mentioned back reaction. Role of magnetic hebicliyWhereais the vector potential)
in the growth of large-scale magnetic field is better understood now. Recently, Fielfb8]aChou[39],
Schekochihin et a[158] and Blackmar19] have constructed theoretical dynamical models of dynamo,
and studied nonlinear evolution and saturation mechanisms.

As mentioned above, pdf of velocity difference in fluid turbulence is still unsolved. We know from
experiments and simulation that pdf is close to Gaussian for smdilit is nongaussian for large. This
phenomena is called intermittency. Note that various moments called Structure functions are connected
to pdf. It can be shown that the structure functions are related to the “local energy cascadgkate”

Some phenomenological models, notably by She and Levd&®¢based on log-Poisson process, have
been developed to computEk); these models quite successfully capture intermittency in both fluid and
MHD turbulence. The predictions of these models are in good agreement with numerical results. We will
discuss these issues in Section 11.

Numerical simulations have provided many important data and clues for understanding the dynamics
of turbulence. They have motivated new models, and have verified/rejected existing models. In that sense,
they have become another type of experiment, hence commonly termed as numerical experiments. Moderr
computers have made reasonably high-resolution simulations possible. The highest resolution simulation
in fluid turbulence is on 406grid (e.g., by Gotoli71]), and in MHD turbulence is on 1034yrid (e.g.,
by Haugen et al[74]). Simulations of Biskam15,132] Cho et al.[35], Maron and Goldreiclj108]
have verifie@ spectrum for MHD turbulence. Dar et §45] have computed various energy fluxes in 2D
MHD turbulence. Earlier, based on energy fluxes, Verma g @l] could conclude that Kolmogorov-like
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phenomenology models MHD turbulence better that Kraichnan and Iroshnikov’'s phenomenology. Many
interesting simulations have been done to simulate dynamo, e.g.,[@bjcand Brandenbur{f?2].

Because of large values of dissipative parameters, MHD turbulence requires large length and velocity
scales. This make terrestrial experiments on MHD turbulence impossible. However, astrophysical plas-
mas are typically turbulent because of large length and velocity scales. Taking advantage of this fact,
large amount of solar-wind in situ data have been collected by spacecrafts. These data have been very
useful in understanding the physics of MHD turbulence. In fact, in 1982 Matthaeus and Goldi$&jin
had shown that solar wind data favors Kolmogorav's/® spectrum over Kraichnan and Iroshnikov’s
k—3/2 spectrum. Solar wind data also shows that MHD turbulence exhibits intermittency. Some of the
observational results of solar wind will discussed in Section 5. In addition to the above topics, we will also
state the current results on the absolute equilibrium theories, decay of global quantities, two-dimensional
turbulence, shell model of MHD turbulence, compressible turbulence, etc.

Literature on MHD turbulence is quite extensive. Recent book “Magnetohydrodynamic Turbulence”
by Biskamp[14] covers most of the basic topics. MHD turbulence normally figures as one of the chapters
in many books on Magnetohydrodynamics, namely Bisk@tij Priest{152], Raichoudhury41], Shu
[161], Cowling[42], and Vedenoy176]. The recent developments are nicely covered by the review articles
in a book edited by Falgarone and Pag581. Some of the important review articles are by Montgomery
[131], Pouquef148], Krommes[92,93] On dynamo, the key references are books by Moffb26]
and Krause and Radl¢®1], and recent review articlg®5,67,155] Relatively, fluid turbulence has a
larger volume of literature. Here we will list only some of the relevant ones. LEHl&], McComb
[119-121] Zhou et al.[201], and Smith and Woodruffl63] have reviewed field-theoretic treatment
of fluid turbulence. The recent books by Frigéii] and Lesieuf100] cover recent developments and
phenomenological theories. The review articles by Or$2a8§], Kraichnan and Montgomef0], and
Sreenivasafil64] are quite exhaustive.

In this review paper, we have focussed on statistical theory of MHD turbulence, specially on energy
spectra, energy fluxes, and shell-to-shell energy transfers. These quantities have been analyzed analyticall
and numerically. A significant portion of the paper is devoted to self-consistent field-theoretic calculations
of MHD turbulence and “mode-to-mode” energy transfer rates because of their power of analysis as well
as our familiarity with these topics. These topics are new and are of current interest. Hence, this review
article complements the earlier work. Universal laws are observed in the inertial range of homogeneous
and isotropic turbulence. Following the similar approach, in analytic calculations of MHD turbulence,
homogeneity and isotropy are assumed except in the presence of mean magnetic field.

To keep our discussion focussed, we have left out many important topics like coherent structures,
astrophysical objects like accretion disks and Sun, transition to turbulence, etc. Our discussion on com-
pressible turbulence and intermittency is relatively brief because final word on these topics still awaited.
Dynamo theory is only touched upon; the reader is referred to the above-mentioned references for a
detailed discussion. In the discussion on the solar wind, only a small number of results connected to
energy spectra are covered.

The outline of the paper is as follows: Section 2 contains definitions of various global and spectral
guantities along with their governing equations. In Section 3 we discuss the formalism of “mode-to-
mode” energy transfer rates in fluid and MHD turbulence. Using this formalism, formulas for energy
fluxes and shell-to-shell energy transfer rates have been derived. Section 4 contains the existing MHD
turbulence phenomenologies which include Kraichnémsodel; Kolmogorov-like models of Goldreich
and Sridhar. Absolute equilibrium theories and Selective decay are also discussed here. In Section 5
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we review the observed energy spectra of the solar wind. Section 6 describes pseudo-spectral methoc
along with the numerical results on energy spectra, fluxes, and shell-to-shell energy transfers. In these
discussions we verify which of the turbulence phenomenologies are in agreement with the solar wind
data and numerical results.

Nextthree sections cover applications of field-theoretic techniques to MHD turbulence. In Section 7, we
introduce renormalization-group analysis of MHD turbulence, with an emphasis on the renormalization
of “mean magnetic field[179], viscosity and resistivity180]. In Section 8, we compute various energy
fluxes and shell-to-shell energy transfers in MHD turbulence using field-theoretic techniques. Here we also
review eddy-damped guasi-normal Markovian (EDQNM) calculations of MHD turbulence. In Section
9 we discuss the anisotropic turbulence calculations of Goldreich and Sfetha65]and Galtiers et
al. [63] in significant details. The variations of turbulence properties with space dimensions have been
discussed.

In Section 10 we briefly mention the main numerical and analytic results on homogeneous and isotropic
dynamo. We include both kinematic and dynamic dynamo models, with emphasis being on the later.
Section 11 contains a brief discussion on intermittency models of fluid and MHD turbulence. Section 12
contains a brief discussion on the large-eddy simulations, decay of global energy, compressible turbulence,
and shell model of MHD turbulence. Appendix A and contains the definitions of Fourier series and
transforms of fields in homogeneous turbulence. Appendixes B and C contain the Feynman diagrams
for MHD turbulence; these diagrams are used in the field-theoretic calculations. In the last Appendix D,
we briefly mention the main results of spectral theory of fluid turbulence in 2D and 3D.

2. MHD: Definitions and governing equations
2.1. MHD approximations and equations

MHD fluid is quasi-neutral, i.e., local charges of ions and electrons almost balance each other. The
conductivity of MHD fluid is very high. As a consequence, the magnetic field lines are frozen, and the
matter (ions and electrons) moves with the field. A slight imbalance in the motion creates electric currents,
that in turn generates the magnetic field. The fluid approximation implies that the plasma is collisional,
and the equations are written for the coarse-grained fluid volume (called fluid element) containing many
ions and electrons. In the MHD picture, the ions (heavier particle) carry momentum, and the electrons
(lighter particle) carry current. In the following discussion we will make the above arguments quantitative.
In this paper we will use CGS units. For detailed discussions on MHD, refer to CojuitjgSiscoe
[162], and Shy161].

Consider MHD plasma contained in a volume. In the rest frame of the fluid element, the electric field
E’ = J/o, wherel is the electric current density, ads the electrical conductivity. IE is the electric
field in the laboratory frame, Lorenz transformation for nonrelativistic flows yields

uxB J
E—E4+-—2°_> (1)

C ag

whereu is the velocity of the fluid elemenB is the magnetic field, and is the speed of light. Note
that the current density, which is proportional to the relative velocity of electrons with relative to ions,
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remains unchanged under Galilean transformation. Since MHD fluid is highly condyétirgoo),

This implies that for the nonrelativistic flows, < B. Now let us look at one of the Maxwell's equations

4 10E
vxpo Ty LE
c c ot

The last term of the above equatioriig'c)? times smaller as compared¥ox B, hence it can be ignored.
Therefore,

J=SvxB. )

4n

Hence botlE andJ are dependent variables, and they can be written in terrBsasfdu as discussed
above.

In MHD both magnetic and velocity fields are dynamic. To determine the magnetic field we make use
of one of Maxwell’s equation

oB
EZ—CVXE. (3)

An application of Egs. (1, 2) yields

oB
§=VX(uxB)+nv23 (4)
or
oB )
a—t+(U'V)B=(B-V)U—BV-U+nVB. (5)

The parametey is called the resistivity, and is equald®/ (4rs). The magnetic field obeys the following
constraint:

V-B=0. (6)
The time evolution of the velocity field is given by the Navier—Stokes equation. In this paper, we work

in an inertial frame of reference in which the mean flow speed is zero. This transformation is possible
because of Galilean invariance. The Navier—Stokes equat[65,i86]

ou 1 2
p(a‘f‘(U-V)U):—thh—I-EJXB+#V2U+§MV(V'U)a (7)
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wherep(x) is the density of the fluidpy, is the thermal pressure, apds the dynamic viscosity. Note
that kinematic viscosity = u/p. Substitution of] in terms ofB [Eq. (2)] yields

2

ML= % [—v (Pth + %) +B- V)B] + WU + % V(V - u), (8)

ot

wherepy + B2/8n = p is called total pressure. The ratig,/(B?/8r) is calledp, which describes the
strength of the magnetic field with relative to thermal pressure.
Mass conservation yields the following equation for density fighd:

op _

Pressure can be computed frpmsing equation of state

p=1rf(p). (10)

This completes the basic equations of MHD, which are (5, 8, 9, 10). Using these equations we can
determine the unknownsl, B, p, p). Note that the number of equations and unknowns are the same.

When  is large, B is much less thapy,, and it can be ignored. On nondimensionalization of the
Navier—Stokes equation, the teWip becomesdp/dx’)/p x(Cs/U)?, whereCs is the sound speetl]
is the typical velocity of the flowx’ is the position coordinate normalized with relative to the length scale
of the systen]171]. Cs — oo is the incompressible limit, which is widely studied because water, the
most commonly found fluid on earth, is almost incompressifpgq <0.01) in most practical situations.
The other limitCs — 0 or U > Cs (supersonic) is the fully compressible limit, and it is described by
Burgers equation. As we will see later, the energy spectrum for both these extreme limits well known.
WhenU/Cs<1 but nonzero, then we call the fluid to be nearly incompressible; Zank and Matthaeus
[195,196]have given theories for this limit. The energy and density spectra are not well understood for
arbitraryU/ Cs.

Whenp is small,ps, can be ignored. Now the Alfvén spe€d = B/./4np plays the role of’s. Hence,
the fluid is incompressible 7 < Ca [14]. For most part of this paper, we assume the magnetofluid to be
incompressible. In many astrophysical and terrestrial situations (except near shocks), incompressibility
is a reasonably good approximation for the MHD plasma because typical velocity fluctuations are much
smaller compared to the sound speed or the Alfvén speed. This assumption simplifies the calculations
significantly. In Section 12.4 we will discuss compressible MHD.

The incompressibility approximation can also be interpreted as the limit when volume of a fluid parcel
will not change along its path, that isp bz = 0. From the continuity equation (9), the incompressibility
condition reduces to

V.u=0. (11)

This is a constraint on the velocity field Note that incompressibility does not imply constant density.
However, for simplicity we take density to be constant and equal to 1. Under this condition, Egs. (5, 8)
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reduce to
ou
a—i—(u-V)u:—Vp+(B-V)B+vV2u, (12)
oB 5
§+(u-V)B=(B-V)u+nVB. (13)

To summarize, the incompressible MHD equations are

ou

” +U-V)u=—-Vp+ (B-V)B+Wau

B )
§+(U-V)B:(B-V)u+nv B
V.-u=0
-B=0

When we take divergence of Eq. (12), we obtain Poisson’s equation
—V%p=V.[(u-V)u—(B-V)B] .

Hence, giveru andB fields at any given time, we can evaluatel' hereforep is a dependent variable in
the incompressible limit.

Incompressible MHD has two unknown vector fields B). They are determined using Egs. (12, 13)
under constraints (6, 11). The fielesJ andp are dependent variables that can be obtained in terms of
u andB.

The MHD equations are nonlinear, and that is the crux of the problem. There are two dissipative terms:
viscous(vV2u) and resistive(yV2B). The ratio of the nonlinear vs. viscous dissipative term is called
Reynolds numbeRe = U L /v, whereU is the velocity scale, and is the length scale. There is another
parameter called magnetic Reynolds numRey, = U L /5. For turbulent flows, Reynolds number should
be high, typically more than 2000 or so. The magnetic Prandtl numpeso plays an important role in
MHD turbulence. Typical values of parameters in commonly studied MHD systems are giVablénl
[99,131,157,178]The calculation of viscosity and resistivity of MHD plasma is quite involved because
of anisotropy caused by mean magnetic f{digil]. In Table 1we have provided rough estimates of these
quantities.

2.2. Energy equations and conserved quantities

In this section we derive energy equations for compressible and incompressible fluids. For compressible
fluids we can construct equations for energy using Egs. (5, 8). Following Lg8@awe derive the
following energy equation for the kinetic energy:

g<1-puz—|—,oe>=—v-|:<1-u2—f—e>pu:|—V-(pu)—}—gu-(\]xB)—f—cI5, (14)
or \ 2 2 c

wheree is the internal energy function. The first term on the RHS is the energy flux, and the second term
is the work done by the pressure, which enhances the energy of the system. The third term on the RHS
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Table 1

Typical values of parameters in commonly studied MHD systems

System Earth's core Solar convective zone Solar wind Galactic disk loniz&0%HK, 42 P3 Hg
Length (cm) 168 1010 10%3 1022 10 10
Velocity (cm/s) 102 10t 108 108 102 10
Mean mag. field (G) 19 103 10°° 10°° 103 104
Density (gm/cmd) 10 1075 10-23 10-24 10-10 10
Kinematic viscositycm?/s) 102 1011 10% 1021 10° 103
Reynolds number iy 103 1013 107 102 10°
Resistivity (cm?/s) 10t 1011 10t 10’ 1.5x 10° 104
Magnetic Reynolds no. k) 103 104 1021 7x 1073 1072
Magnetic Prandtl no. 1P 1)? (1)? 164 0.7 1077

Viscosity and resistivity of first 4 columns are rough estim§®8s131,157,178]

is work done by magnetic force on the fluid, whibe a complex function of strain tensor, is the energy
change due to surface forces.
For the evolution of magnetic energy we use Eq. (3) and off¢&h

01
S~ 2= — “B.VxE
ot 8n 4n

_ -[%EXB]—J-E. (15)

The first term on the RHS is the Poynting flux (energy flux of the electro-magnetic field), and the second
term is the work done by the electro-magnetic field on fluid. The second term also includes the Joule
dissipation term. Combination of Egs. (14, 15) yields the following dynamical equation for the energy in

MHD:
2 (= =ZB2) = —v.|(z U+ ExB
at(zp” Tt gy ) [(2” +6)p Tt ]
1.,
—V-(pU)—f—(p—f—;J .

Here%pu2+pe+ 1/8rB? s the total energy. Physical interpretation of the above equation is the following:
the rate of change of total energy is the sum of energy flux, the work done by the pressure, and the viscous
and resistive dissipation. It is convenient to use a new variable for magnetidfielBcgs/+/4n. In

terms of the new variable, the total energy%jcm2 + pe + %BZ. From this point onward we use this new
variable for the magnetic field.

In the above equations we apply the isoentropic and incompressibility conditions. For the incompress-
ible fluids we can choose= 1. Landay96] showed that under this conditiens a constant. Hence, for
incompressible MHD fluid we tredi?+ B?) /2 as total energy. For ideal incompressible MHE:=0)
the energy evolution equation is

%%(u2+32)=—v-[(%uz—i—%Bz—i—p)u]—2V-[(B-u)B].
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Table 2
Global quantities in MHD

Quantity Symbol Definition Conserved in MHD?
Kinetic energy EY [ dxu?/2 No

Magnetic energy EB [dxB?/2 No

Total energy E [dx@? + B?)/2 Yes (2D,3D)

Cross helicity He Jdx(u-B)/2 Yes (2D,3D)
Magnetic helicity Hm Jdx(A - B)/2 Yes (3D)

Kinetic helicity Hg Jdxu - w)/2 No

Mean-square vector potential A2 J dxA2/2 Yes (2D)

Enstrophy Q [ dxa?/2 No

By applying Gauss law we find that

61‘/2(“ + B dx = f[(zu —1—23 +pju+B-uB|dS.

For the boundary conditioB,, = u,, = 0 or periodic boundary condition, the total eneg@%'(u2 + B?)
is conserved.

There are some more important quantities in MHD turbulence. They are listatll& 2 Note thatA is
the vector potential, and is the vorticity field. By following the same procedure as described above, we
can show thak, H., andHy are conserved in 3D MHD, whil€, H. andA2 are conserved in 2D MHD
[11,112] Note that in 3D fluidsE* and Hk are conserved, while in 2D fluid&"* andQ are conserved
[100,101]

Magnetic helicity is a tricky quantity. Because of the choice of gauge it can be shown that magnetic
helicity is not unigque unlesB, = 0 at the boundary. Magnetic helicity is connected with flux tubes, and
plays important role in magnetic field generation. For details refer to Biskafijp

In addition to the above global quantities, there are infinite many conserved guantities. In the following
we will show that the magnetic flux defined as

(15=/B-dS,

where Bis the area enclosed by any closed contour moving with the plasma, is conserved. Since infinitely
many closed curves are possible in any given volume, we have infinitely many conserved quantities. To
prove the above conservation law, we use vector potehtiahose dynamical evolution is given by

0

A=uxB+Vdg,
o xB+ Ve

where¢ is the scalar potentigl12]. The above equation can be rewritten as

dA;
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Now we write magnetic fluxp in terms of vector potential

<I>=fA-d|.

The time derivative ofd will be

do dA; d

— = Ll + A — d

dr g & A
= % do + dl,-uka,.Ak + dl,‘Akaiuk
=0.

Hence, magnetic flux over any surface moving with the plasma is conserved.
The conserved quantities play very important role in turbulence. These aspects will be discussed later
in Sections 7 and 8 of this review. Now we turn to the linear solutions of MHD equations.

2.3. Linearized MHD equations and their solutions; MHD waves

The fields can be separated into their mean and fluctuating BagtBo + b andp = pg + dp. Here
Bo andpg denote the mean, aridanddp denote the fluctuating fields. Note that the velocity fields
purely fluctuating field; its mean can be eliminated by Galilean transformation.

The linearized MHD equations are (cf. Egs. (5, 8, 9))

ou 1

— —Bo-V)b=——Vp—-V(Bo-b),
or Po

ob

— — (Bo-V)u=—BgV -u,

ot

0dp

—+ V. u=0.
6t+ (pou)

We attempt a plane-wave solution for the above equations:

[u, b, p, ép] = [u(k), b(k), p(k), p(k)] exp(ik - X —iwt) .

Substitutions of these waves in the linearized equations yield

ou(k) 4+ (Bo.k)b(k) = pi kp(k) +k(Bo-b) ,
0

wb(K) + (Bo.k)u(k) = Bo(k - u(k)) ,
p(K) — pok - u(k) =0.

Let us solve the above equations in coordinate syskem, to) shown inFig. 1 Heret; » are transverse

tok, with t1 in Bo-k plane, and» perpendicular to this plane. The components of velocity and magnetic

field alongty » are denoted by(f), u(f), b(f), b(f), and alongk areu; andb)|. The angle betweeo and
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t ‘A B,

<Y

X

Fig. 1. Basis vectors for MHD waves. Compressible waves have componentskalamge Alfvén waves have components
alongtiandto.

k is 0. The equations along the new basis vectors are

C? :
ou)| — —2ku;; = Bob Pk sin 6, (16)
(0]
b =0, (17)
wu(f) + Bok cos@b(f) =0, (18)
wb(f) + Bok cos@u(f) = Bok sinfu , (29)
ou'? + Bokcosoh'® =0, (20)
cob(f) + Bok coseu(f) =0. (21)

usingCs = +/p(k)/p(k). Note thaty| = 0, which also follows fron¥V - b = 0. From the above equations
wee can infer the following basic wave modes:

1.

Alfvén wavedincompressible modeHereu :u(f) :bil) =0, andu(f) # 0, b(f) # 0, and the relevant
equations are (20, 21). There are two solutions, which correspond to waves traveling antiparallel and
parallel to the mean magnetic field with phase velogitys cosd (Ca = Bo). For these waves thermal

and magnetic pressures are constants. These waves are also called shear Alfvén waves.

. Pseudo-Alfvén wav@incompressible modeHereu | = u(f) = b(f) =0, andu(f) # 0, b(f) # 0, and

the relevant equations are (18, 19). The two solutions correspond to waves moving antiparallel and
parallel to the mean magnetic field with velociyCa cos6.

Compressible modépurely fluid: Here u(ll) = b(f) = u(f) = b(f) =0, andu; # 0, and the
relevant equation is (16). This is the sound wave in fluid arising due to the fluctuations of thermal
pressure only.
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4. MHD compressible modHereu(f) :b(f) =0, andu(j) # 0, b(f) # 0,u) # 0. Clearly,u is coupled
to b(f) as evident from Egs. (16, 19). Solving Egs. (16, 18, 19) yields

ot — 0?k?(C2 + C3) + CAC2k*cog0=0 .

Hence, the two compressible modes move with velocities

1
Vi = > [(C/?\ +C2) + \/(Cﬁ + C2)? — 4C2C3 cos@} . (22)

The faster between the two is called fast wave, and the other one is called slow waves. The pressure
variation for these waves are provided by both thermal and magnetic pressure. For details on these
waves, refer t¢162,152]

Turbulent flows contain many interacting waves, and the solution cannot be written in a simple way.
A popular approach to analyze the turbulent flows is to use statistical tools. We will describe below the
application of statistical methods to turbulence.

2.4. Necessity for statistical theory of turbulence

In turbulent fluid the field variables are typically random both in space and time. Hence the exact
solutions given initial and boundary conditions will not be very useful even when they were available
(they are not!). However statistical averages and probability distribution functions are reproducible in
experiments under steady state, and they shed important light on the dynamics of turbulence. For this
reason many researchers study turbulence statistically. The idea is to use the tools of statistical physics
for understanding turbulence. Unfortunately, only systems at equilibrium or near equilibrium have been
understood reasonably well, and a good understanding of nonequilibrium systems (turbulence being one
of them) is still lacking.

The statistical description of turbulent flow starts by dividing the field variables into mean and fluctu-
ating parts. Then we compute averages of various functions of fluctuating fields. There are three types are
averages:. ensemble, temporal, and spatial averages. Ensemble averages are computed by considering
large number of identical systems and taking averages over all these systems. Clearly, ensemble averag
ing demands heavily in experiments and numerical simulations. So, we resort to temporal and/or spatial
averaging. Temporal averages are computed by measuring the quantity of interest at a point over a long
period and then averaging. Temporal averages make sense for steady flows. Spatial averages are compute
by measuring the quantity of interest at various spatial points at a given time, and then averaging. Clearly,
spatial averages are meaningful for homogeneous systems. Steady-state turbulent systems are general
assumed to be ergodic, for which the temporal average is equal to the ensemble @Bdrage

As discussed above, certain symmetries like homogeneity help us in statistical description. Formally,
homogeneity indicates that the average properties do not vary with absolute position in a particular
direction, but depends only on the separation between points. For example, a homogeneous two-point
correlation function is

i, (X', 1)) =Cij(x =X, 1) = Cj;(r, 1) .
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Similarly, stationarity or steady state implies that average properties depend on time difference, not on
the absolute time. That is,

(wiX, Duj(x, 1)) =Cij(x, t —1') .

Another important symmetry is isotropy. A system is said to be isotropic if its average properties are
invariant under rotation. For isotropic systems

(ui(x, Nu (X', 1)) = Cij(Ix = X[, 1) = Ci;(|r|, 1) .

Isotropy reduces the number of independent correlation functions. Bat8letbiowed that the isotropic
two-point correlation could be written as

Cl‘j (ry= C(l)(r)rirj + C(Z)(r)éij ,

whereC® andC@ are even functions of = |r|. Hence we have reduced the independent correlation
functions to two. For incompressible flows, there is only one independent correlation fuj@jtion

In the previous subsection we studied the global conserved quantities. We revisit those quantities in
presence of mean magnetic field. Note that mean flow velocity can be set to zero because of Galilean
invariance, but the same trick cannot be used for the mean magnetic field. Matthaeus and Gbld&tein
showed that the total energy and cross helicity formed using the fluctuating fields are conserved. We
denote the fluctuating magnetic energy B, in contrast to total magnetic ener@p?. In the presence
of a mean magnetic field the magnetic helicfty - b/2 is not conserved, by - (A) + [ a-b/2 instead
is conserved.

In turbulent fluid, fluctuations of all scales exist. Therefore, it is quite convenient to use Fourier basis
for the representation of turbulent fluid velocity and magnetic field. Note that in recent times another
promising basis called wavelet is becoming popular. In this paper we focus our attention on Fourier
expansion, which is the topic of the next subsection.

2.5. Turbulence equations in spectral space

Turbulent fluid velocityu(x, ¢) is represented in Fourier space as

u(x t)—/ dk uck, 1) exp(ik - x)
) emt ’
uk,r = /dxu(x, t) exp(—ik - x) ,

whered is the space dimensionality.
In Fourier space, the equations focompressibléVIHD are[14]

0o . . . dp
<at—|(BO'k)+Vk2> ui(K, 1) = —|kiptot(k,f)—|kjf(Zn)duj(k—pv Hu;(p, 1)

. dp
-th(%ym&—nﬂhmo, (23)
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<E_i(Bo.k)+nk2>bi(k,t)= —ikj/ dp uj(k —p,0)b(p, 1)

ot (2m)?
+ik/ 9P,k = p.Oui(p. 1) (24)
j g j I ) uj ) )
1] @md TP P
with the following constrains
k-uk)=0
k-bk)=0

The substitution of the incompressibility conditikmu (k)=0into Eq. (23) yields the following expression
for the pressure field

kik d
pio=-" [ Gl = PP 1)~ b= PO D
Note that the density field has been taken to be a constant, and has been set equal to 1.

It is also customary to write the evolution equations symmetrically in ternpsanfdk — p variables.
The symmetrized equations are

(%—i(Bo-k)—i—ka)u k,t)=— = ljm( )/ (2n )d [ (P, Dum(K — P, 1)
—b i, Dbk —p, D], (25)

o _ dp

<a—l(50'k)+nk2> bitk, )= —iP;, (k) / G 1P Dbk —p.OT. (26)
where
P7y (K) = kj Pi (K) + ki Pij (K)
kikpy,

Pim(k) == 5im - k_2 s

,;m(k)—k dim — kméij .

Alfvén waves are fundamental modes of incompressible MHD. It turns out that the equations become
more transparent when they are written in terms of Elsésser varigblesi + b, which “represent” the
amplitudes of Alfvénic fluctuations with positive and negative correlations. Note that no pure wave exist
in turbulent medium, but the interactions can be conveniently written in terms of these variables. The
MHD equations in terms af* are

(5 %1(Bo-k0 4140 00+ 1K 00 = <0 [ Wb Przic—p)

kiz7 (k) =0, 27)
wherevy = (v+4)/2 and

M;jm(K) =k Pi (K) .

From Eq. (27) it is clear that the interactions are betweeandz~ modes.
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Energy and other second-order quantities play important roles in MHD turbulence. For a homogeneous
system these quantities are defined as
(Xi(k, Y (K, 0) =" (k. n@mTok + k'),

whereX, Y are vector fields representing b, or z*. The spectrum is also related to the correlation
function in real space

XY n dk vy ,
Cij (r)_f(zn)d Ci; (k) exp(ik - r) .

When mean magnetic field is absent, or its effects are ignored, then we caﬁff&l@b) to be an
isotropic tensor, and it can be written[83

CY (k)= Pj(k)CX (k) . (28)

When turbulence is isotropic antd= Y, then a quantity called 1D spectrum or reduced speciiirtk)
defined below is very useful.

1 1 dk
EX=2(x% =3 / ond Gt ®0

d-1
/ EX(k)dk = % /dk S("ka P;i (K)CXX (k)

Sak?1(d -1
= /dde)CXX(k) ,
2(2n)
whereS; = 279/2/I'(d/2) is the area ofl-dimensional unit sphere. Therefore,
~18a4(d —1)
EX(k) = cX¥X (ki1 =———= 29
(k) (k) 2o (29)

Note that the above formula is valid only for isotropic turbulence. We have tabulated all the important
spectra of MHD turbulence ifable 3 The vector potentiagh = Ag + a, whereAg is the mean field, and
ais the fluctuation.

The global quantities defined ifable 2are related to the spectra definedTmble 3by Perceval’'s
theorem[8]. Since the fields are homogeneous, Fourier integrals are not well defined. In Appendix A
we show that energy spectra defined using correlation functions are still meaningful because correlation
functions vanish at large distances. We consider energy per unit volume, which are finite for homogeneous
turbulence. As an example, the kinetic energy per unitvolume is related to energy spectrum in the following
manner:

1 1, 1 d "

Similar identities can be written for other fields.
In three dimensions we have two more important quantities, magnetic and kinetic helicities. In Fourier
space magnetic helicitify (k) is defined using

(ai(k, )b (K', 1)) = P;; (k) Hw (K)(2m)35(k 4+ K') .
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Table 3
Various spectra of MHD turbulence

Quantity Symbol Derived from Symbol for 1D
Kinetic energy spectrum cHi (k) (e (Kyu j (k")) E" (k)

Magnetic energy spectrum cbb k) (b ()b (K')) E’ (k)

Total energy spectrum C(k) cuu 4 cbb E(k)
Cross-helicity spectrum cb k) (u; (Kb (K")) Hc(k)

Elsasser variable spectrum CFTE(k) (zii(k)zj-c(k’» E*(k)

Elsédsser variable spectrum C*F (k) <zii(k)z;~_r(k’)> ER()
Enstrophy spectrum k) (w; (K)w; (k") Q(k)
Mean-square vector pot. spectrum A2(k) (a; (K)aj (k")) A2(k)

The total magnetic helicitydyy can be written in terms of

1
Hy = §<a(><) -b(x))

10 dk dk ,
=§/Ww<a(k)'b(k)>
dk

~ ] @n?
= /dkHM(k).

Hw (k)

Therefore, one-dimensional magnetic helidiy, is

Hy (k) = Ank?
NP RE

Hu (k) .

Using the definitiorb(k) = ik x a(k), we obtain
(bi(k, )b (K, 1)) = [Pi;(K)CPP(K) — iesjiks Hw (K)1(2m) 30 (K 4 K) .

The first term is the usual tensor described in Eq. (28), but the second term involving magnetic helicity
is new. We illustrate the second term with an exampl&.i alongz axis, then

by (K)by(K) = —ikHw (K) .

This is a circularly polarized field whetg andb, differ by a phase shift ot/2. Note that the magnetic
helicity breaks mirror symmetry.
A similar analysis for kinetic helicity shows that

(ui(k, )25 (k', 1)) = Pij(K) Hic (K)(2m)*5(Kk + k')

Hq==(U-Q) = &Ky k)
K= =] 203 K
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and

, Hw (K
(I/ti(k, t)uj (k/, 1)) = |:P,'j(k)cuu(k) — |€ijlk1 ’\]25 ):| (27‘[)35(k + k/) .

We can Fourier transform time as well using
u(x, 1) :/di%u(k,w) exp(ik - X — iot) |
uck, w) =/dxdtu(x, t)exp(—ik - X +iwt) ,

where d = dk dw/(27)¢*2. The resulting MHD equations ih= (k, ») space are

(=i + vk?)u; (k) = —5 P, (K) dpluj(Pum(@) — bj(PYbw (@] (30)
2 " prg=k
(=i + nk?)bi (k) = =P, () | dpluj(P)bu(@] (31)
ptq=k
or
(=i Fi(Bo - K) + vy k)2 (k) + v k> (k) = =i Mijn (K) / dplzf (p)zy, (k — p)1 - (32)

After we have introduced the energy spectra and other second-order correlation functions, we move on
to discuss their evolution.

2.6. Energy equations

The energy equation for general (compressible) Navier—Stokes is quite complex. However, incom-
pressible Navier—Stokes and MHD equations are relatively simpler, and are discussed below.

From the evolution equations of fields, we can derive the following spectral evolution equations for
the incompressible MHD:

0 2 uu _ 2 dp o= ’ . i /
(5 +29) €00 = Ggrnarior oy Gl =3 - u@)WE) -uk)
34K b@) (b - uk )] 33)
d 2 dp
— + 2k* ) C"P(k, 1) = (S b(p) - bk’
(5 +20%) k= g e K U@ BE) b))
£ 3K - b@) () - bk (34)

where3J stands for the imaginary part. Note thHdt+ p + q = 0 andk’ = —k. In Eqg. (33) the first

term in the RHS provides the energy transfer from the velocity modeskip mode, and the second

term provides the energy transfer from the magnetic modegky mode. While in Eq. (34) the first

term in the RHS provides the energy transfer from the magnetic mode& tanode, and the second

term provides the energy transfer from the velocity moddskd mode. Note that the pressure couples

with compressible modes only, hence it is absent in the incompressible equations. Simple algebraic
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manipulations show that the mean magnetic field also disappears in the energy equation. In a finite box,
using(Ju(k)|?) = C(k)/((d — 1)L?), ands(k)(2n)? = L4 (see Appendix A), we can show that

0 1
(5 - 2vk2) SQutoty = 3 [=3((K - u@)u(p) - uk’))
k’+p+qg=0
+ (K- b@) (b(P) - ukH)] .

0 1
(a + zka) SIbkR)= Y SR - u@) b - bE)
K'+p+0=0
+ 3K - bE@)UE) bR N)] -

Many important quantities, e.g. energy fluxes, can be derived from the energy equations. We will
discuss these quantities in the next section.

3. Mode-to-mode energy transfers and fluxes in MHD turbulence

In turbulence energy exchange takes place between various Fourier modes because of nonlinear inter-
actions. Basic interactions in turbulence involves a wavenumber(iiag, q) satisfyingk’ +p+q=0.
Usually, energy gained by a mode in the triad is computed usingdimdined energy transféom the
other two mode$100]. Recently Dar et al[45] devised a new scheme to compute the energy transfer
rate between two modes in a triad, and callearibtie-to-mode energy transfefhey computed energy
cascade rates, and energy transfer rates between two wavenumber shells using this scheme. We will reviev
these ideas in this section. Note that we are considering only the interactions of incompressible modes.

3.1. “Mode-to-mode” energy transfer in fluid turbulence

In this subsection we discuss evolution of energy in turbulent fluaperiodic box The equation for
MHD will be discussed subsequently. We consider an ideal case where viscous dissipatiois-2Bro
The equations are given in Lesigi00]

01 1
%2 lu(K)? = Z ~3 Sk u@) Uk’ - u@) + k" - u@E)uK’) - u@)l, (35)
K'+p+g=0

where3J denotes the imaginary part. Note that the pressure does not appear in the energy equation becaus
of the incompressibility condition.

Consider a case in which only three modgk’), u(p), u(q), and their conjugates are nonzero. Then
the above equation yields

01 N2 1 ,
§§|u(k)| _ZS(k p.q), (36)

where

SK'lp, o) = =3[(k" - u(@)(uk") - u) + k" - uP)) Uk -u@))] . (37)
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Lesieur and other researchers physically interprét&dp, q) as thecombined energy transfer rabem
the mode® andq to the modek’. The evolution equations fon (p)|2 and|«(q)|? are similar to that for
lu(k’)|2. By adding the energy equations for all the three modes, we obtain

0
5[|u<k’>|2 + u(P)? + lu(@)?1/2 = SK'Ip, q) + S(plg, k) + Sk, p)

=3[(q - u(@) (u(k’) - u(p))
+ (p-uE) Uk - u@)
+ (k" - uk’))(u(p) - u@)] .

For incompressible fluid, the right-hand side is identically zero bedeausagk’) = 0. Hence the energy
in each of the interacting triad is conserved, i.e.,

lu(k)|? + |u(p)|? 4 |u(q)|? = const.

The question is whether we can derive an expression for the mode-to-mode energy transfer rates from
the modep to the modek’, and from the mode to the modek” separately. Dar et al45] showed that
it is meaningful to talk about energy transfer rate between two modes. They derived an expression for
the mode-to-mode energy transfer, and showed it to be unique apart from an irrelevant arbitrary constant.
They referred to this quantity as “mode-to-mode energy transfer”. Even though they talk about mode-to-
mode transfer, they are still within the framework of triad interaction, i.e., a triad is still the fundamental
entity of interaction.

3.1.1. Definition of mode-to-mode transfer in a triad
Consider a triadK'|p, g). Let the quantityR“*(k’|p|q) denote the energy transferred from the mode
p to the modek’ with the modeg playing the role of a mediator. We wish to obtain an expressioRfor
TheR's should satisfy the following relationships:

1. The sum of energy transfer from the mqui® the modek’ (R (k’|p|q)), and from the modq to the
modek’ (R*"(k’|p|q)) should be equal to the total energy transferred to the rkb6ffem the modes
p andq, i.e.,S*"*(K’|p, q) [see Eq. (36)]. That is,

R"™(K'Ipla) + R*“(K'|qlp) = $*(k'Ip, q) , (38)
R"™(plk’, q) + R"(plqlk") = S““(plk’, q) , (39)
R"™(qlk'|p) + R**(qlplk") = $*"(qlk’, p) . (40)

2. By definition, the energy transferred from mqui® modek’, R**(k’|p|q), will be equal and opposite
to the energy transferred from mokleto modep, R**(p|k’|q). Thus,

R"™K'Iplg) + R"(plk’lq) =0, (41)
R"(K'lqlp) + R**(qlk'|p) =0, (42)
R"™(plglk’) + R"(qlplk) =0 (43)
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These are six equations with six unknowns. However, the value of the determinant formed from the
Egs. (38)—(43) is zero. Therefore we cannot find uniBisegiven just these equations. In the following
discussion we will study the set of solutions of the above equations.

3.1.2. Solutions of equations of mode-to-mode transfer
Consider a function

§“(K'Ipla) = =3((k" - u@1fuk’) - u@ - (44)

Note thatS“*(k’|p|q) is altogether different function compared $@k’|p, q). In the expression for
S (k’|p|qg), the field variables with the first and second arguments are dotted together, while the field
variable with the third argument is dotted with the first argument.
It is very easy to check that"*(k’|p|q) satisfy the Egs. (38)—(43). Note thsit“ (k’|p|q) satisfy the
Egs. (41)—(43) because of incompressibility condition. The above results implies that th&'s&t (0
is one instanceof the R""(||)’s. However, §**(k’|p|q) is not a unique solution. If another solution
R""(K’|p|q) differs from S(k’|p|q) by an arbitrary functiorX 4, i.e., R**(k’|p|q) = S““(K’|p|q) + X 4,
then by inspection we can easily see that the solution of Egs. (38)—(43) must be of the form

R™(K'Iplq) = S" (K'|plQ) + X , (45)
R"™(K'|qlp) = $"(K'|qlp) — X4 , (46)
R"(plk'lq) = S (pIkla) — X4 , (47)
R"(plglk’) = S(plalk’) + X4 , (48)
R"(qlK'lp) = S(@lK'lp) + X4 , (49)
R™(qlplk’) = S@Iplk’) — X4 . (50)

Hence, the solution differs fron§“*(k’|p|q) by a constant. SeEig. 2 for an illustration. A careful
observation of the figure indicates that the quankty flows alongp — k' — q — p, circulating

R™(K'Iplg)=S"(k'Iplq)+X

Fig. 2. Mode-to-mode energy transfer in fluid turbuleng€! (k’|p|q) represents energy transfer rate from made) to mode
u(k’) with the mediation of moda(q). X , is the arbitrary circulating transfer.
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around the entire triad without changing the energy of any of the modes. Therefore we will call it the
Circulating transfer Of the total energy transfer between two mod#$,+ X 4, only $** can bring about
a change in modal energy., transferred from modg to modek’ is transferred back to mogbevia mode
g. Thus the energy that is effectively transferred from mpde modek’ is just S““(k’|p|q). Therefore
S“"(k’|p|g) can be termed as thedfective mode-to-mode energy trangfem modep to modek’. Hence

R (K Ipla) = S“(K'|plq) - (51)

Note thatX 4, can be a function of wavenumbéx’s p, q, and the Fourier componeniék’), u(p), u(q).
It may be possible to determid&, using constraints based on invariance, symmetries, etc. Daf44]l.
attempted to obtaiil 4 using this approach, but could show tiXatis zero to linear order in the expansion.
However, a general solution fof 4 could not be found. Unfortunately , cannot be calculated even
by simulation or experiment, because we can experimentally compute only the energy transfer rate to a
mode, which is a sum of two mode-to-mode energy transfers. The mode-to-mode energy transfer rate is
really an abstract quantity, somewhat similar to “gauges” in electrodynamics.

The termsu ;0;u; andu,;u;0;u; are nonlinear terms in the Navier—Stokes equation and the energy
equation respectively. When we look at formula (44) carefully, we find that thg) term is contracted
with k; in the formula. Hencey; field is the mediator in the energy exchange between(fifstand third
field (u;) of M,’Mjajui.

In this following discussion we will compute the energy fluxes and the shell-to-shell energy transfer
rates usings““(k’|p|q).

3.2. Shell-to-shell energy transfer in fluid turbulence using mode-to-mode formalism

In turbulence energy transfer takes place from one region of the wavenumber space to another region.
Domaradzki and Rogall@t9] have discussed the energy transfer between two shells using the combined
energy transfes“*(k’|p, q). They interpret the quantity

uu __ 1‘ uu 1,/
Tom=75 2 ) S"KIp.a) (52)

k’en pem

as the rate of energy transfer from shalto shelln. Note thatk’-sum is over shelh, p-sum over shell
m, andk’ + p + g = 0. However, Domaradzki and Rogal49] themselves points out that it may not
be entirely correct to interpret formula (52) as the shell-to-shell energy transfer. The reason for this is as
follows.

In the energy transfer between two shellandn, two types of wavenumber triads are involved, as
shown inFig. 3. The real energy transfer from the shalto the shelh takes place through boki-p and
k’-qg legs of triad I, but only througR’-p leg of triad Il. But in Eq. (52) summation erroneously includes
k’-g leg of triad 1l also along with the three legs given above. Hence Domaradzki and Ragallo’s formalism
[49] do not yield totally correct shell-to-shell energy transfers, as was pointed out by Domaradzki and
Rogallo themselves. We will show below how Dar et al.’s formaljds] overcomes this difficulty.

By definition of the mode-to-mode transfer functi@t (k’|p|q), the energy transfer from sheti to
shelln can be defined as

Tud =" 3" R“Kplg) (53)

k’en pem
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Shell n

Fig. 3. Shell-to-shell energy transfer from wavenumber-ghet wavenumber-shefl. The triads involved in this process fall
in two categories: Type |, where bothandq are inside shelin, and Type II, where onlp is inside shelm.

where thek’-sum is over the sheli, andp-sum is over the sheth. The quantityR“* can be written as
a sum of an effective transfét (k’|p|q) and a circulating transfex 4. As discussed in the last section,
the circulating transfek 4, does not contribute to the energy change of modes. [Figs1 2and3 we can
see thaiX 4 flows from the shelnto the shellh and then flows back tmindirectly through the mode.
Therefore theffectiveenergy transfer from the shefito the shelhis justS“*(k’|p|q) summed over all
thek’-modes in the sheti and all thep-modes in the shelh, i.e.,

=2 > S“KIpla) . (54)
k’en pem

Clearly, the energy transfer through— q of the triad Il of Fig. 3is not present irf,** of Dar et al.’s
formalism becausg ¢ m. Hence, the formalism of the mode-to-mode energy transfer rates provides us
a correct and convenient method to compute the shell-to-shell energy transfer rates in fluid turbulence.

3.3. Energy cascade rates in fluid turbulence using mode-to-mode formalism

The kinetic energy cascade rate (or flux)n fluid turbulence is defined as the rate of loss of kinetic
energy by the modes inside a sphere to the modes outside the spheigbkdhe radius of the sphere
under consideration. Kraichng84], Leslie [101], and others have computed the energy flux in fluid
turbulence using““(k’|p|q)

1
Mkoy=— 3 Y 55" Kpla) . (55)

[k|<ko |pl>ko

Although the energy cascade rate in fluid turbulence can be found by the above formula, the mode-to-mode
approach of Dar et aJ45] provides a more natural way of looking at the energy flux. SIREak’|p|q)
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represents energy transfer frgo k” with q as a mediator, we may alternatively write the energy flux
as

Okoy= Y >  R“KIplg). (56)
[K'|>ko Ipl<ko

However,R"(k’|p|q) = S"“*(k’|p|q) + X 4, and the circulating transfef , makes no contribution to the
energy flux from the sphere because the energy lost from the sphere thfqugtturns to the sphere.
Hence,

Okoy= Y Y  §“Kplg) . (57)

[K’|>ko |Pl<ko

Both the formulas given above, Egs. (55) and (57), are equivalent as shown by D44#4}.al.
Frisch[61] has derived a formula for energy flux as

M (ko) = (U, - (Ug, - VUg)) + (Ug, - (Ug - VUg)) .

It is easy to see that the above formula is consistent with mode-to-mode formalism. As discussed in the
Section 3.1.2, the second field of both the terms are mediators in the energy transfer. Hence in mode-to-
mode formalism, the above formula will translate to

ko) =Y Y =3Ik - u=(@)u=(p) - u” (k) + (K - u™ (@) u=(p) - u™ (KNI,

k>ko p<ko

which is same as mode-to-mode formula (57) of Dar eal].
After discussion on energy transfers in fluid turbulence, we move on to MHD turbulence.

3.4. Mode-to-mode energy transfer in MHD turbulence

In Fourier space, the kinetic energy and magnetic energy evolution equatidé@lre

OE"(k 1 1
ko= Y ostKpa+ Y 5SPKpa), (58)
k’+p-+q=0 k’+p+qg=0
0E" (k) 1 L cbugy
S EaREN = Y SSKp o+ Y SS"KIpa), (59)
K’+p+q=0 k’+p+qg=0

whereE* (k) = |u(k)|2/2 is the kinetic energy, anH? (k) = |b(k)|?/2 is the magnetic energy. The four
nonlinear termss““(k’|p, @), S“*(k'Ip, q), S?*(k'|p, q) andS?*(k'|p, q) are

S (k'Ip, q) = =3([K".u(@][uk’).uE)] + [K".u@E1uk).u@l , (60)
SPP(K'Ip, @) = —3(K . u@)1bK").bp)] + [K".u@E)Ibk").b@)]) (61)
S"(k'Ip, @) = I(K".b(@)I[uk’).b(p)] + [Kb(P)I[uk’).b@)]) , (62)

SP(k'Ip, q) = 3(IK".b(@)1[b(k").u(P)] + [K".b(P)I[bK").u@)]) . (63)
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These terms are conventionally taken to represent the nonlinear transfer rates from the amudip$o
the modek’ of a triad[100,166] The termS“*(k’|p, q) represents the net transfer of kinetic energy from
the mode$p andq to the modek’. Likewise the terns“?(k’|p, q) is the net magnetic energy transferred
from the modesp andq to the kinetic energy in the mode, whereass®*(k’|p, q) is the net kinetic
energy transferred from the modeandq to the magnetic energy in the mokie The terms?” (k’|p, q)
represents the transfer of magnetic energy from the mpaeslq to the modek’.

Stansi€ [166] showed that the nonlinear terms satisfy the following detailed conservation properties:

S“(K'lp, q) + S“(pIk’, a) + S““(qlk’, p) =0, (64)
SPP(K'1p, q) + S (plk’, q) + S**(qlk’, p) =0, (65)
and

S“P(k'Ip, @) + S“P(plk’, q) + S“C(qIK’, p) + S (K'|p, q) + SP“(plk’, q) + S?(qk’, p) =0 .
(66)

Egs. (64, 65) implies that the kinetic (magnetic) energy are transferred conservatively between the velocity
(magnetic) modes of a wavenumber triad. Eq. (66) implies that the cross-transfers of kinetic and magnetic
energy,S“?(k’|p, q) andS?“(k’|p, q), within a triad are also energy conserving.

Dar et al[44,45]provided an alternative formalism called tm®de-to-mode energy transfer MHD
turbulence. This is a generalization fluid’s mode-to-mode formalism described in the previous subsection.
We consider ideal MHD fluigv=x=0). The basic unit of nonlinear interaction in MHD is a triad involving
modesu(k’), u(p), u(q), b(k’), b(p), b(q) with k’ + p + g =0, and the “mode-to-mode energy transfer”
is from velocity to velocity, from magnetic to magnetic, from velocity to magnetic, and from magnetic
to velocity mode. We will discuss these transfers below.

3.4.1. Velocity mode to velocity mode energy transfer

In Section 3.1 we discussed the mode-to-mode trankfér, between velocity modes in fluid flows.
In this section we will findrR** for MHD flows. Let R““(k’|p|q) be the energy transfer rate from the
modeu(p) to the modeu(k’) in mediation of the mode(q). The transfer of kinetic energy between
the velocity modes is brought about by the tarmVu, both in the Navier—Stokes and MHD equations.
Therefore, the expression for the combined kinetic energy transfer in MHD will be same as that in fluid.
ConsequentlyR"* for MHD will satisfy the constraints given in Egs. (38)—(43). As a reskit! (k’|p|q)
in MHD can be expressed as a sum of a circulating transfeand the effective transfes“* (k’|p|q)
given by Eq. (44), i.e.,

R™(K'Iplg) = S““(K'|pla) + X . (67)

As discussed in Section 3.1, the circulating tran&fgis irrelevant for the energy flux or the shell-to-shell
energy transfer. Therefore, we us€ (k’|p|q) as the energy transfer rate from the madg) to the mode
u(k”) with the mediation of the mode(q). Hence,

Reii (K'Ipla) = S (K'Iplq) - (68)
S (k’|p|g) and other transfers in MHD turbulence are showFiig. 4.
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Fig. 4. Mode-to-mode energy transfers in MHD turbulerst®®.(k’|p|q) represents energy transfer rate from mbge) to mode
b(k’) with the mediation of moda(q), while S””(q|k’|p) represents energy transfer rate from mbge’) to modeu(q) with

the mediation of modb(p).

3.4.2. Magnetic mode to magnetic mode energy transfers

Now we consider the magnetic energy trangf&t(k’|p|q) fromb(p) tob(k’) in the triad(k’, p, q) (see
Fig. 4). This transfer is due to the tenm Vb of induction equation (Eq. (13)). The functi&¥’ (k’|p|q)
should satisfy the same relationships as (38)—(43) RithandS““ replaced byR?” andS”” respectively.
The solution ofR**’s are not unique. Following arguments of Section 3.1 we can show that

RP®(K'Ipla) = SPP(K'|pla) + Y4 , (69)
where
SPP(K'|pla) = =3k - u(@)1bk’) - b(p)]) , (70)

andY, is the circulating energy transfer that is transferred flgp) — b(k’) — b(q) and back td(p).
Y, does not cause any change in modal energy. Hence, the magnetic efiecgiyelytransferred from

b(p) tob(k’) is justS?* (K'|p|q), i.e.,

REE(K'|pla) = S"(K'|plq) . (71)

3.4.3. Energy transfer between a velocity mode to a magnetic mode
We now consider the energy trans#® (k’|p|q) (from b(p) to u(k’)) andR”*(k’|p|q) (from u(p) to
b(k")) as illustrated irFig. 4. These functions satisfy properties similar to Egs. (38)—(43). For example,

for energies coming ta(k’), we have
(72)

(73)

R (K'|pl) + R’ (K'|alp) = $“*(K'|p, q) ,
R“K'|plq) + R™(plk'|q) =0 .
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The solutions of these equations are not unique. Using arguments similar to those in Section 3.1, we
can show that the general solution®% are

SP (K Iplg) = S”(K'pla) + Z . (74)

S“P('|alp) = S“"(K'|alp) — Z4 (75)
where

SP (K Iplg) = 3((K" - b(@)1[bK) - uP)]) , (76)

S“P (k' |pla) = (K’ - b@)][u(k’) - b)) (77)

andZ, is the circulating transfer, transferring energy fragp) — b(k’) — u(q) — b(p) — uk’) —
b(q) and back tau(p) without resulting in any change in modal energy. &g 4for illustration. Since
the circulating transfer does not affect the net energy transfer, we int&fffrand s** as the effective
mode-to-mode energy transfer rates. For exanffte&(k’|p|q) is the effective energy transfer rate from
u(p) to b(k’) with the mediation ob(q), i.e,

REE(K'Iplq) = P (K'|p|q) . (78)

To summarize, the energy evolution equations for a tfiag, q) are

a 1 / uu / uu / u / u !
o5k )12 = S (K'Iplg) + S““(K'|alp) + S“*(K'Iplg) + S“*(K'[alp) , (79)

01 , y
5§|b<k/>|2 = SP"(K'Iplq) + PP (k'|qlp) + S”(K'|pla) + SP“(K'|qlp) - (80)

As discussed abov& X (k’|p|q) (X, Y =u orb) is the mode-to-mode energy transfer rate from the mode
p of field X to the modek’ of field Y with the modeq acting as a mediator. These transfers have been
schematically shown ifig. 4.

The triads interactions can are also be written in terms of Elsasser variables. Here the participating
modes areg* (k’), zt(p) andz*(q). The energy equations for these modes are

01

5§|zi<k/>|2 = sEK/Iplg) + STK'|qlp) , (81)
where

SEK Iplg) = —=3(K" - ZF(@)1[ZEK) - 25 (p)]) . (82)

From Eg. (82) we deduce that thé modes transfer energy only 1 modes, and— modes transfer
energy only taz— modes. This is in spite of the fact that nonlinear interaction involves botandz—
modes. These deductions became possible only because of mode-to-mode energy transfers proposed k
Dar et al.
The evolution equation of magnetic helicity in a triad interaction is given by
da(k) ob(k)

0 (.. *
a_tHM(k) =5 |:b (k) - o +a“(k) - 7] (83)

= S (K |pla) + ST (K'|qlp) , (84)
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where
1
S (K'|plg) = 2 Jb(K") - (u(p) x b(@)]
1
+ ZS[(k/ -b(@)@k’) - up)) — k" - u@) @k’ -bp)] . (85)

In ideal MHD, the functionss¥ X (k’|p|q) and energy functions have the following interesting proper-
ties:

1. Energy transfer rate frobd(p) to Y (k') is equal and opposite to that frovitk’) to X(p), i.e.,
ST (K'Iplg) = =¥ (pIk'|q) -
2. Sum of all energy transfer rates alamgy, b-b, z"—*, andz~—~ channels are zero, i.e.,

SEX K Ipla) + S*X(K'1qlp) + S** (plk'|a)
+ $*X(plglk’) + S*¥* (qIK'Ip) + S¥*(qlplk) =0,

whereX could be any vector field among b, z*, z~.
3. Sum of all energy transfer rates alamgp channel is zero, i.e.,

SP (k' |pla) + $”“(K'lalp) + S* (plk’|q)
+ 8P (plalk’) + S7@lK'|p) + S7(alplk)
+ 8" (K'Iplg) + S“*(K'|qlp) + S“*(pIK'|a)
+ 8" (plalk’) + S“*(@lK'Ip) + S“’(qlplk’) =0 .

4. Using the above identities we can show that total energy in a triad interaction is conserved, i.e.,
E"(K') + E"(p) + E*(q) + E*(K') + E"(p) + E"(q) = const.

Kinetic energy and magnetic energies aatconserved individually.
5. Sum of allE™ energies of in a triad are conserved. Similarly, sum ofzallenergies are conserved,
i.e.,

E(K) + E£(p) + E*(q) = const.

Since cross-helicityl.=(E*— E ™) /4, we find the cross helicity is also conserved in atriad interaction.
6. Sum of transfer rates of magnetic helicity in a triad is zero, i.e.,

S (K'|plg) + S (K'|qlp) + S (plK'|a)
+ S (K'|plg) + S (K'|qIp) + S™ (plk'|g) =0 .
7. Sum ofHy in atriad is conserved, i.e.,
Hw (k") + Hu(p) + Hu(q) = const.

8. In incompressible flowskip(k) is perpendicular to both the transverse components of the velocity
field, and it does not couple with them. That is why pressure is absent in the energy transfer formulas
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for incompressible flows. Pressure does not isotropize energy in the transverse direction, contrary to
Orszag's conjecturl39]. In compressive flows pressure couples with the compressive component of
velocity field and internal energy.

9. Mean magnetic field only convects the waves; it does not participate in energy exchange. Hence, it is
absent in the energy transfer formulas.

In the above subsections we derived formulas for mode-to-mode energy transfer rates in MHD turbulence.
In the next subsections, we will use these formulas to define (a) shell-to-shell transfers and (b) cascade
rates in MHD turbulence.

3.5. Shell-to-shell energy transfer rates in MHD turbulence

Using the definition of the mode-to-mode energy transfer funcsibh(k’|p|q), the energy transfer
rate from themth shell of fieldX to thenth shell of fieldY is

TrX=3"%"s"*K|plg) . (86)

k’en pem

The p-sum is over thanth shell, and thé’-sum is over thenth shell. As discussed in Section 3.2, the
circulating transfer rateX 4, Y4, and Z, do not appear in the expressions for the shell-to-shell energy
transfer rates. Also, as discussed in Section 3.2, the shell-to-shell energy transfer can be reliably computec
only by mode-to-mode transféitk’|p|q).

The numerical and analytical computation of the shell-to-shell energy transfer rates will be discussed
in the later part of the paper.

3.6. Energy cascade rates in MHD turbulence

The energy cascade rate (or flux) is defined as the rate of loss of energy from a sphere in the wavenumber
space to the modes outside the sphere. There are various types of cascade rates in MHD turbulence. W
have shown them schematicallyHig. 5. For flux studies, we splitthe wavenumber space into two regions:

k < ko (inside kg sphere”) and > kg (outside kg sphere”). The energy transfer could take place from
the inside/outside of the/b-sphere to the inside/outside of thgh-sphere. In terms o X (k’|p|q) the
energy transfer rate from regi@xof field X to regionB of field Y is

oy =33 s K pla) . 87)
k’eB peA

For example, energy flux from the inside of thlrsphere of radiugg to the outside of the-sphere of the
same radius is

MZkoy=Y_ > $™K/|pla) .

[K’|<ko IPl<ko

In this paper we denote the inside region of a sphere:tsign and the outside region of a sphere by
> sign. Note that the energy flux is independent of circulatory energy transfer. The total energy flux is
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Fig. 5. Various energy fluxes in MHD turbuleno@%&< represents energy flux from the insideX¢&phere to the outside of
Y-sphere.

defined as the total energy (kinetictmagnetic) lost bykephere to the modes outside of the sphere,
i.e.,

Mot (ko) = M= (ko) + ML= (ko) + M5 = (ko) + I15= (ko) .

Using arguments of Section 3.2, it can be easily seen that the fluikeéko), IT; = (ko). Hﬁj(ko),
11°= (ko) can all be computed using the combined energy trangffip, q), and the mode-to-mode
energy transfef (k’|p|q). However,II}; = (ko) andIl};~ (ko) can be computed only usingfk’|p|q), not
by S(k'lp, q).

We also define the energy fluk" (11~) from inside the; " -sphere { ~-sphere) to outside af"-sphere
(z~-sphere)

ko)=Y Y S*(K'lpla) .

|k’|>Ko [PI<ko

as shown irFig. 6. Note that there is no cross transfer betweérsphere and—-sphere.
The energy fluxes have been computed analytically and numerically by researchers. These results will
be described in the later part of the paper.

3.7. Digression to infinite box

In the above discussion we assumed that the fluid is contained in a finite volume. In simulations, box
size is typically taken to2 However, most analytic calculations assume infinite box. It is quite easy to
transform the equations given above to those for infinite box using the method described in appendix.
Here, the evolution of energy spectrum is given by (see Section 2)

2 dp
(d — DK +K) Juprg—o 2m
x [S“(K'Ipl@) + S“(K'|pla)] (88)

0
— 20k ) CM (K, 1) =
(atﬂ) k. 1)
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H+

z*-sphere

z-sphere T

Fig. 6. Energy fluxtit (117) from inside thez T -sphere {~-sphere) to outside aft-sphere £ ~-sphere).

d 2 dp
—+2k2)Cbbk,t= —
(ar ) D = Dk 1K) Jespraco @®
x [ (K'|pla) + S™ (KIpla)] - (89)
The shell-to-shell energy transfer ratéX from themth shell of fieldX to thenth shell of fieldY is
1 dk’ d
X = PSTX K Ipla) - (90)

@03k +p+a) Juen @0 Jpem (2m)°
In terms of Fourier transform, the energy cascade rate from regairiield X to regionB of field Y is

1 dk’ dp
HX’A = / SYX k/ ‘ o1
" enlk +p+a) Js 2 A(zn)d< (K'pla) (91)

In z* variables, the energy evolution equations are

) 2 dp
— 42y k2) CHEK, 1) + 2v_k2CTF(k, 1) = SEK|plq) ,
<6t * (d — Dékk +k) Jitprg=o 2m) a

and the energy fluxe8™ (ko) coming out of a wavenumber sphere of radigss

1 dk’ dp
- ook +p+ ) Jiki=ke 207 Jipi<io (zn)d< (Klplw) (92)

For isotropic flows, after some manipulations and using Eq. (29), we ofiai}

d
<§ + 2vk2> E*PE k1) = TP (k, 1) | (93)
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whereT (k, t), calledtransfer functioncan be written in terms o X (k’|p|q). The above formulas will
be used in analytic calculations.

The mode-to-mode formalism discussed here is quite general, and it can be applied to scalar turbulence
[182], Rayleigh—Benard convection, enstrophy, Electron MHD, etc. One key assumption however is
incompressibility. With this remark we close our formal discussion on energy transfers in MHD turbulence.

In the next section we will discuss various turbulence phenomenologies and models of MHD turbulence.

4. MHD turbulence phenomenological models

In the last two sections we introduced Navier—Stokes and MHD equations, and spectral quantities
like the energy spectra and fluxes. These quantities will be analyzed in most part of this paper using (a)
phenomenological (b) numerical (c) analytical (d) observational or experimental methods. In the present
section, we will present some of the existing phenomenological models of MHD turbulence.

Many MHD turbulence models are motivated by fluid turbulence models. Therefore, we present a brief
review of fluid turbulence models before going to MHD turbulence. The most notable theory in fluid
turbulence is due to Kolmogorov, which will be presented below.

4.1. Kolmogorov’s 1941 theory for fluid turbulence

Forhomogeneous, isotropic, incompressible, and steady fluid turbulence with vanishing viscosity (large
Re, Kolmogorov[80-82,96]derived an exact relation that

(Aw)f) = —g el | (94)
where(Au)), is component ofi(x + 1) — u(x) alongl, ¢ is the dissipation rate, aridies between forcing
scale(L) and dissipative scal€gy), i.e.,lq <l < L. This intermediate range of scales is called the inertial
range. Note that the above relationship is universal, which holds independent of forcing and dissipative
mechanisms, properties of fluid (viscosity), and initial conditions. Therefore it finds applications in wide
spectrum of phenomena, e.g., atmosphere, ocean, channels, pipes, and astrophysical objects like star:
accretion disks, etc.

More popular than Eq. (94) is its equivalent statement on energy spectrum. If we assumée
fractal, andk to be independent of scale, then

((Au)?) o 231213
Fourier transform of the above equation yields
E(k) = Kxoe?/ 3k >3 | (95)

whereKkg is a universal constant, commonly known as Kolmogorov’s constant.
Kolmogorov's derivation of Eq. (94) is quite involved. However, Eqgs. (94, 95) can be derived using
scaling arguments (dimensional analysis) under the assumption that

1. The energy spectrum in the inertial range does not depend on the large-scaling forcing processes anc
the small-scale dissipative processes, hence it must be a powerlaw in the local wavenumber.
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2. The energy transfer in fluid turbulence is local in the wavenumber space. The energy supplied to the
fluid at the forcing scale cascades to smaller scales, and so on. Under steady state the energy cascad
rate is constant in the wavenumber space, il€k) = constant= e.

Eq. (95) has been supported by numerous experiments and numerical simulations. Kolmogorov’'s constant
Ko has been found to lie between 1.4 and 1.6 or so. It is quite amazing that complex interactions among
fluid eddies in various different situations can be quite well approximated by Eq. (95).

In the framework of Kolmogorov's theory, several interesting deductions can be made.

1. Kolmogorov’'s theory assumes homaogeneity and isotropy. In real flows, large scales (forcing) as well
as dissipative scales do not satisfy these properties. However, experiments and numerical simulations
show that in the inertial rangéy(<! < L), the fluid flows are typically homogeneous and isotropic.

2. The velocity fluctuations at any scadlgoes as

"y~ L3113

Therefore, the effective time-scale for the interaction among eddies dfisize
[

PR VLTI

u

T~

3. An extrapolation of Kolmogorov’s scaling to the forcing and the dissipative scales yields

3
up,

3

u
GQ—L%

L lq

Takingv ~ u;,lq, One gets

(5)
g~ | — .
€

Note that the dissipation scale, also known as Kolmogorov’s scale, depends on the large-scale quantity
e apart from kinematic viscosity.
4. From the definition of Reynolds number

UL UL <L)4/3
Re = ~ ~ .

v uldld E
Therefore,
E ~ Re¥* .
lg

Onset of turbulence depends on geometry, initial conditions, noise, etc. Still, in most experiments
turbulences sets in aft&eof 2000 or more. Therefore, in three dimensions, number of active modes
(L/1g)% is larger than 26 million. These large number of modes make the problem quite complex and
intractable.

5. Space dimension does not appear in the scaling arguments. Hence, one may expect Kolmogorov’s
scaling to hold in all dimensions. It is however found that the above scaling law is applicable in three
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dimension only. In two dimension (2D), conservation of enstrophy changes the behavior significantly
(see Appendix D). The solution for one-dimensional incompressible Navier—Stakes i$ = const,
which is a trivial solution.

6. Mode-to-mode energy transfer tefik|p|q) measures the strength of nonlinear interaction. Kol-
mogorov’s theory implicitly assumes that energy cascades from larger to smaller scales. It is called
local energy transfer in Fourier space. These issues will be discussed in Section 8 and Appendix D.

7. Careful experiments and simulations show that the spectral index is close to 1.71 instead of 1.67. This
correction of~ 0.04 is universal and is due to the small-scale structures. This phenomena is known
as intermittency, and will be discussed in Section 11.

8. Kolmogorov’s model for turbulence works only for incompressible flow. It is connected to the fact that
incompressible flow has local energy transfer in wavenumber space. Note that Burgers equation, which
represents compressible flaW > Cs), hask—2 energy spectrum, very different from Kolmogorov’s
spectrum.

Kolmaogorov's theory of turbulence had a major impact on turbulence research because of its universality.
Properties of scalar, MHD, Burgers, Electron MHD, wave turbulence have been studied using similar
arguments. In the next subsection we will investigate the properties of MHD flows.

4.2. MHD turbulence models for energy spectra and fluxes

Alfvén waves are the basic modes of incompressible MHD equations. In absence of the nonlinear term
(zF - 7)z*, 7+ are the two independent modes traveling antiparallel and parallel to the mean magnetic
field. However, when the nonlinear term is present, new modes are generated, and they interact with each
other, resulting in a turbulent behavior. In the following we will discuss various phenomenologies of
MHD turbulence.

4.2.1. Kraichnan, Iroshnikov, and Dobrowolny et al.’s (KID) phenomenoloByk)-oc k—3/2

In the mid-60s, Kraichnaf85] and Iroshniko\[77] gave the first phenomenological theory of MHD
turbulence. For MHD plasma with mean magnetic filg] Kraichnan and Iroshnikov argued that the
localizedz™ andz~ modes travel in opposite directions with phase velocityBef When the mean
magnetic fieldBg is much stronger than the fluctuatiom®yé uy), the fluctuations (oppositely moving
waves) will interact weakly. They suggested that Alfvén time-sea(&) = (Bok) ' is the effective time-
scale for the relaxation of the locally built-up phase correlations, thereby concluding that triple correlation
and the energy fluxz will be proportional to(Bok) L. Note that( Bok) ~* < (uxk) 2. Using dimensional
arguments they concluded

T = A2ta (k) (EP (k))%k* = A%B5 Y (E® (k))%k> (96)
or
E’ (k) = A(ITBo)Y2k=%/2 (97)

whereA is a nondimensional constant of order 1.

The above approximation yields “weak turbulence”. In absence oBgrijne magnetic field of the large
eddies was assumed to play the rol&gf Kraichnan85] and Iroshniko\77] also argued that the Alfvén
waves are not strongly affected by the weak interaction among themselves, hence kinetic and magnetic
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energy remain equipartitioned. This phenomenon is called “Alfvén effect”. Note that Kraichnan’s spectral
index is% as compared to Kolmogorov’s index éf

In 1980 Dobrowolny et al[48] derived Kraichnan’§ spectrum based on random interactions of
andz~ modes. Dobrowolny et al.’s argument is however more general, and provide us energy spectrum
even wheny is comparable tdBg. They assumed that the interaction between the fluctuations are local
in wavenumber space, and that in one interaction, the edﬁiimeract with the other eddies of similar
sizes for time intervai,f. Then from Eq. (27), the variation in the amplitudes of these ed&ﬂ%s;during
this interval is given by

5zf ~ ffz,—:zk_k . (98)

InN'such interactions, because of their stochastic nature, the amplitude variationAwift e v/ N (5z;).

Therefore, the number of interactiong™ required to obtain a variation equal to its initial amplituge
is

1
Nfmw ———— 99
CREDA)? ©9)
and the corresponding tin#&" = Nyt is
1
+ (100)

k™ 2+ -
kz(zlf) 7

The time-scale of the energy transfer at wavenumbeassumed to b@ki. Therefore, the fluxeB* of
the fluctuationg;” can be estimated to be
+ (ch)z £, 42, F\2,2
=~ I ~ Tk (Zk) (Zk) k<. (101)
k
By choosing different interaction time-scales, one can obtain different energy spectra. Using the same

argument as KraichngB5], Dobrowolny et al[48] chose Alfvén time-scaley = (k Bg) ! as the relevant
time-scale, and found that

1
n~n ~ B—E*(k)E_(k)kS =1I. (102)
0

If ET(k) ~ E~(k), then
ET(k) ~ E~ (k) ~ (BoI)Y%~%/? . (103)

This result of Dobrowolny et al. is the same as that of Kraichig@&h. We refer to the above as KID’s
(Kraichnan, Iroshnikov, Dobrowolny et al.) phenomenology.

4.2.2. Marsch, Matthaeus and Zhou’s Kolmogorov-like phenomenol@gyy-ec k—>/3
In 1990 MarscH109] chose the nonlinear time-scafg, ~ (kzf)~* as the interaction time-scale for
the eddies,f, and substituted those in Eq. (101) to obtain

T =~ ()G (104)
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which in turn led to
E*(k) = KE@H)Y3rF) =233 | (105)

whereK* are constants, referred to as Kolmogorov’s constants for MHD turbulence. Wheé) =
E~ (k), we obtain

E(k) = KIm?3k53 | (106)

whereK = K = K. Because of its similarity with Kolmogorov’s fluid turbulence phenomenology, we
refer to this phenomenology as Kolmogorov-like MHD turbulence phenomenology.
During the same time, Matthaeus and Zip1i7], and Zhou and Matthae{&00] attempted to combine
% andg spectrum for an arbitrary ratio @f, and By. They postulated that the relevant time-scaleg)
for MHD turbulence are given by

1 _ 11
k) tak) (k)
=kBo—|—ka:F .

Substitution of* (k) in Eq. (101) yields
i A2Et () E~ (k)k3

Bo+ VKET (k)

where A is a constant. If Matthaeus and Zhou’s phenomenology (Eq. (107)) were correct, the

small wavenumbers.(k E*(k)> Bo) would follow % spectrum, whereas the large wavenumbers

(v kE* (k) < Bo) would follow % spectrum.

i

(107)

4.2.3. Grappin et al.—Alfvénic turbulence

Grappin et al[73] analyzed MHD turbulence for nonzero cross helicity; this is also referred to as
Alfvénic MHD. They used Alfvén time-scale as relaxation time-scale for triple correlations, and derived
the transfer function (Eg. (93)) to be

Tk, 1) = / dp dg(k + p + @) " Lnipg/ PIKPEE(P)ET (q) — p?EF (@) EE ()] .

They postulated that in the inertial range, energy spectié) = Ktk UsingIT* (ko) =— ko dkT,:—L,
and demanding that fluxes are independerippthey derived

mt+m =3, (108)

In addition, using
P
T=2v dpp?E*(p) ,
ko
and assuming& * = K, andk}, ~ k,, ~ kp, they concluded that

+ +
S (109)
m

€



268 M.K. Verma / Physics Reports 401 (2004) 229-380

Later we will show that the solar wind observations and numerical results are inconsistent with the above
predictions. We will show later that Grappin et al.’s key assumptions (1) Alfvén time-scale to be the
relevant time-scale, and (X" = K~ are incorrect.

4.2.4. Goldreich and Sridhar£<(k ) o kIS/S

When the mean magnetic field is strong, the oppositely moving Alfvén waves interact weakly. Suppose
three Alfvén waves under discussion are(p, wp), 2" (9, wg) and zt (K, o). The wavenumbers and
frequency of the triads must satisfy the following relationships:

p+a=k,
0);,"+wq_=wk+,

wherew,f = FBok||, and|| and_L represent parallel and perpendicular components respectively to the
mean magnetic field (Shebalin et HI60]). Above relationships immediately imply that = 0. Hence,
energy transfer could take place frgrto k in a plane perpendicular to the mean magnetic field, as shown
in Fig. 7.

Under a strong mean magnetic field, the turbulence is termed as weak. In 1994 Sridhar and Goldreich
[165] argued that the three-wave resonant interaction is absent in MHD turbulence. They constructed a
kinetic theory based on four-wave interaction and showed that

Eky, ky) ~ /3vVak 192 .

Later, Galtier et al[63] showed that three-wave interactions are presentin MHD, and modified the above
arguments (to be discussed in Section 4.2.6).

In a subsequent paper, Goldreich and SridBft constructed a phenomenology for the strong turbu-
lence. According to them, the strong turbulence occurs when thergingqdor eddies of widthi; and
length/; to pass their energy to the smaller eddies is approximatglga ~ )vperp/zi. Assuming local

Fig. 7. An illustration of an interacting MHD triad in the presence of strong mean magnetic field.



M.K. Verma / Physics Reports 401 (2004) 229—-380 269

interactions in the wavenumber-space, the turbulence cascadewdtde (Zi)z/fcascade’\“ (zji)3/}, 1.
Since steady stat# is independent of | ,

zi x 11/3 , (110)
that immediately implies that

E(ky) ock 2. (111)
The condition’;/ Ca ~ Jpery/z;, along with Eq. (110) yields

;“H X ii/s .

The above results were expressed in the combined form as

Eky, ky) ~ 23k Mgk k53 (112)

from which we can derive
E(kL)~/E(kL,k|)dk|| ~ k3,
and
E (k) ~/E(kl,k|)/q dky ~ k%

Thus Goldreich and Sridhar exploited anisotropy in MHD turbulence and derived Kolmogorov-like
spectrum for energy. The above argument is phenomenological. In Section 9.2 we will present Goldreich
and Sridhar’s analytic argumef@9]. As will be discussed Iateg exponent matches better with solar
wind observations and numerical simulation results.

4.2.5. Verma—effective mean magnetic field Aiik) oc k—>/3

In 1999, Vermd179] argued that the scattering of Alfvén waves at a wavenurkliecaused by the
combined effect of the magnetic field with wavenumbers smaller kh&tence,Bg of Kraichnan and
Iroshnikov theory should be replaced by an “effective mean magnetic field”. Using renormalization group
procedure Verma could construct this effective field, and showedhistscale dependent:

Bo(k) oc k=13 |

By substituting the above expression in Eq. (97), Ve[hig9] obtained Kolmogorov’s spectrum for
MHD turbulence. The “effective” mean magnetic field is the same as “local” mean magnetic field of
Cho et al[35].

4.2.6. Galtier et al.—weak turbulence afdk | ) kIz

Galtier et al[63] showed that the three-wave interaction in weak MHD turbulence is not null, contrary
to theory of Sridhar and Goldreidii65]. Their careful field-theoretic calculation essentially modified
Eg. (102) to

1 B 4
n~—EF (kperp)E (kperp)kJ_ .
k|| Bo
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Hence, Galtier et al. effectively replacéidBo) ~* of KID's model with more appropriate expression for
Alfvén time-scale(k; Bo) 1. From the above equation, it can be immediately deduced that

E(ky) ock 2.

In Section 9.1 we will present Galtier et al[83] analytic arguments.

In the later part of the paper we will compare the predictions of the above phenomenological theories
with the solar wind observations and numerical results. We find that Kolmogorov-like scaling models
MHD turbulence better than KID’s phenomenology. We will apply analytic techniques to understand the
dynamics of MHD turbulence.

As discussed inthe earlier sections, apart from energy spectra, there are many other quantities of interes
in MHD turbulence. Some of them are cross helicity, magnetic helicity, kinetic helicity, enstrophy, etc.
The statistical properties of these quantities are quite interesting, and they are addressed using (a) absolut
equilibrium state, (b) selective decays, (c) dynamic alignment, which are discussed below.

4.3. Absolute equilibrium states

In fluid turbulence when viscosity is identically zero (inviscid limit), kinetic energy is conserved in
the incompressible limit. Now consider independent Fourier modes (transverse to wavenumbers) as state
variablesy, (t). Lesieur[100] has shown that these variables move in a constant energy surface, and the
motionis area preserving like in Liouville’s theorem. Now we look for equilibrium probability-distribution
function P ({y,}) for these state variables. Once we assume ergodicity, the ideal incompressible fluid
turbulence can be mapped to equilibrium statistical mechhgg.

By applying the usual arguments of equilibrium statistical mechanics we can deduce that at equilibrium,
the probability distribution function will be

1 1 -,
P(ylaaynl):ZeXp<_26(;.ya> El

whereo is a positive constant. The parametecorresponds to inverse temperature in the Boltzmann
distribution. Clearly

1
(v2) :/Hi dyi y2P({yi}) = e

independent od. Hence energy spectru@k) is constant, and 1D spectrum will be proportionat{o?®
[100]. This is very different from Kolmogorov’s spectrum for larBeturbulence. Hence, the physics of
turbulence at = 0 (inviscid) differs greatly from the physicsat> 0. This is not surprising because (a)
turbulence is a nonequilibrium process, and (b) Navier—Stokes equation is singu(&idn8).

The equilibrium properties of inviscid MHD equations too has been obtained by mapping it to statistical
equilibrium systenfi62,168] Here additional complications arise due to the conservation of cross helicity
and magnetic helicity along with energy. Stribling and Matthgd&68] provide us with the analytic and
numerical energy spectra for the inviscid MHD turbulence. The algebra is straightforward, but somewhat
involved. InFig. 9 we illustrate their analytic prediction for the spectrfib68]. Clearly total energy
and cross helicity appear to cascade to larger wavenumbers, and magnetic helicity peaks at smaller
wavenumbers.



M.K. Verma / Physics Reports 401 (2004) 229-380 271

10

10~

Ao e ol 1 1

10, 10 100
k

Fig. 8. Spectrum of energy, cross helicity, and magnetic helicity of absolute equilibrium state. Adopted from
Stribling et al.[168].
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Fig. 9. Cascade direction of enerffi: and magnetic helicityl z,, in MHD turbulence.

Even though nature of inviscid flow is very different from turbulent flow, Kraichnan and (3&n
suggested that the tendency of the energy cascade in turbulent flow could be anticipated from the absolute
equilibrium states. Suppose energy or helicity is injected in some intermediate range, and if the inviscid
spectrum peaks at high wavenumber, then one may expect a direct cascade. On the contrary, if the inviscid
spectrum peaks at smaller wavenumber, then we expect an inverse cascad¢6Eymeti Stribling and
Matthaeuq168] have done detailed analysis, and shown that the energy and cross helicity may have
forward cascade, and magnetic helicity may have an inverse cascade.

Ting et al.[170] studied the absolute equilibrium states for 2D inviscid MHD. They concluded that
energy peaks at larger wavenumbers compared to cross helicity and mean-square vector potential. Hence
energy is expected to have a forward cascade. This is a very interesting property because we can gel
reasonable information about 3D energy spectra and fluxes by doing 2D numerical simulation, which are
much cheaper compared to 3D simulations.
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4.4. Spectrum of magnetic helicity and cross helicity

As discussed in the previous subsection, absolute equilibrium states of MHD suggest a forward energy
cascade for energy and cross helicity, and an inverse cascade for magnetic helicity (3D) or mean-square
vector potential (2D). The forward energy cascade has already been discussed in Section 4.2. Here we
will discuss the phenomenologies for the inverse cascade regime.

The arguments are similar to the derivation of Kolmogorov’s spectrum for fluid turbulence (Section
4.1). We postulate a constant negative flux of magnetic helicjy, at low wavenumbers (sd€g. 9).

Hence, the energy spectrum in this range will have the form

E(k) ~ |, [“kV .
Simple dimensional matching yielgs= % andy = —1. Hence
E(k) ~ [Ty 7P

We will show later that the inverse cascade of magnetic helicity assists the growth of magnetic energy at
large scales, a process known as “dynamo”.
Using similar analysis for 2D MHD, Biskamp showed that

E(k) ~ |Tp2/?3k 13

wherell 45 is the flux of mean-square vector potential. Note however that in 2D fluid turbulence, energy
has ainverse cascadebut enstrophy® = [ |V x u|2/2) has aforward cascadd86], and the energy
spectrum is

E(k) ~ T?3k=53  k <k |
Ek) ~ 1% 3 ksk ,

whereks is the forcing wavenumber, and, is the enstrophy flux.
4.5. Dynamic alignment

In a decaying turbulence, energy decreases with time. Researchers found that the evolution of other
global quantities also have very interesting properties. Matthaeus [4118]. studied the evolution of
normalized cross helicity 2./ E using numerical simulations and observed that it increases with time.

In other words, cross helicity decays slower than energy. Matthaeus et al. termed this phenomena as
dynamic alignmenbecause higher normalized cross helicity corresponds to a higher alignment of the
velocity and magnetic fields. Pouquet et[&b0] also observed a growth of normalized cross helicity in

their simulation. The argument of Matthaeus e{&L3] to explain this phenomena is as follows:

In KID’s model of MHD turbulence, the energy fluxés™ and 17~ are equal (see Eq. (102)). Hence
both E* and E~ will get depleted at the same rate. If initial condition were such fitat- £, then
E*/E~ ratio will increase with time. Consequentdy = (E* — E7)/(E™ + E™) will also increase
with time.

However, recentdevelopmentin the field show that Kolmogorov-like phenomendlogy9,165,179]
models the dynamics of MHD turbulence better than KID’s phenomenology. Keeping this in mind,
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we generalize the arguments of Matthaeus et al. The rate of chargje/df ~ is
dET 1 . .
el [E_E+ - E+E—] .
dt E=  (E—)2

Clearly, ET/E~ will increase with time if

E+ E*t + gt
s o S (113)
E~ E

using—E=* = ¢*. If we assume&E™/E~ ~ E*(k)/E~ (k), then Eq. (105) yields
Et KT [eh)\?
£-2()

WhenE™/E~ is not much greater than XK, andK — are probably very close. Hence,

ET e\ ? et
—~— ) >(—) .
E- €~ €~

Therefore, according to Eq. (118)" /E~ will increase with time in this limit. For the cage" /E~ > 1,
Verma[184] showed that

+ 1
~ ﬁ .

SinceET/E~>»1, ET/E~ > ¢ /e~. Hence, growth of normalized cross helicity is consistent with
Kolmogorov-like model of MHD turbulence.

The above arguments are not applicable when the initi@anishes. Numerically simulations show
thato typically could deviate up to 0.1-0.15. Also, cross helicity is quite sensitive to phases of Fourier
modes; we will discuss this phenomena in Section 4.7. It would be interesting to study the evolution of
cross helicity in the language of symmetry-breaking and its possible generalization to nonequilibrium
situations.

f\llm

4.6. Selective decay

We saw in the previous section that the cross helidity — £ ) decays slower than energg ™+ E ™).
Let us look at it from the decay equation of global quantities:

E_E/dré(u +b)——v/dr|vxu| —n/dr] ,
dH. d

?——t/dTU'B:—(V‘FV])/d‘C]'VXU,

dHy d 1 1 .

wherej represents the current density. Since the dissipation ternifohas lower power of spatial
derivatives as compared E) Hy will decay slower tharkt. The decay rate off; is slower becausél;
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can take both positive and negative values. Hetiteand Hy, decay slower thak. This phenomena,
calledselective decayyas first proposed by Matthaeus and Montgonjé& ).

Several researchers argued that turbulence may relax to a minimum energy state under the constrain
of constant magnetic helicitiy. This condition can be written as

Variation with respect t@\ yields
vxB—-/IB=0.

Variation with relative tau yieldsu = 0. The above equation imply that currgrt <7 x B is parallel toB,
therefore forcg x B = 0. Hence, the minimum-energy state is a static force-free field. This result finds
application in reversed-field-pinch plasma.

Slow decay or growth due to inverse cascade could produce coherent structure. This process is referred
to as self-organization process. See Yanase §%4] for more detailed study of this phenomena.

4.7. "Phase” sensitivity of global quantities

Let us consider the complex Fourier madak) = |z (k)| exp(i6™). Clearly there are four independent
variables, of which|z+ (k)| and |z~ (k)| fix E*(k) and E~(k), respectively Fig. 10. Since EX =
Re(zt(K) - z7*(K)) « (E* — Eb), 67 — 0~ together with|z* (k)| fix E*/E". Hence, three global
quantities(E*, ER) or (E*, EY, H,) are fixed by|zt (k)| and0t — 0~, leaving the absolute value of
0" free. Dar et al[43] studied the evolution of global quantities by varying the absolute value of initial
phased™ while keepingg™ — 0~ fixed. We term this as “phase”.

Dar et al.[43] performed DNS on 5%2grid. They performed one set of run (mhd) for random values
of 07 keepingd™ — 6~ fixed (by choosing appropriat@). In the second run (mhd*) they changeéd
uniformly for all the modes by an amount and the third run (mhd**) the phasE™ were shifted by
a random amount. Dar et al. found that total energy and Alfvén ratio do not depend on the 8hift of
however cross helicity depends quite sensitively on the shift, specially whsnsmall. This result is
illustrated inFig. 10 Dar et al.’s result is very surprising, and its consequences have not been studied in
detail. This result raises the question on randomness of initial conditions, ergodicity, etc.

In this section we studied some of the basic phenomenological models of MHD turbulence. We will
compare their predictions with the numerical results and solar wind observations. These are the topics of
discussion of the next two sections.

5. Solar wind: a testbed for MHD turbulence

Analytical results are very rare in turbulence research because of complex nature of turbulence. There-
fore, experiments and numerical simulations play very important role in turbulence research. In fluid
turbulence, engineers have been able to obtain necessary information from experiments (e.g., wind tun-
nels), and successfully design complex machines like aeroplanes, spacecratft, etc. Unfortunately, terrestrial
experiments exhibiting MHD turbulence are typically impossible because of large value of resistivity and
viscosity of plasmas. For example, hydrogen plasma at temperattikeHa resistivity approximately
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Fig. 10. Evolution of normalized cross helicigy for initial oc = 0.1, ra = 0.5. The curves correspond to three different set of
“phases” . Adopted from Dar et d43].

Table 4
Typical observational data on the solar wind

Quantity Corona base 1AU

lon density 18cm3 3-20cnT3

Mean velocity field 300-800 km/s 300-800 km/s
Velocity fluctuations ? 10-20 km/s
Mean magnetic field 10G (3-20 x 10°°G
Magnetic field fluctuations ? (1-3 x10°°G
Temperature 1% 104 1P

10°cm?/s (seeTable J). For a typical laboratory setup of size 10 cm and velocity scale of 18cm
magnetic Reynolds number will be 18 which is far from turbulent regime. On the other hand, astro-
physical plasmas have large length and velocity scales, and are typically turbulent. They are a natural
testbed for MHD turbulence theories. We have been able to make large set of measurements on neares
astrophysical plasma, the solar wind, using spacecrafts. The data obtained from these measurements hav
provided many interesting clues in understanding the physics of MHD turbulence. Direct or indirect
measurements on planetary and solar atmosphere, galaxies, etc. also provide us with useful data, anc
MHD turbulence is applied to understand these astrophysical objects; due to lack of space, we will not
cover these astrophysical objects in our review.

The Sun (or any typical star) spews out plasma, called solar wind. This was first predicted by Parker
in 1958, and later observed by spacecrafts. The flow starts at the corona base and extends radially
outward beyond the planetary system, and terminates at around 100 AU=£IE4tth’s orbital radiuse
1.5 x 108 km). Typical observational data for the solar wind and the corona base is giVahlm®4 [14]

The density of the wind decreases approximately & The mean magnetic field is largely polar in
north—south direction, but spirals out in the equatorial plane. Typical Sound spged (kg T /mp) is

of the order of several hundred km/s. The density fluctuatjgip ~ (1/Cs)® ~ 0.01, hence solar wind
can be treated as incompressible fluid.
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Fig. 11. (a)—(d) Energy spectéa®¥-? (k) of a typical solar wind stream is shown in the top of the figure. The straight line of
slope3 represents Kolmogorov's spectrum. The normalized cross hedigiand Alfvén ratiora are also shown in the bottom
of the figure. Adopted from Tu and Marsgh73].

The solar wind data has been analyzed by many scientists. For details the reader is referred to reviews by
Goldstein etal[70] and Tu and Marscfi174]. The Alfvén ratiara, which is the ratio of kinetic to magnetic
energy, is dependent on heliocentric distance and length scale. The average value tife inertial
range decreases from near 5 at 0.3AU to near 0.5 at 1AU and b¢ydad 53,154] The normalized
cross helicityoc, in general, decreases with increasing heliocentric distance, with asymptotic values near
+1 (purely outward propagating Alfvén waves) near 0.3 AU, and near 0 by 8 AU[@120153,154]See
Fig. 11for an illustration.
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Now let is focus on energy spectrum and turbulent dissipation rates in the solar wind. Matthaeus and
Goldsteif110]computed the exponent of the total energy and magnetic energy. They found the exponents
to be 169+ 0.08 and 173+ 0.08 respectively, somewhat close@dnhang. Similar results were obtained
by Marsch and T110] for E*(k) and E*-? (k) at various heliocentric distancesig. 11illustrates the
energy spectr&=""(k) of a typical solar wind stream. This is surprising becafige 'k E* (k) for
inertial range wavenumbers in the solar wind, and according to KID’s phenomenology, the exponent
should be% (see Section 4.2). The phenomenological model of Matthaeus and Zhou, and Zhou and
Matthaeug117,200]predicts that KID’s phenomenology should hold whéknEi(k) < Bo(highk), and
Kolmaogorov-like phenomenology should be to be applicable WheB = (k) > Bo(low k). We do not find
any such break froré to % spectrum in the observed spectrum, thus ruling out phenomenological model
of Matthaeus and Zhou, and Zhou and Matthgédg,200]

The observational studies of Tu and Mar$th4] show that the spectral index for large cross helicity
is also close ttg. This is in contradiction to Grappin et al.’s predictions /I~ ~ m*/m~ = (3 —
m~)/(3 —m™) [72,73] Hence the solar wind observations invalidate the phenomenology of Grappin
et al. as well. On the whole, the solar wind data appears to indicate that Kolmogorov-like rgi)adel (
applicable in MHD turbulence, even when the mean magnetic field is large as compared to the fluctuations.
In the later sections we will discuss numerical simulations and analytic arguments that support this
observation.

As discussed above, the Alfvén ratien(= E*/E?) is high (= 5) in the inner heliosphere, and it
decreases to near 0.5 at 1 AU. Similar evolution is seen in numerical simulations as well. In Section 8.2
we will discuss a plausible argument why Alfvén ratio evolves toward 1 or lower in decaying turbulence.

Temperature of the solar wind decreases slower than adiabatic cooling, implying that solar wind is
heated as it evolves. Some of the studied mechanism for heating are turbulence, shocks, neutral ions, etc
Tu[172], Verma et al[190], Matthaeus et a[116], Verma[184], and others have estimated the turbulent
dissipation rate in the solar wind from the observational data and modeling. They argued that turbulent
heating can contribute significantly to heating of the solar wind.

There are interesting studies on coherent structures, compressibility, density spectrum, etc. in the solar
wind. Due to lack of space, we will not discuss them here and refer the readers to excellent reviews on
solar wind[70,174]

6. Numerical investigation of MHD turbulence

Like experiments, numerical simulations help us test existing models and theories, and inspire new
one. In addition, numerical simulations can be performed for conditions which may be impossible in real
experiments, and all the field components can be probed everywhere, and at all times. Recent exponential
growth in computing power has fueled major growth in this area of research. Of course, numerical
simulations have limitations as well. Even the best computers of today cannot resolve all the scales in a
turbulent flow. We will investigate these issues in this section.

There are many numerical methods to simulate turbulence on a computer. Engineers have devised
many clever schemes to simulate flows in complex geometries; however, their attention is typically at
large scales. Physicists normally focus on intermediate and small scales in a simple geometry because
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these scales obey universal laws. Since nonlinear equations are generally quite sensitive, one needs ft
compute both the spatial and temporal derivatives as accurately as possible. It has been shown that
spatial derivative could be computed “exactly” using Fourier transforms given enough resoj28pns
Therefore, physicists typically choose spectral method to simulate turbulence. Note however that several
researchers (for example, Brandenb[28]) have used higher-order finite-difference scheme and have
obtained comparable results.

6.1. Numerical solution of MHD equations using pseudo-spectral method

In this subsection we will briefly sketch the spectral method for 3D flows. For details refer to Canuto
et al.[28]. The MHD equations in Fourier space is written as

+
0z a(i( D _ +i(Bo-k)zt(k, 1) —ikp(k, 1) — FT[ZF (K, 1) - VZE(Kk, 1)]
—vak2ZE (K, 1) = vek®ZT (k) + PR )

whereFT stands for Fourier transform, aé (k, ¢) are the forcing functions. The flow is assumed to
be incompressible, i.ek - zt(k, 1) = 0. For 3D simulation we assume periodic boundary condition
with real-space box size #8r) x (2r) x (2r), and Fourier-space box size @, ny, nz). The allowed
wavenumbers ark = (ky, ky, k;) With ky = (=ny/2 : ny/2),ky = (=ny/2 : ny/2),k; = (—n /2 :
n./2). The reality condition implies that™(—k) = z**(k), therefore, we need to consider only half
of the modeq28]. Typically we take(—n,/2 : ny/2,—ny/2 : n,/2,0 : n;/2), hence, we haveV =

ny * ny * (n;/2 4+ 1) coupled ordinary differential equations. The objective is to solve for the field
variables at a later time given initial conditions. The following important issues are involved in this
method:

1. The MHD equations are converted to nondimensionalized form, and then solved numerically. The
parameter is inverse Reynold’s number. Hence, for turbulent flowgs chosen to be quite small
(typically 10-3 or 10~%). In Section 4.1 we deduced using Kolmogorov’s phenomenology that the
number of active modes are

N~y 94,

If we choose a moderate Reynolds numbel = 10%, N will be 10°, which is a very large number
even for the most powerful supercomputers. To overcome this difficulty, researchers apply some tricks;
the most popular among them are introduction of hyperviscosity and hyperresistivity, and large-eddy
simulations. Hyperviscous (hyperresistive) terms are of the ’(ﬁ)y-r,mj)sz'zi(k) with j > 2; these
terms become active only atlarge wavenumbers, and are expected notto affect the inertial range physics,
which is of interest to us. Because of this property, the usage of hyperviscosity and hyperresistivity has
become very popular in turbulence simulations. Large-eddy simulations will be discussed in Section
12 of this paper. Just to note, one of the highest resolution fluid turbulence simulation is by @dtoh
on a 4098 grid; this simulation was done on Fuijitsu VPP5000/56 with 32 processors with 8 Gigabytes
of RAM on each processor, and it took 500 h of computer time.

2. The computation of the nonlinear terms is the most expensive part of turbulence simulation. A naive
calculation involving convolution will take Qv?) floating point operations. It is instead efficiently
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computed using Fast Fourier Transform (FFT) as follows:
(@) Computez® (x) from z* (k) using Inverse FFT.
(b) Computezf(x)zf(x) in real space by multiplying the fields at each space points.
(c) COmputeFFT[zf(x)sz(x)] using FFT.
(d) Compute kjFFT[Zl-:F(X)Z;!:(X)] by multiplying by k; and summing over all. This vector is
—FFT[zF Kk, 1) - VZE(K, 1)].
Since FFT takes QV log N), the above method is quite efficient. The multiplication is done in real
space, therefore this method is called pseudo-spectral method instead of just spectral method.
3. The productsfF (x)zf(x) produce modes with wavenumbers larger thagk. On FFT, these modes get
aliased withk < kmaxand will provide incorrect value for the convolution. To overcome this difficulty,
Iast% modes of fieldsfc(k) are setto zero (zero padding), and then FFTs are performed. This scheme
is called% rule. For details refer to Canuto et f{8].
4. The pressure is computed by taking the dot product of MHD equatiorkwitising incompressibility
condition one obtains

pk, 1) = ;(—I; CFT[ZF(K, 1) - VZE (K, 1)] .

To computep (k) we use already computed nonlinear term.

5. Once the right-hand side of the MHD equation has been computed, we could time advance the equation
using one of the standard techniques. The viscous terms are advanced using an implicit method called
Crank—Nicholson’s scheme. However, the nonlinear terms are advanced using Adam-Bashforth or
Runge—Kutta scheme. One uses either second- or third-order scheme. The choisedetermined
by CFL criteria(dr < (Ax)/Urms). By repeated application of time-advancing, we can reach the desired
final time.

6. The MHD turbulence equations can be solved either usthor (u, b). The usage of* turns out to
be more efficient because they involve less number of FFT operations.

7. When forcingf* = 0, the total energy gets dissipated due to viscosity and resistivity. This is called
decaying simulation. On the contrary, forced simulation have nonzero fotigg 0), which feed
energy into the system, and the system typically reaches a steady state in several eddy turnover time.
Forcing in astrophysical and terrestrial systems are typically at large-scale eddies (shocks, explosions,
etc.). Therefore, in forced MHD equatiofisis typically applied at small wavenumbers, which could
feed both kinetic energy and kinetic helicity. For details refer to BranderiB@ig

Spectral method has several disadvantages as well. This method cannot be easily applied to nonperiodic
flows. That is the reason why engineers hardly use spectral method. Note however that even in aperiodic
flows with complex boundaries, the flows at small length scale can be quite homogeneous, and can be
simulated using spectral method. Spectral simulations are very popular among physicists who try to probe
universal features of small-scale turbulent flows. Since the MHD equations are solved directly (without
any modeling), this method is called direct numerical simulation (DNS).

Many researchers have done spectral simulation of MHD turbulence. In this section we will mention
some of the main results concerning energy spectra and cascade rates. Numerical results on dynamo an
intermittency will be discussed later in this paper. Some numerical results on the evolution of global
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quantities (e.g., dynamic alignment by Matthaeus dtl413]) were discussed were discussed in Section
4, and they will not be repeated here.

6.2. Numerical results on energy spectadr 3)

In Section 4 we discussed various MHD turbulence phenomenologies, which predict the exponents to
be%, or g or mix of both. Grappin et a[73] predicted the exponents to be cross helicity dependent; for
smalloe, m™ ~m~ ~ % but for largese, m™ — 3, andm™ — 0. Many researchers tried to test these
predictions numerically.

Onle-dime?sional energy spectruli(k) is computed by summing over all the modes in the shell
(k — 5 k + E)’ i.e.,

1 N
EXl=5 ) XOP,

k—1/2<|s|<k+1/2

whereX = u, b, zt. The energy spectrum is computed for both decaying or forced simulations. In the
final state (after 2—10 eddy turnover time), Alfvén ratio is typically found to be close to 0.5. Most of the
MHD turbulence simulations have been done for zero cross helicity; for these cases, normalized cross
helicity typically fluctuates in the range ef0.1 to 0.1.

Most of the high-resolution simulations till early 1990s were done in 2D due to lack of computing
resources. Biskamp and Wel{d8] performed numerical studies of 2D MHD turbulence on grid up to
1024 under small cross helicity limit. They reported the spectral index to be clc%'mtagreement with
the models of Kraichnan, Iroshnikov, and Dobrowolny et al. (KID), with a caveat that the exponents may
be close t@ in transition states, in which turbulence is concentrated in regions of weak magnetic field.

In summary, the numerical simulations till early 1990s suppogtedectral index. Note that according
to absolute equilibrium theory, 2D and 3D are expected to have the same energy spectra. So we can tes
the turbulence models in 2D as well.

Sinceg and%3 are very close, there is a practical difficulty in resolving the spectral index. They can
be resolved with certainty only in a high-resolution simulations. Vefin&], and Verma et al[191]
approached this problem indirectly. They tested the energy cascadélfafes nonzero cross helicity
in 5122 DNS. Recall that KID’s model%) predictsIT™ = 1T~ (Eq. (102)) independent &+ /E ™ ratio,

while Kolmogorov-like theoriesg) predict (Eq. (105))

E~(k) K- [IO\°
Et(k) K+ (m) ’
Verma[l77] and Verma et al[191] computed both energy spectra and cascade rates; their plots of the
energy spectra and fluxes are reproduceeign 12
Regarding spectral indices, no particular claim could be made because the numerically computed
indices were within the error bars of bo§1and g However, the study of energy fluxes showed that
underlying turbulent dynamics is closer to Kolmogorov-like. The energy flux of majority species (larger

of EtandE~, here taken to b& ™) was always greater that of minority species, even in situations where
7i5,< Bo. When we look at the values of cascade rates more closelyléige 1of Verma et al[191]),
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and dotted £7) correspond ta = 3. Inthe right panel solid and chained lines represéftrespectively, while the dashed and
dotted lines represent dissipation rate and the energy loss in the sphere okradiaswumerical results favor Kolmogorov's
phenomenology over KID’s phenomenology. Adopted from Verma ¢181].

we find that,

E® (L i 114

EX(h) (H*) .

for initial oc = 0.25. However, for initialoc = 0.9, they were off by a factor of 10. Eq. (114) assumes

K+ = K~, which is not a valid assumption for large. Verma[184] has shown thak* depend on

oc, and the factor ok —/K T is of the order of 4. With this input, the numerical results come closer to
the analytical results, but the agreement is still poor. This indicates that physics at large cross helicity
(Alfvénic turbulence) is still unresolved.

The above numerical results imply that the relevant time scale for MHD turbulence is nonlinear time-
scale(kz,f)_l, not the Alfvén time-scalék Bo) 1. Verma[177] and Verma et a[191] provided one of the
first numerical evidence that Kolmogorov's scaling is preferred over K%D:saling in MHD turbulence.

High-resolution 3D simulations soon became possible due to availability of powerful computers. Muller
and Biskam(f132], and Biskamp and MuilldtL5] performed 512 DNS with both normal and hyperdif-
fusive terms. They showed that the energy spectrum follows# law, steeper thak—3/2 as previously
thought (se€ig. 13. The runs with hyperdiffusivity had a bump at large wavenumbers. The Kolmogorov’'s
constant was found to be 2.2. The rang%qiowerlaw is close to 1 decade. Numerical results of Cho
[33], Cho et al[36], and others are consistent with Kolmogorov’s scaling.

Biskamp and Muller also computed the intermittency exponents and showed that they are consistent
with Kolmogorov scaling and sheet-like dissipative structure. We will discuss these issues later in this
paper.

Biskamp and Schwarfl6] performed DNS on 2D MHD turbulence on grids of 2848 8192.

They claimed that the energy spectrum agrees with KID’s Iéw ¢ontrary to 3D case. They have




282 M.K. Verma / Physics Reports 401 (2004) 229-380

k ' e e
100, W\ ;
F R 3
g E
[ L
&
<
0.10F d
L
0.01L e PRI . Lo
0.01 0.10 1.00

k

Fig. 13. Plot of normalized energy spectrum compensatePbifor a 3D MHD simulation on 513yrid. Flatness of the plot
indicates that Kolmogorov’g index fits better thar% (dashed line). Adopted from Biskamp and Mulj&5].

also computed the structure functions, and reported a strong anomalous bottleneck effect. Note that
Biskamp and Schwarz’s results contradicts Verma et [l94] results, where the energy fluxes follow
Kolmaogorov's predictions. This issue needs a closer look. Itis possible that the dynamics is Kolmogorov-
like, but they are strongly modified by intermittency effects. Refer to Verma @8], Biskamp[13],

and Section 11 for further details.

6.3. Numerical results on anisotropic energy spectra

Shebalin et al[160] performed DNS in 2D and studied the anisotropy resulting from the application
of a mean magnetic field. They quantified anisotropy using the a@ggtiefined by

_ KOk 0P
Y kflok, nl?

where Q represents any one of the vector fields likeb, V x u, etc. They found turbulence to be
anisotropic. Later Oughton et fl41]carried out the anisotropic studies in 3D. They found that with the in-
crease 0B, anisotropy increases upBp ~ 3, thenitsaturated. They also found that anisotropy increases
with increasing mechanical and magnetic Reynolds numbers, and also with increasing wavenBgnbers.
also tended to suppress energy cascade. Matthaeufldtsdhumerically show that the anisotropy scales
linearly with the ratio of fluctuating to the total magnetic field strength.

Cho et al[35,37]performed 3D DNS and studied anisotropic spectrum. They found that anisotropy of
eddies depended on their size: along “local” magnetic field lines, the smaller eddies are more elongated
than the larger ones. SE@. 14for an illustration of numerically computed velocity correlation function.
The numerical value matched quite closely with the predictions of Goldreich and J6@harheir result
was also consistent with the scaling lay~ ki/3 proposed by Goldreich and Sridt{&8]. Herek; and
k, are the wavenumbers measured relative to the local magnetic field direction. The “local” magnetic
field is in the same spirit as the “effective” mean magnetic field of Veitiag].

tar12 QQ
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Fig. 14. Cho et al[35] compared the velocity correlation function from simulation (top panel) with the predictions of Goldreich
and Sridhar’s theory (bottom panel). The results are in very good agreement with each other. Adopted from (3f).et al.

Maron and Goldreiclj108] performed a detailed DNS of MHD turbulence. Their grid size ranged
from (642 x 256) to (256 x 512). They numerical results are in general agreement with the Goldreich

and Sridhar predictiok) ~ ki/s. However, their 1D spectral index was closer%tmang, contrary to

Cho et al.’935,37]numerical results thak (k) o kls/g.

After a review of energy spectra in MHD turbulence, we now turn to studies on energy fluxes in MHD
turbulence.

6.4. Numerical results on energy fluxes

Computation of energy fluxes using DNS has done by Verma ¢1@1], Dar et al.[45], Ishizawa
and Hattori[78,79] (using wavelet basis), and Debliquy et f6]. For 2D MHD turbulence, Verma
etal.[191] numerically computedi™, and Dar et alj45], Ishizawa and Hattofi78,79]computed various
fluxesIT¥= (X, Y =u, b). For 3D MHD turbulence, Debliquy et g#6] computed 7y = (X, Y = u, b).

Debliquy et al[46] performed flux computation for 3D decaying MHD turbulence in5géd. The
initial Alfvén ratio was 10; it decreased and saturated at.(Here we illustrate the flux computation with
an example. The fluxr; = (ko), which is the energy flux from the inside of thesphere of radiugo, to
the outside of thé-sphere of radiugy, is

M(koy=Y_ > 3(K -b(@IbK) - u@] . (115)

[K’|>ko |Pl<ko
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Two “truncated” variablesi= andb™ are defined as

< — JU®@ if Ipl<ko,
ump) = {0 if |p| > ko (116)
and
~ur_ )0 if |K| <ko,
b (k)_{b(k) it 1k| > ko . (117
EqQ. (115) written in terms afi = andb~ reads as
M= (ko) =3 | Y kb7 (K) Y bk —pui(p) | - (118)
k p

The p summation in the above equation is a convolution, which is computed using FFT. Aftek FFT,
sum is performed, which is the desired flux. Ishizawa and Hd8ti79] used Meyor wavelets as basis
vectors and have computed the energy fluxes.

Debliquy et al[46] computed various energy fluxes of MHD turbulence at various timiest(/ feqdy=0
to 1.74). Fig. 15illustrates various energy fluxes at the final whgn= 0.4. Debliquy et al. normalized
the fluxes by the total flux. A small range of wavenumbers kearl0—20 where the energy fluxes are
somewhat flat was identify as the inertial range. Debliquy et al. computed Kolmogorov’s constants of
MHD turbulence by substituting the energy spectra and the total flux in Eq. (106) and obkain&®.
Note that there is significant error in numerical simulations, identification of inertial range, computation
of energy spectra and fluxes. Therefore, the above values are only approximate, and errors could be
quite high (around 20%). Debliquy et al.’s estimation of Kolmogorov’s constant is somewhat close to
Muller and Biskamp’§15,132]value(K = 2.2) and approximately double of Vermd584] theoretical

Fluxes

0 50 100 150 200 250

Fig. 15. Plots of various energy fluxes (normalized witdx (ITtot) vS.kfor ra ~ 0.40). The fluxes shown atiéot (solid), I1% <
(dotted),ng (short-dashed )T, = (chained-dot-dotﬁ’;j (chained-dot)/1 = (long-dashed), anﬂlﬁi(solid-light). Adopted
from Debliquy et al[46].
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Fig. 16. Plots of values of energy fluxes in the inertial range. ighe fluxes shown arg%< (dotted),Hb<

(chained-dot-dot)HZi (chained-dot)/14<
Adopted from Debliquy et a[46].
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Fig. 17. Plots ofi1 = /11 (circle) andiT}, /IT (diamond) vsra . The straight lines are good fit to the above data. The lines of best
fitarey; = 0.56(ra — 0.63) andy, = 0.57(ra — 0.37), respectively.

predictionsFig. 16illustrated the evolution of the normalized inertial-range fluxes with time. Debliquy
et al.’s conclusions regarding the energy fluxes are as follows:

1. Fig. 16 shows that all the normalized inertial-range fluxes exdept/IT are approximately con-
stant under the variation of. The quantitylT; = /IT decreases from 0.22 at near 1 tox —0.12
nearra = 0.4. The decrease aoff;=/II is rather slow neara = 0.4. The plotiI;=/II vs. ra
(Fig. 17) shows approximate linear relationship betwdefT /Il andra. A linear fit to the data
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shows that
HM<
% =0.56(ra — 0.63) . (119)

This resultindicates that fe > 0.63, large-scale kinetic energy is transferred to large-scale magnetic
energy. However, the direction of transfer is reversedrfox 0.63 (more magnetically dominated
regime).

2. ThefluxesT4s, my=, mos

u=>"’ u=>"

bers. Alsol1?> > 0.

u>

3. The net transfer from kinetic energy to magnetic energy is

andI1?= are forward, thatis from smaller wavenumbers to larger wavenum-

Iy, =135 + IS + 17 + 17 (120)
Note thatlTy, = ITy; = (kmax). From the plotiT; vs.ra (Fig. 17) Debliquy et al. concluded that

<

I, {O.57(rA —0.37) forra>037, (121)

I 0 for ra < 0.37.

It implies that a net kinetic-to-magnetic energy transfer takes placergntdaches around 0.4. For
ra = 0.4 and above, a net energy transfer from kinetic to magnetic is almost zero.

4. The value off7< /I is quite small, hence-to-u transfer is insignificant in MHD turbulence when
ra < 1.

Note that the above results are for Alfvén ratio less than 1. We expect the properties of some of the fluxes
to change whema > 1. The numerical studies of fluxes fot > 1 could provide us important insights
into dynamo problem.

Dar et al [45] performed numerical DNS on a 54grid with random kinetic forcing over awavenumber
annulus 4< k < 5. Theoretically, the magnetic energy in 2D MHD decays in the long run even with
steady kinetic energy forcingd.97]. However, they found that the magnetic energy remains steady for
sufficiently long time before it starts to decay. They computed the energy fluxes in this quasi-steady
state where the Alfvén ratio fluctuated between 0.4 and 0.56, and the normalized Cross delicit/
approximately equal to 0.1.

The energy fluxes as a function of wavenumber spheres for 2D MHD turbulence are similar to that for
3D MHD, however, some of them change sigig. 18is a schematic illustration of the numerical values
of fluxes for 2D MHD turbulence at = 20, a wavenumber within the inertial range.

The fluxeslT; =, HZ; 1% in 2D are qualitatively similar to the corresponding fluxes in 3D. The fluxes
1“<, 2= however have different signs. The negative sigipf is consistent with the inverse cascade
of kinetic energy in 2D. The sign df}; = is positive, but that may be because of forcing. Ideally, we
should compare the flux results of 2D decaying simulations with the 3D decaying simulations. The flux
results of Debliquy et al. and Dar et al. are in general agreement with the EDQNM calc(ifjha7]
and[78]. Ishizawa and Hattofi78,79] obtained very similar results in their DNS using wavelet basis.

Haugen et al[75] have computed the dissipation rates of kinetic and magnetic energies. They find that
for EV/E" ~ 0.5,¢"/IT = (IT"S + I155 + 1152) /11 ~ 0.3, ande® /1T = (I14= + 5= — 1152) /11 ~ 0.7
(seeFigs. 11and12 of Haugen et al[75]). The corresponding humbers in Debliquy et[d46] are Q42
and 061, respectively. Note that Haugen et al.’s schematics of energy fluxes are m@'ﬁn@z:,
andI1z.
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Fig. 18. A schematic illustration of the numerically evaluated values of the fluxes for 2D MHD turbulence. The values shown
here are for wavenumbers within the inertial range. Taken from Dar Rt5l.

In Section 8 we will compare 3D numerical results with their analytical counterparts. Unfortunately,
we do not have analytical results for 2D MHD turbulence.

The energy fluxes give us information about the overall energy transfer from the inside/outside of
theu/b-sphere to the inside/outside of thg¢b-sphere. To obtain a more detailed account of the energy
transfer, Dar et a[45] and Debliquy et al[46] studied energy exchange between the wavenumber shells;
Ishizawa and Hatto(i78,79] performed the same studies using wavelet basis.

6.5. Shell-to-shell energy transfer-rates in MHD turbulence

Debliquy et al.[46] partitioned thek-space into shells with boundaries at wavenumbgrén =
1,2,3,..)=0,2,4,89514 11324 ..., 2+t4/4 9051, 107.63 256, and computed the shell-
to-shell energy transfer rat@g, 72>, 7" defined by Eq. (86). They found the 4th to 9th shells in the
inertial range. The numerical data showed that the energy transfers between these shells to be self-similar
that is, energy transfers from the shell 4 to the shell 7 is the same as that from the shell 5 to the shell 8,
or from the shelimto the shelln + 3. Forra = 0.41, the plotsT 4 /11, TX2 /11, TP /1T vs.n — m for
variousms are shown irfrigs. 19-21respectively.

SinceT’ = —T ">, the transfer rate fror-to-u 7,“% is inversion off;>“ / IT around the origin. Debliquy

et al. deduced the following properties of shell-to-shell energy transfers:

1. As discussed above the shell-to-shell energy transfers are self-similar, thi¥ig is function of
n — m only.

2. Theinertial-range shell-to-shell energy transfers are always from smaller-wavenumber shells to larger-
wavenumber shells. This property is called “forward” transfer.

3. The most dominant-to-u andb-to-b transfers are to the neighboring shell (fromto m + 1), after
which it decreases quite rapidly. The property is referred to as “local” transfer.
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Fig. 19. Plots ofu-to-u normalized shell-to-shell energy trans#€f /1T vs.n — m for m = 4 — 9. The plots collapse on each
other indicating self-similarity.
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Fig. 20. Plots ob-to-b normalized shell-to-shell energy transﬂefi;ﬁ/n vs.n —mform=4-29.

4. The most dominarii-to-u transfer is to the same wavenumber shell (fromrtiie b-shell to themth
u-shell). Thatis, the in the same shell, magnetic energy gets converted to kinetic energy. This property
holds forra < 1 considered in the paper. Fer > 1, theb-to-u transfer for the same shell has not been
investigated.

Dar et al.[45] performed similar analysis for 2D MHD turbulence. Their results are showign22

The nature of7, X in 2D is roughly the same as that in 3D. All the transfers are forward and local,
exceptT,»*. As shown in the figurd " is forward for the first three nearest shells but becomes negative
for n > m + 3, which may contribute to the inverse cascade of kinetic energy. This result is consistent
with analytic results on 2D shell-to-shell energy transfers in fluid turbulence (see Appendix D). There
are significant energy transfers from inertial wavenumbers to small wavenumbers (nonlocal), which will
also contribute to the inverse cascade of energy.
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Tll;’; is positive implying that the firsb-shell gains energy from the inertial rangeshells through
a nonlocal transfel‘Tfl” is positive implying that the firsti-shell loses energy to the inertial range
shells through a nonlocal transfer. All the above results are schematically illustraied 22d). These
results on shell-to-shell energy transfers provide us with important insights into the dynamics of MHD
turbulence.

In this section we described the methodology of spectral method and some important results on energy
spectra, fluxes, and shell-to-shell transfers. In Section 12 we will present large-eddy simulation (LES),
which enables us to perform turbulence simulations on smaller grids. In the next three sections we will
describe the field-theoretic calculation of renormalized viscosity and resistivity, energy fluxes, and shell-
to-shell energy transfer rates.

7. Renormalization group analysis of MHD turbulence

In Section 4 we discussed various existing MHD turbulence models. Till early 1990s, KID’s model
(% spectral index) used be the accepted model of MHD turbulence. However, solar wind observations
and numerical results in the last decade are in better agreement with the predictions of Kolmogorov-
like models g spectral index). In this and the next two sections we will present computation of energy
spectrum and energy cascade rates starting from the MHD equations using field-theoretic techniques. In
this section we will present some of the important renormalization group calculations applied to MHD
turbulence. Most recent RG calculations fagospectral index for energy spectrum.

Field theory is well developed, and has been applied to many areas of physics, e.g., Quantum Elec-
trodynamics, Condensed Matter Physics, etc. In this theory, the equations are expanded perturbatively in
terms of nonlinear term, which are considered small. In fluid turbulence the nonlinear term is not small;
the ratio of nonlinear to linear (viscous) term is Reynolds numbers, which is large in turbulence regime.
However in MHD turbulence, wheBo >z T, the nonlinear term is small compared to the linear (Alfvén
propagation ternBg - Vz*+) term. This is the weak turbulence limit, and the perturbative expansion makes
sense here. On the other hand whé&i> By (the strong turbulence limit), the nonlinear term is not small,
and the perturbative expansion is questionable. This problem appears in many areas of physics including
Quantum Chromodynamics (QCD), Strongly Correlated Systems, Quantum Gravity, etc., and is largely
unsolved. Several interesting methods, Direct Interaction Approximation, Renormalization Groups (RG),
Eddy-damped quasi-normal Markovian approximations, have been attempted in turbulence. We discuss
some of them below.

A simple-minded calculation of Green’s function shows divergence at small wavenumbers (infrared
divergence). One way to solve problem is by introducing an infrared cutoff for the integral. The reader
is referred to Lesli¢101] for details. RG technique, to be described below, is a systematic procedure to
cure this problem.

7.1. Renormalization groups in turbulence

Renormalization group theory (RG) is a technique which is applied to complex problems involving
many length scales. Many researchers have applied RG to fluid and MHD turbulence. Over the years,
several different RG applications for turbulence has been devised. Broadly speaking, they fall in three
different categories:
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7.1.1. Yakhot—Orszag (YO) perturbative approach

Yakhot and Orszag’EL93] work, motivated by Forster et §b4] and Fournier and Frisd®6], is the
first comprehensive application of RG to turbulence. It is based on Wilson’s shell-elimination procedure.
Also refer to Smith and WoodrufL63] for details. Here the renormalized parameter is function of forcing
noise spectrund (k) = Dok ™. It is shown that the local Reynolds numbigs

- ),CZ)DQ
T3 AC

wherejg is the expansion parameterjs the cutoff wavenumber, ard=4+ y — d [193]. Itis found that
v(A) increases ad decreases, thereforeremains small (may not be less that one though) compared to
Re as the wavenumber shells are eliminated. Hence, the “effective” expansion parameter is small even
when the Reynolds humber may be large.

The RG analysis of Yakhot and OrszH®3] yielded Kolmogorov's constamtko = 1.617, turbulent
Prandtl number for high-Reynolds-number heat trangfer0.7179, Batchelor constadiz =1.161, etc.
These numbers are quite close to the experimental results. Hence, Yakhot and Orszag’s method appear
to be highly successful. However there are several criticisms to the YO scheme. Kolmogorov’s spectrum
results in the YO scheme fer= 4, far away frome = 0, hence epsilon-expansion is questionable. YO
proposed that higher order nonlinearities are “irrelevant” in the RG sense=fd@, and are marginal
whene = 4. Eyink[51] objected to this claim and demonstrated that the higher-order nonlinearities are
marginal regardless ef Kraichnan[88] compared YO's procedure with Kraichnan’s Direct Interaction
Approximation[84] and raised certain objections regarding distant-interaction in YO scheme. For details
refer to Zhou et al[201] and Smith and WoodruffL63].

There are several RG calculations applied to MHD turbulence based on YO procedure. These calcula-
tions will be described in Section 7.5.

7.1.2. Self-consistent approach of McComb and Zhou

This is one of the nonperturbative method, which is often used in Quantum Field theory. In this method,
a self-consistent equation of the full propagator is written in terms of itself and the proper vertex part.
The equation may contain many (possibly infinite) terms, but it is truncated at some order. Then the
equation is solved iteratively. McConijth19], Zhou and coworkerf203] have applied this scheme to
fluid turbulence, and have calculated renormalized viscosity and Kolmogorov’'s constant successfully.
Direct Interaction Approximation of Kraichnan is quite similar to self-consistent thE&$/.

The difficulty with this method is that it is not rigorous. In McComb and Zhou’s procedures, the vertex
correction is not taken into account. Verifi&Z9-181]has applied the self-consistent theory to MHD
turbulence.

7.1.3. Callan—-Symanzik equation for turbulence

DeDominicis and Martirj47] and Teodorovich169] obtained the RG equation using functional in-
tegral. Teodorovich obtainekixg = 2.447, which is not in very good agreement with the experimental
data, though it is not too far away.

It has been shown that Wilson’s shell renormalization and RG through Callan—Symanzik equation
are equivalent procedure. However, careful comparison of RG schemes in turbulence is not completely
worked out.
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The renormalization of viscosity, resistivity, and “mean magnetic field” will be discussed below. The
self-consistent approach will be discussed at somewhat greater length because it is one of the most recen
and exhaustive work. After renormalization, in Section 8 we will discuss the computation of energy fluxes
in MHD turbulence. These calculations are done using self-consistent field theory, a scheme very similar
to DIA. At the end we will describe Eddy-damped quasi-normal Markovian approximation, which is very
similar to the energy flux calculation.

7.2. Physical meaning of renormalization in turbulence

The field theorists have been using renormalization techniques since 1940s. However, the physical
meaning of renormalization became clear after the path-breaking work of Wil€@} Here renor-
malization is a variation of parameters as we go from one length scale to the next. Following Wilson,
the renormalized viscosity and resistivity can also be interpreted as scale-dependent parameters. We
coarse-grain the physical space and look for an effective theory at a larger scale. In this method, we
sum up all the interactions at smaller scales, and as a outcome we obtain terms that can be treated a:
a correction to viscosity and resistivity. The corrected viscosity and resistivity are called “effective” or
renormalized dissipative parameters. This procedure of coarse graining is also called shell elimination
in wavenumber space. We carry on with this averaging process till we reach inertial range. In the in-
ertial range the “effective” or renormalized parameters follow a universal powerlaw, e.g., renormalized
viscosity v(/) o [*/3. This is the renormalization procedure in turbulence. Note that the renormalized
parameters are independent of microscopic viscosity or resistivity.

In viscosity and resistivity renormalization the large wavenumber shells are eliminated, and the in-
teraction involving these shells are summed. Hence, we move from larger wavenumbers to smaller
wavenumbers. However, it is also possible to go from smaller wavenumbers to larger wavenumbers
by summing the smaller wavenumber shells. This process is not coarse-graining, but it is a perfectly
valid RG procedure, and it is useful when the small wavenumber modes (large length scales) are linear.
This scheme is followed in Quantum Electrodynamics (QED), where the electromagnetic field is negli-
gible at a large distance (small wavenumbers) from a charge particle, while the field becomes nonzero at
short distances (large wavenumber). In QED, the charge of a particle gets renormalized when we come
closer to the charge particle, i.e., from smaller wavenumbers to larger wavenumbers. In MHD too, the
large-scale Alfvén modes are linear, hence we can apply RG procedure from smaller wavenumbers to
larger wavenumbers. Vernii79] has precisely done this to compute the “effective or renormalized mean
magnetic field” in MHD turbulence. Sdgg. 23for an illustration of wavenumber shells to be averaged.

7.3. “Mean magnetic field” renormalization in MHD turbulence

In this subsection we describe the self-consistent RG procedure of Y&r@lawhich is similar to that
used by McComi§118], McComb and Shanmugsundar§i23], McComb and Watf124], and Zhou
et al.[203] for fluid turbulence. However, one major difference between the two is that VEIH®§
integrates the small wavenumber modes instead of integrating the large wavenumber modes, as done by
earlier authors. At small wavenumbers the MHD equations are line&p,ithe mean magnetic field.
Verma applied RG procedure to compute the renormalized mean magnetic field.

The basic idea of the calculation is that the effective mean magnetic field is the magnetic field of the
next-largest eddy (local field), contrary to the KID’s phenomenology where the effective mean magnetic
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Fig. 23. The wavenumber shells to be averaged during renormalization procedure. (a) In “mean magnetic field” renormalization,
averaging starts from small wavenumber, first shell be&kggk1). (b) In viscosity and resistivity, averaging starts from large
wavenumbers.

field at any scale is a constant. This argument is based on a physical intuition that the scattering of the
Alfvén waves at a wavenumbeéris effected by the magnetic field of the next-largest eddy, rather than
the external magnetic field. The mean magnetic field at the largest scale will simply convect the waves,
whereas the local inhomogeneities contribute to the scattering of waves which leads to turbulence (note
that in WKB method, the local inhomogeneity of the medium determines the amplitude and the phase
evolution). The calculation shows thatk) « k—°/3, and the mean magnetic fieRh(k) o k~1/3 are

the self-consistent solutions of the RG equations. TBywappearing in KID’s phenomenology should be
k-dependent.

Verma[179] made one drastic assumption that the mean magnetic field at large scales are randomly
oriented. This assumption simplifies the calculation tremendously because the problem remains isotropic.
Physically, the above assumption may be approximately valid several scales below the largest length scale.
Now, Verma’s procedure follows.

The MHD equations in the Fourier space is (see Eq. (32))

(—io Fi(Bo - k)z" (k) = ~iMijm (K) / dpzf (P k= p) | (122)

where
kikm

Mijm(K) =kjPip(K);  Pip(K) = 6im — 2z

(123)

andk = (k, »). We ignore the viscous terms because they are effective at large wavenumbers. We take
the mean magnetic fieBp to be random. Hence,

. z.+(1€>} . / A[zf(mz;;(l?—ﬁ)]
— > LN =—M,"m k dk J A
< i+ (0)) [zi_(k) I Mijm(K) zj(ﬁ)z;(k—ﬁ)

with the self-energy matrii(o) given by

O~ 0 ikBo| -
We logarithmically divide the wavenumber ran@®, k) into N shells. Thenth shell is(k,, 1, k)
wherek,, = sk, (s > 1). The modes in the first few shells will be the energy containing eddies that will
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force the turbulence. For keeping our calculation procedure simple, we assume that the external forcing
maintains the energy of the first few shells to the initial values. The modes in the first few shells are
assumed to be random with a gaussian distribution with zero mean (see Iltems 3 and 4 below).

Firstwe eliminate the first sheltp, k1), and then obtain the modified the MHD equations. Subsequently
higher wavenumber shells are eliminated, and a general expression for the modified MHD equations after
elimination ofnth shell is obtained. The details of each step are as follows:

1.

We decompose the modes into the modes to be elimitatecind the modes to be retain@d ). In
the first iterationko, k1) = k= and(k1, ky) = k~. Note thatBg(k) is the mean magnetic field before
the elimination of the first shell.

. We rewrite the Eq. (32) far< andk~. The equations fozl.b(lG) modes are

(=i Fi(Bok))z;™ (k) = — iMijm(K) / dk [z?(ﬁ)z#(l? - ﬁ)]
+ [ Bl P+ Dz - b))
+ | p=d-p) . (124)

while the equation foz?“(k, t) modes can be obtained by interchangingand > in the above
equation.

. Theterms given in the second and third brackets onthe RHS of Eq. (124) are calculated perturbatively.

The details of the perturbation expansion is given in Appendix B. We perform ensemble average over
the first shell, which is to be eliminated. We assumeiﬁét(k) has a gaussian distribution with zero
mean. Hence,

(z;7= (k) =0,

(7 () =27 (k) . (125)
and

(= (D)2h7 (@) = Pan(PCP(P)S(p +§) (126)

wherea, b = + or . Also, the triple order correlationg®”=%)z%*=(5)z%""=(4)) are zero due

to the Gaussian nature of the fluctuations. The experiments show that gaussian approximation for
z?“(l%) is not quite correct, however it is a good approximation (refer to Sections 11). A popular
method called EDQNM calculation also makes this assumption (see Sections 8.3).

. As shown in Appendix B, to first order in perturbation, the second bracketed term of Eq. (124)

a,b>

vanishes except the terms of the typ&’> (k)z%%> ($)z%? (k)) (called triple nonlinearity). Verma
ignored this term. The effects of triple nonlinearity can be included using the procedure of Zhou and
Vahala[203], but they are expected to be of higher order. For averaging, we also hypothesize that

(77525 =2"(z"z7),

which cannot be strictly correct. This is one of the major assumption of RG prociire After
performing the perturbation we find that the third bracketed term of Eq. (124) is nonzero, and yields
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correctionss2 g, to the self energy o)

> +>(f —
(—lw+2(0)+52<o>)[ ¢ )} IMsz(k)/dk[ +>(p)z ( p)]

(s (D)2 (k — p)
with
53X = /ﬁ;_k pLS1k, p, )G 5 (P)Coy @) + S2(k, p, )G (5 (P)C g (@)
+ S3k, p. )G 5 (DT @) + Satk. p. )G g, (MCy @] (127)
53X = /ﬁ;:k [S1(k, p, )G (o (p)C(o) @) + S2(k, p, )G (o) (p)C(o) (@)
+ S3(k, p. )G g, (P)C ) (@) + Salk, p. )G F (P)CHT (@] (128)

where the integral is to performed over the first sligll k1), denoted by region, andS; (k, p, ¢)
are given in Appendix B. The equations for the other two tefinsand >~ can be obtained by
interchangingt and— signs. Note that

++ oyt ++ +
[2(0) 2(0)] |:IkB(O) |kB(O)}

+ R
Z(O) 2(0) ikB |kB(o)

with B " =0.

. The fuﬁl-ﬂedged calculation af’s are quite involved. Therefore, Vernfib7 9] simplified the calcula-

tion by solving the equationsin the IinﬂtijF:CR:C”“(k)—Cbb(k) OandE* (k)=E~ (k). Under

this approximation we have — symmetry in our problem, hendf(o) =B, andB(O)‘ = B@* In

the first iterationB(J{))_ = B(B)Jr = 0, but they become nonzero after the first iteration, hence we will
keep the expressmris(o intact.

. The expressions fex’s involve Green'’s functions and correlation functions, which are themselves
functions of2’s. We need to solve fok’s and G’s self-consistently. Green’s function after first
iteration is

++ +—
Gt =| 0 Ko “HBo (129)
© |1<B(—O)+ —io +1kB o

which implies that

GEE (k1 — 1) = Ko + By ®
© 2X (o) (k)

exp(EikX o) (k)(t — ),

+_
GrFk,t —1t) = i exp(ikX ) (k)(t — 1)) ,
© 2X (o) (k)

whereX ) (k) B(’(L);LZ B(J{)) 2. The frequency dependence of correlation function are taken as

C(k, w) = 2R[G (k, 0)]C (k), which is one of the generalizations of fluctuation-dissipation theorem
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to nonequilibrium systems. In terms of time differen€ek, t — ') = G(k,t — ')C(k, t, ), which
yields

X (+B (k)

i (0)
Ck,t —t)=%R 2X 0 (k) C(k) exp i 2Xo (k)C(k) exp io
, Bo X0 (k)+Bh (k) ) ,
2X(0) € (k) exp(=i®) T@;C(k) exp(—id)

where® = kX o) (k)(¢ — t'). To derive the above, we use the fact thdt = C*““(k) — C**(k) =0
andC*t(k) = C~ (k) = C(k). While doing the integral, the choice of the pole is dictated by the
direction of the waves.

. Above Green'’s functions and correlation functions are substituted in Egs. (127, 128) and the frequency

integral is performed. These operations yield

0B = - . / (Z‘%C(q) {—sl(k,pm (0)(5;(;3;’) P ok, m)%
+S3(k, p,q)% — Sa(k, p, q)X(O)(S;;)ZJ?T(p)}/denr , (130)
kéBy ~ = —/ o )dC(q) |:—Sl(k, P q)% — Sa2(k, p, q)X(O)(;)((O)g?(p)
+ 3k, p,q>X(°)(5;(+m5f)+(p ! 4 sk p,q)%} / denr,  (131)
with

denr = [~kX /() + pX 0 (P) = 41X 0)(@)] -

The frequency integral in the above are done using contour integral. It is also possible to obtain the
above using’ integral[101]. Also note thati® = Fk B3 (k), which is equivalent to using = %

. Let us denote§(l)(k) as the effective mean magnetic field after the elimination of the first shell.

Therefore,
B} (k) = B{g (k) + 0 B{g) (k) . (132)

Recall that, b = +1. We keep eliminating the shells one after the other by the above procedure, and
obtain the following recurrence relation afier 1 iterations:

B, 1, (k) = BEY (k) + 0B (k) (133)

where the equations foiB(;)" (k) ands B[, T (k) are the same as Egs. (130, 131) except that the terms

B“b (k) andX“b (k) are to be replaced b&“b (k) andX“b (k), respectively. Clearly, .1, (k) is the
e ectlve mean magnetic field after the eilmmatlon o% the- 1)th shell. The set of RG equations to
be solved are Egs. (130, 131) willy, replaced byB,s, and Eq. (133).
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9. InYO's perturbative RG calculation, the correlation function depends of the noise (forcing) spectrum.
In the self-consistent procedure, we assume that we are in the inertial range, and the energy spectrum
is proportional to Kolmogorov’g power law, i.e.,

C(k) = ﬂ k@D E (k)
© Sad -1 ’
where
E(k) = KIT?3k5/3 . (134)

Here, S, is the surface area aFdimensional unit spherd] is the total energy cascade rate, d&d
is Kolmogorov’s constant. Note th&t™ = IT- = IT due to symmetry. We substitute the following
form of B, (k) in the modified equations (130, 131)

B (kk') = K213k, BEOb () (135)

(n)

with k = kgynk” (' > 1). We expectB*“”(k/) to be a universal function for large. After the
substitution we obtain the equations RZF b (k) that are

1 2 E(q/) (0) (SP )+ B(O) (SP/)
SB T (K = —— [ dp’ —S1(k', p’
k)= d—1 P Sqi(d —1) q/d_l |: 1k p ) 2X(0)(Sp/)
Bt- /
/ B (sp) e Bt (sp)
— Sy(k, BT 4 Sk, - r
2k P a5y oopy TSP oy
X©(sp') — B, (sp))
—Sa(k’, p’, denr’ , 136
atk’, p'sq") X0 5p') (136)
1 2 E@) B (sp)
SBFTH(K) = —— ' '
') d—1 dp Sq(d —1) /d—l[ Sk, p )2X(0)(SP)
, (0)(517 ) — B(o) (sp”) , (o) ) (sp”)
N 1 Sa(k, e
T BRLURL AL RY s orerpomy
X (S /)+B++(s /)
1 Sak, pf g 2L 20 P eny (137)
2X 0)(sp)

where
denr’ = [—k'X 0)(sk') + p'X0)(sp") — ¢’ X (0)(sq")] .

The integrals in Egs. (136, 137) are performed over a regjond p’, ¢’ < 1 with the constraint
thatp’ 4+ q' = k’. The recurrence relation fd,) is

Bty (k') = s"PBEY (k') + sTH3BIP (K (138)

10. Now we need to solve the above three equations iteratively. Here we take the space dimensionality
d = 3. We use Monte Carlo technique to solve the integrals. Since the integrals are identically zero
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Fig. 24.B;} (k") for n = 0..3. The line of best ig’ /3,

for k' > 2, the initial B (k}) = B;g;““a' for k <2 and By (k) = nggi“a' * (k//2)7Y3 for k] > 2.

We takeB(J{))_ = 0. Eqgs. (136)—(138) are solved iteratively. We continue iterating the equations till
B(, .4y (k) =~ B( (K'), thatis, till the solution converges. TI# s for various: ranging from 0.3 is

shown inFig. 24 Here the convergence is very fast, and after3 — 4 iterationsB?‘n)(k) converges
to an universal function

The other parameteﬁ:;‘(k/) remains close to zero. Sin@n)(k/) converges, the universal function
is an stable solution in the RG sense. The substitution of the funBFLq(k’) in Eq. (135) yields and

- kY3
By (k) = K22 B k/2) 1/3=Bo<z—ko> ,

for k > k,.1 Whenn is large (stable RG solution). Hence we see tBatk) « k=3 in our self-
consistent scheme.

To summarize, we have shown that the mean magnetic Bigigets renormalized due to the nonlinear
term. As a consequence, the energy spectrum is Kolmogorov-likek Tt as predicted by KID’s
phenomenology, i.e.,

E(k) = KIT?35/3

Since,By is corrected by renormalization, we can claim that KID’s phenomenology is not valid for MHD
turbulence.

The physical idea behind our argument is that scattering of the Alfvén waves at a waveruismber
caused by the “effective or renormalized magnetic field”, rather than the mean magnetic field effective
at the largest scale. The effective field turns out t&{mkependent or local field, and can be interpreted
as the field due to the next largest eddy. The above theoretical result can be put in perspective with
the numerical results of Cho et §B5] where they show that turbulent dynamics is determined by the
“local” mean magnetic field. Note that KID take = (kBg)~* to be the effective time-scale for the
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(n)

nonlinear interactions that give(k) o k~%2. However the time-scatg."”, which is of the same order

as the nonlinear time-scalesaf, 7, ~ (kzi*)~?, yields E (k) o k~5/3. The quantityey” can possibly

be obtained numerically from the time evolution of the Fourier components; this test will validate the
theoretical assumptions made in the above calculation.

The above calculation shows that Kolmogorov-like energy spectrum is one of the solution of RG
equation. However, we cannot claim this to be the unique solution. Further investigation in this direction
is required. Also, the above RG calculation was doneHor= E~ andra = 1 for simplicity of the
calculation. The generalization to arbitrary field configuration is not yet done. The mean magnetic field is
assumedto beisotropic, whichis unrealistic. In addition, self-consistent RG scheme has other fundamental
problems, as described in Section 7.1.

In the above RG scheme, averaging of wavenumber has been performed for small wavenumbers in
contrast to the earlier RG analysis of turbulence in which higher wavenumbers were averaged out. Here
a self-consistent power-law energy spectrum was obtained for smaller length scales, and the spectrum
was shown to be independent of the small wavenumber forcing states. This is in agreement with the
Kolmaogorov's hypothesis which states that the energy spectrum of the intermediate scale is independent
of the large-scale forcing. Any extension of this scheme to fluid turbulence in the presence of large-scale
shear, etc. will yield interesting insights into the connection of energy spectrum with large-scale forcing.

After the discussion on the renormalization of mean magnetic field, we move to renormalization of
dissipative parameters.

7.4. Renormalization of viscosity and resistivity using self-consistent procedure

In this subsection we compute renormalized viscosity and resistivity using self-consistent procedure.
This work was done by Vermi.80,183] and Chang and Lifi32]. Here the mean magnetic field is
assumed to be zero, and renormalization of viscosity and resistivity is perféronethrge wavenumber
to smaller wavenumberdhis is the major difference between the calculation of Section 7.3 and the
present calculation. The RG calculation for arbitrary cross helicity, Alfvén ratio, magnetic helicity, and
kinetic helicities is very complex, therefore Verma performed the calculation in the following three
limiting cases: (1) Nonhelical nonAlfvénic MHDH = Hx = Hc = 0), (2) Nonhelical Alfvénic MHD
(Hw = Hk =0, oc — 1), and (3) Helical nonAlfvénic MHDK\ # 0, Hx # 0, H; = 0). These generic
cases provide us with many useful insights into the dynamics of MHD turbulence.

7.4.1. Nonhelical nonAlfvénic MHDHy = Hk = Hc = 0)

In this case, the RG calculations are done in terms afidb variables because the matrix of Green'’s
function becomes diagonal in these variables. We take the following form of Kolmogorov’'s spectrum for
kinetic energy{ E“ (k)] and magnetic enerdy? (k)]

E"(k) = K“IT?/3 53 | (139)
EV(ky = E*(k)/ra , (140)

whereK " is Kolmogorov’s constant for MHD turbulence, afids the total energy flux. In the limit.=0,
we haveEt = E~ andII™ = 11~ = II [cf. Eq. (105)]. ThereforeEai(k) = E1(K) = E*(k) + E? (k)
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and
KT=K"L+rgh . (141)

With these preliminaries we start our RG calculation. The incompressible MHD equations in the Fourier
space are

(o4 sty = =327, 00 [ Qplus (Pyn @ — by (D)o @)1 (142)
p+q=
(=i + nk?)b; (k) = =P, (k) _dpluj(p)bm (@], (143)
p+q=k
where
P (K) = kj Pip (K) + ki Pij (K) (144)
Pij_'m k) = kjdim — kmdij . (145)

Herev andy are the viscosity and the resistivity respectively, dnid the space dimensionality.

In our RG procedure the wavenumber raikig, ko) is divided logarithmically intaV shells. The:th
shell is(k,, k,—1) wherek, = h""kg (h < 1). In the following discussion, we carry out the elimination of
the first shell(k1, ko) and obtain the modified MHD equations. We then proceed iteratively to eliminate
higher shells and get a general expression for the modified MHD equations. The renormalization group
procedure is as follows:

1. We divide the spectral space into two parts: 1. the skellkg) = k=, which is to be eliminated; 2.
(kn, k1) = k=, set of modes to be retained. Note thg{ andy denote the viscosity and resistivity
before the elimination of the first shell.

2. We rewrite Egs. (142, 143) far andk~. The equations fonzf(l%) andbf(l%) modes are

(—io + Z(g ()uy (k) + Z(G (k)b (k) = — —P,jm<k> / dp([u5 (Puy k — )]

+ 2[u5 (P)u,, (k — p)] + [ (pyu,, (k — p)]

— similar terms forb) , (146)
(=i + (g (k)b (k) + 205 (u (k) = — P, (K) f dp(lus (Db (k — p)]

+ [u5 (P)by, (k — p) +u7 (P)by (k — p)]

+ [u (P)by, (k — p)]) - (147)

The 2’'s appearing in the equations are usually called the “self-energy” in quantum field theory lan-
guage. In the first iteratio (0) = V(O)k and 2(0) = n(o)kz, while the other twa>’s are zero. The

equation foruf(k) modes can be obtained by interchangin@nd> in the above equations.
3. Thetermsgiveninthe second and third brackets on the right-hand side of Eqs. (146, 147) are calculated
perturbatively. Since we are interested in the statistical propertiesrudb fluctuations, we perform the
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usual ensemble average of sys{@i®3]. We assume that™ (k) andb™ (k) have gaussian distributions
with zero mean, whilei< (k) andb= (k) are unaffected by the averaging process. Hence,

(u7 (b)) =0, (148)
(b7 (k)) = (149)
(i (k) =u; k) (150)
(b (k)) = b7 (k) , (151)
and
(7 (P (@) = Pij(P)C“(P)o(h + §) . (152)
(b7 (D)L (@) = Pij(D)C"" (P)(p + ) . (153)
(U7 (P)b7 (@) = Pij(®)C(P)o(p +§) - (154)

The triple order correlatlon@(>(k)X>(p)X>(q)) are zero due to the gaussian nature of the fluctua-
tions. Here X stands for orb. In addltlon we also neglect the contribution from the triple nonlinearity
(X<(k)X<(p)X<(q)) as done in many of the turbulence RG calculatifiri®,193] The effects of

triple nonllnearlty can be included following the scheme of Zhou and VVdRal3.

. To the first order, the second bracketed terms of Egs. (146, 147) vanish, but the nonvanishing third
bracketed terms yield correctionsit. Refer to Appendix C for details. Egs. (146, 147) can now be
approximated by

(—iw + Z(o) + 52(0))u k) + (Z(O) + 52(0))bi<(12) = — —ij(k) f dp[u (pu,, (k — 1))
— b (P Gk — p)] (155)

(=i + Z(G) + 0Z{g)b (k) + (g + 02{g ui (k) = =i P, (K) f dplus (p)by, (k — p)]

(156)
with
1 A
3Xf (k) = f _dpIS(k. p, )G (H)C(q) — Se(k. p. )G (P)C™(§)
d—1 pri=k
+ Ss(k, p. )G (H)C*(§) — Sk, p. )G™ (H)C* (@] , (157)
1 A
832G (k) = _dpl=S(k, p, )G (H)C*" () + S5k, p, ¢)G"* (H)C™(§)
-1 Jpg=t
+ Sk, p, )G™(H)C™(G) — S5k, p, )G (HC (@] , (158)

bu _ 1 / A uu ;A\ ub o n bb s A\ ~ub A
02 g, (k) = _dp[Ss(k, p, ¢)G™ (P)C* () + S10(k, p. )G (P)C*(q)
d—-1 o=k

+ S12k, p, )G (p)CP?(§) — S7(k, p, )G (H)C"™ ()] , (159)
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A4

1 A o o
53 (k) = | dhl-satk . )G (HIC @) + Satk. p. )G (HC @)
d—-1) o=k

+ S11(k, p, )G (P)C* (§) — So(k, p, )G (H)C** ()] . (160)

The quantitiesS; (k, p, g) are given in the Appendix C. The integrals to be done over the first shell.

5. The full-fledge calculation of’s is quite involved. Therefore, we take two special cases: (1) Non-
Alfvénic: C*» =0 orac =0; and (2) Alfvénic:C*? ~ C"* ~ Cb" or s, — 1. In this subsubsection we
will discuss only the case. = 0. The other case will be taken up in the next subsubsection. A word of
caution is in order here. In our calculation the parameters agéol = 2C* (k) /(C** (k) + CP? (k))
andra (k) = E*(k)/E® (k) are taken to be constants, even though they could be a functioritsgo
note that these parameters could differ from the glebahdra, yet we assume that they are probably
closer to the global value.

Whene¢ =0, an inspection of the self-energy diagrams showsitfat >* =0, andG*? = G?* =0.
Clearly, the equations become much simpler because of the diagonal nature of ndéatioeés, and
the two quantities of interest(§ ands>{j) are given by

1 A
Xl (k) = / dp(S(k, p.q)G" (p)C*“(q) — Se(k. p. )G (p)C"(q)) . (161)
d—1J544-

A4

b (k) = ! dp(—Ss(k, p, )G (p)C"(q)
00 =771 o

+ So(k, p, )G (p)C"(q)) . (162)

6. Thefrequency dependence of the correlation function are takét'ag;, w) =2C"** (k) R(G"* (k, w))
andC?? (k, w)=2C?? (k)R(G? (k, w)). In other words, the relaxation time-scale of correlation function
is assumed to be the same as that of corresponding Green’s function. Since we are interested in the
large time-scale behavior of turbulence, we take the linngfoing to zero. Under these assumptions,
the frequency integration of the above equations yield

A4 dp
v (k) = ——— —
V(O)( ) (d _ 1)k2 /p+q:k (27‘[)d
" [ Sk, p.g)C*™(q)  Se(k, p.9)C"(q) } (163)
vo (P P2 +vo)(@g? 1) (P)P? + 10y (@)q?
o (k) = # /A d_p
MO T @ =Dk Jy gk 20
5 [_ Sa(k, p. 9)C"(q) Sotk, p, )C""(q) ] (164)
2 2 2 2
v (P Pe+n0)(@)g° 1o (P)p*+v0)(q)q

Note thatv(k) = 2" (k)/k? andy(k) = =b*(k)/ k2. There are some important points to remember in

the above step. The frequency integral in the above is done using contour integral. It can be shown
that the integrals are nonzero only when both the components appearing the denominator are of the
same sign. For example, first term of Eq. (164) is nonzero only whenvggtlp) andy g, (¢) are of

the same sign.
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7. Let us denote() (k) andyn ) (k) as the renormalized viscosity and resistivity respectively after the
first step of wavenumber elimination. Hence,

v (k) = vy (k) + vy (k) , (165)
1y (k) = n(o) (k) + n) (k) . (166)

We keep eliminating the shells one after the other by the above proceduren Aftériterations we
obtain

Vit 1) (k) = vy (k) + 0vy (k) (167)
Nin+1) (k) = 1) (k) + ey () (168)

where the equations fen,) (k) anddn, (k) are the same as the Egs. (163, 164) excephibak)
andn g, (k) appearing in the equations are to be replacedyk) andr, (k), respectively. Clearly
va+1) (k) andn,1)(k) are the renormalized viscosity and resistivity after the elimination of the
(n + Dth shell.

8. We need to compui®,, andor,, for variousn. These computations, however, requigg ands,.
In our scheme we solve these equations iteratively. In Egs. (163, 164) we sultstitutey 1D energy
spectrume (k)

2(2n)¢

C(uu,bb) (k) —
Sqi(d —1)

f—(d=1D pu.b) k) ,

whereS, is the surface area @tdimensional spheres. We assume th4tk) and E? (k) follow Egs.
(139, 140) respectively. Regarding, andy,,, we attempt the following form of solution:

s My k') = (K™Y 3k 3 0% ) 0y ()

with k = k, 1k’ (K’ <1). We expectv’(*n)(k’) and nz‘n)(k/) to be a universal functions for large The

substitution ofC** (k), C®* (k). v(» (k), andy,, (k) yields the following equations:

1 2 E%(q’ 1
5v)(kn) (k/) = dq/ ;ql) S(k/’ p/’ C]/) N /2 N 12
d-1 Jorqae  (d—DSq g~ Vi (hp)) p'? 4%, (hq)q'
-1
.
—Se(k', p', q" A , (169)
NGy (kP p'% + 11, (hg)g'?
1 2 E“(q’
oy (K') = dq/ )
d—-1) Jprq=k (d—1Sq q/d_l

1
V* (h /) /2 + * (h l) 2
m\P)p N\ g )q

X |:_S8(k/’ p,9 q/)

-1

.

+So(k', P q) A : (170)
NGy (hp)) P + 5, (hg)g"?
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Ve o1y (K = hY3E (k') + = 3vE (K (171)
My (k) = 3% (k') + B~ 30n%, (k') (172)

where the integrals in the above equations are performed iteratively over a regigr,’ < 1/h
with the constraint thad’ + q’' = k’. Fournier and Friscfb5] showed the above volume integraldn
dimension to be

p/q/ d—2
fp o dp’ = Sy_1 / dp’ dq/(k/> (sino)?3, (173)

wherex is the angle between vectgrsandq'.

9. Now we solve the above four equations self-consistently for varigiss We have takerk = 0.7.
This value is about middle of the range (0.55-0.75) estimated to be the reasonable vaiugs of
Zhou et al[201]. We start with constant values QB) andnfo), and compute the integrals using Gauss
quadrature technique. Onéef("o) and 5:7’(“0) have been computed, we can calcul@‘g(; and ’7?1)- We
iterate this process tiujm 41 (k" ~ v’(*m)(k/) andn’(“m 1) k) ~ nz‘m)(k’), that is, till they converge. We
have reported the limiting* ands* whenever the solution converges. The criterion for convergence
is that the error must be less than 1%. This criterion is usually achieveadd0 or so. The result of
our RG analysis is given below.

Verma carried out the RG analysis for various space dimensions and found that the solution converged
forall d > d; ~ 2.2. Hence, the RG fixed-point for MHD turbulence is stabledgr d. For illustration

of convergent solution, see the plot J) (k") andnfn)(k/) ford =3, ra =1IinFig. 25 The RG fixed point

for d < d¢ is unstable. Refer tbig. 26for d = 2, ra = 1 as an example of an unstable solution. From this
observation we can claim that Kolmogorov’s powerlaw is a consistent solution of MHD RG equations
at least ford > d.. Verma also computed the contribution to renormalized viscosity and resistivity from
each of the four termg - Vu, —b - Vb, —u - Vb, b - Vu. These quantities are denoted 3y, b, nb“,

andn’?, respectively. The values of asymptotké ( 0 limit) v*,i7*, v**, v, y?* andyb® for variousd

andra = 1 are displayed iffable 5 The MHD equations can be written in terms of these renormalized

(k)
o
[{e]

" (k)
o
a1

Fig. 25. The plots of* (k") (solid) andy* (k") (dashed) vsk’ for d = 3 andsc =0, rp = 1. The values converge. Adopted from
Verma[180].
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Fig. 26. The plots of* (k") (solid) andy* (k) (dashed) vsk’ for d = 2 andec = 0, ra = 1. There is no convergence. Adopted
from Verma[180].

Table 5
The values of*, y*, yiti* yubx ypbux . bb* for various space dimensiodswith ra = 1 andsc =0

d v n* Pr pUE pub* nbu* ’7hb*
2.2 19 0.32 6.0 —0.041 1.96 -0.44 0.76
2.5 1.2 0.57 2.1 0.089 1.15 -0.15 0.72
3.0 1.00 0.69 1.4 0.20 0.80 0.078 0.61
4.0 0.83 0.70 12 0.27 0.56 0.21 0.49
10.0 0.51 0.50 1.0 0.23 0.28 0.22 0.28
50.0 0.23 0.23 1.0 0.11 0.12 0.11 0.12
100.0 0.14 0.14 1.0 0.065 0.069 0.066 0.069

parameters as

i uug,2 ub,2 < _ _i_ + / dp < </l _
(at+v ke +v k)ui k, )= 2Pl.jm(k) (27Z)d[uj (P, Hu,,(K—p,1)

= b5 (p, )by (K —p, )],
O L 2 ) bk 1) = — P (K) / d—p[uf(p Dbk —p,1)]
ot e ym (2 o

We multiply the above equations by * (k, 1) andb;=*(k, t) respectively and obtain the energy equation.
When we integrate the terms up to the last wavenumbgrshe terms on the RHS vanish because of
“detailed conservation of energy in a triad interaction” (see Section 3.4). Therefore from the definition,

we deduce that the energy cascade rate from inside oXtephere X <) to outside of the¥ sphere
(Y >)is

kn
m¥s = / 20X (l)k?EX (k) dk (174)
0
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Fig. 27. The plot of asymptotic® (square) ang™* (diamond) vsd for oc = 0 andra = 1. The fluidv* (triangle) is also plotted
for reference. For largé, these values fit quite well with predicteid 1/2 curve. Adopted from VermE180].

whereX, Y denotex or b. FromTable § we see that the sign ef* changes from positive to negative
atd = 2.2; this result is consistent with the conclusions of Fournier and Ffsgh where they predict
the reversal of the sign of eddy viscositydat 2.208. Even though Verma’s RG calculation could not be
extended t@l = 2 (because of instability of the fixed point), it is reasonable to expect thdtfop, v*“
will be negative, and7%< will be negative consistent with the EDQNM results of Pouquet €tl47],
Ishizawa and Hattofi78], and numerical results of Dar et {5].

For larged , v* = #*, and it decreases ds /2 (seeFig. 27); v* for pure fluid turbulence also decreases
asd~1/2, as shown in the same figure. This is evident from Egs. (169, 170) using the following arguments
of Fournier et al[57]. For larged

P\
/ dp/dq’< - ) (sina)?=3... ~ a2 (175)
Sa_1 1 ( d )1/2
d—132s; d?\2=n ’
Ss _S67 _S87 Sg(k/’ p/7 q/) - kpd(z + xy) ’ (176)

which leads to

-1/2
VEOVF o — (Zn) d d

hencev* o« d—1/2. Also, from Eq. (176) it can be deduced th#t* = y#o* = yPu* = yP* for larged, as
is seen fronTable 5

Verma[180] also observed that the stability of RG fixed point in a given space dimension depends
on Alfvén ratio and normalized cross helicity. For example et 2.2 the RG fixed point is stable for
ra > 1, but unstable fora < 1. A detailed study of stability of the RG fixed point is required to ascertain
the boundary of stability.
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Table 6

The values of*, y*, yuu* yubx pbux pbb* for variousra with d = 3 andec = 0

ra v ’7* Pr pum vub* ”Ibu* '7bb*

o0 0.38 038
5000 0.36 0.85 0.42 0.36 Ax 1074 —0.023 0.87
100 0.36 0.85 0.42 0.36 Fx 103 —0.022 0.87

5 0.47 0.82 0.57 0.32 0.15 Ax 1074 0.82

2 0.65 0.78 0.83 0.27 0.38 0.031 0.75
1 1.00 0.69 1.40 0.20 0.80 0.078 0.61
0.5 2.1 0.50 4.2 0.11 2.00 0.15 0.35
0.3 11.0 0.14 78 0.022 11.0 0.082 0.053

The values of renormalized parametersdos 3 and variousa are shown inTable 6 For largera
(fluid dominated regime);* is close to the renormalized viscosity of fluid turbulencge-£ oo), buty™ is
also finite. Asra is decreased;* decreases but increases, or the Prandtl numb@r = v/5 increases.

This trend is seen tilta ~ 0.25 when the RG fixed point with nonzerb andn* becomes unstable, and

the trivial RG fixed point with”* = #* = 0 becomes stable. This result suggests an absence of turbulence
for ra below 0.25 (approximately). Note that in the — O (fully magnetic) limit, the MHD equations
become linear, hence there is no turbulence. Surprisingly, our RG calculation suggests that turbulence
disappear neat, = 0.25 itself.

Using the flux interpretation of renormalized parameters (Eq. (174)), and from the values of renormal-
ized parameters ifable § we can deduce that energy fluxes from kinetic to kinetic, magnetic to magnetic,
and kinetic to magnetic energies are always positive. The energy fluxes from magnetic energy to kinetic
energy is positive for @ < ra < 2, but changes sign on further increaseQfThe negative value af’**
indicates that the kinetic energy at large wavenumbers are transferred to the magnetic energy at smaller
wavenumbers (inverse transfer).

Verma found that the finaf* (k") andn* (k") are constant for smalf but shifts toward zero for largéf
(seeFig. 25. Similar behavior has been seen by McComb and cowofeey for fluid turbulence, and
is attributed to the neglect of triple nonlinearity. Triple nonlinearity for fluid turbulence was first included
in the RG calculation by Zhou and Vahd02]; similar calculation for MHD turbulence is yet to done.

Pouquef147]and Ishizawa and Hattdii8] calculated*, v, y**  nb? for d =2 using EDQNM (eddy-
damped quasi-normal Markovian) approximation. Pouquet argued/tha negative, while Ishizawa
found it to be positive. Unfortunately Verma'’s procedure cannot be extendée-td. However, Verma
claimed that the magnetic energy cascade n&ﬁgl is positive for alld > d¢ because®” > 0.

In the following subsection we present Verma’s calculation of renormalized viscosity and resistivity
for ¢ — 1 limit [180].

7.4.2. Nonhelical Alfvénic MHDHy = Hk; oc — 1)

Alfvénic MHD has highu-b correlation or(|z*|%) > (|z~|). For this case it is best to work with
Elsasser variables™ = u + b. These types of fluctuations have been observed in the solar wind near the
Sun. However, by the time the solar wind approaches the Earth, the normalized cross helicity is normally
close to zero. In this section we will briefly discuss the RG treatment for the above case. For the following
discussion we will denotéz~|%)/(|z+1%) =r = (1 — 6¢) /(1 + o¢). Clearlyr < 1.
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MHD equations in terms of Els&sser variables are
(i v0,22k212 )+ v0k?zf (B = ~iMyn ) [ ke (Prciith — )

Note that the above equations contain four dissipative coefficigntsandv- instead of usual two
constantsv. = (v 4+ 5)/2. The +— symmetry is broken when # 1. RG generates the other two
constants. We carry out the same procedure as outlined in the previous RG calculation 4Attsteps
of the RG calculation, the above equations become

[—i + (ytae () 4 0Vt (K),Z1ZE= () + vy (k) + vy (k)K22F = ()

= ibyn 0 [ bz (1=~ ) a7
with
1 A4

e = /,, o B PG DI @)+ Salke p. )G (I @)
+ S3(k, p. )G ) T(PCTT(@) + Salk, p, DG,y (PYCT @], (178)

1 4 .

-0 = /,, o SIS P DG (DICTH @)+ Soh p )G (DICTH@)
+ S3k, p, )G ) (PYCTT(G) + Satk, p, )G,  (HICTT(@)] (179)

where the integral is performed over the + 1)th shell (k,+1, k,). The equations for the other two
ov's can be obtained by interchangirgand — signs. Now we assume that the Alfvén ratio is one, i.e.,
C*t— = E* — E> = 0. Under this condition, the above equations reduce to

1 4 A
S0 = s /,, o OIS P OGS () + S2(k, p. )Gy (ICT (@) . (180

A

1 _ .
V)4 (k) = m/ﬁﬂ_k dpLSsk, p, )G ) () + Salk, p, )G,y (HICTT(G) , (181)

A

1 n
-+ 0= T fp o _, dpLSstk. p. DGy (D) + Salk, p, )Gy (HICT(G) , (182)

A

1 —_ J’_J’_ A
ovy——(k) = m/pﬂ kdp[Sl(k PG,y (P) + S20k, p, )G ) (PICTT(G) . (183)

The inspection of Egs. (180)-(183) reveal that andv_ are of the order of. Hence, we take the
matrix to be of the form

Wk, w)=(:li ;) . (184)
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Itis convenient to transform the frequency integrals in Egs. (180)—(183) into temporal integrals, which
yields

1 4 ++
V)44 (k) = m /F;_’_q y (27‘5) / de'[S1(k, P Q)G(n) (P, — t')
+ 82k, p, )Gy (P 1 = 1)ICT7(q, 1 — 1) (185)

and similar forms for equations for othés. Green’s functiorG(Ak, t —t') = exp—[k?(r — t')] can be
easily evaluated by diagonalizing the mat¥ix he final form ofG (k, ¢ — ) to leading order inr is

Gk, t —1)

1- ﬁi‘”a—exp( B —1) -~ {%+ n (% - 2;‘—;”)} (1 — exp(—p(t — 1))

—?l//(l — exp(—p(t — 1)) exp(—pt — 1)) + ﬁw(l — exp(—p(t — 1))
The correlation matrixC (k, # — ¢') is given by

CHt—1) CT(ki—1)\ _ L (CH k) CT ()
<C—+(k,t—t’) C“(k,t—t/))_G(k’t_t)<c_+(k) C“(k))' (186)

The substitution of correlation functions and Green'’s functions yield the following expressions for the
elements obv:

1 4 d
L) = / P c*(q){sl(k, p.@)

2n)? By (@)q?
n(P) 1 1
+ Sa(k, p, q) - ( - )
2. p )ﬂ(n)(p) By (P)P? + By @)a? By (@)g?
3. p q)ﬂ(n)(q) By (P)P? + By (@)q? By (p) p? (187)
1 4 dp *(q)
Sty (k) = , 188
1 4 dp
W (k) = ct {S k,p,q)———
OC(n)(q)( 1 1 )
+ So(k, p. ~
262 ) \ B Pt By @ T oo ()12
amy(p) 1 }
+Sa(k, p, 189
Wb D) o @142 (189)
1 4 dp C*(q)
O (k) = Sik, p,q)——2 190
b = 2 / S P (190)
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Note thatéa, 48, 6, oy, and hence, B, {, , are all independent @f To solve the above equations we
substitute the following 1D energy spectra in the above equations:

(o3
+ + 5/3
ET(k)=K ( )2/3k , (191)
E~(k)=rE*(k) . (192)
For the elements dfwe substitute
U 23 4
Zw (k) = Z} VK /3 (193)

—)1/3

whereZ stands for, «, y, . The renormalized&*’s are calculated using the procedure outlined in the
previous section. For largetheir values fod = 3 are

5 0.86r 0.14

2= (0.16r 0.84) ’ (194)
and ford = 2 they are

- 0.95 0.54

zr= (1.10r o.54> : (195)

Note that the solution converges for bath= 2 and 3.

As discussed in the earlier section, the cascade f@tesan be calculated from the renormalized
parameters discussed above. Using the energy equations we can easily derive the equations for the
cascade rates, which are

kN kN
ot = / 2r(kPEY (k) + / 20k?(E" (k) — E"(k)) , (196)
0 0

ky ky
n = / 2BK?E~ (k) + / 2ryk?(E" (k) — Eb(k)) . (197)
0 0

Under the assumption that = 1, the parts ofI* proportional to(E* (k) — E?(k)) vanish. Hence, the
total cascade rate will be

= %(H* +117) (198)

kn
=r / (C+ PK2ET (k) . (199)
0

Since! and g are independent of, the total cascade rate is proportionakt(for » small). Clearly the
cascade rat& vanishes whemn = 0 or g = 1. This result is consistent with the fact that the nonlinear
interactions vanishes for pure Alfvén waves (r z~). The detailed calculation of the cascade rdtés
and the constant& * is presented in Section 8.1.2.

Now we will present the renormalization group analysis for helical MHD.
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7.4.3. Helical nonAlfvénic MHDH\ # O; Hk # 0; oc = 0)

Helical MHD is defined for space dimensigr= 3. Verma[183] performed the RG analysis for helical
MHD. His method moves along the same lines as that applied for nonhelical MHD (Section 7.4.1). All
the steps are the same except Eqgs. (152, 153) are replaced by

W (P @) = [Pi,«p)c""(ﬁ) e L (ﬁ)} 0%+, (200)

(b7 (Db (@) = [Pij(PICPP(P) — ieiji prHM (DI (2m)*8(p + §) - (201)

Note thatu—b correlation has been taken to be zero in our calculation. Because of helicities, the equations
for the change in renormalized self-energy (163, 164) get altered to

o k) = ———+
© d — Dk? Jpiqk (2n)? v (P)P? +v0)(9)q?

_ Sek, p, )C"(q) + Sg(k, p, ) Hv(9)
n0)(P)P? + 10 (@)q? ’

1 /A dp {S@,p,q)m"(q)+S/<k,p,q>HK<q>

! 4 d Sk, p, )C?*(q) + Sy(k, p, ) H
oy (k) = / P [_ s(k, p, 9)C”"(q) + Sg(k, p, g¢) Hu(q)
p

(d — Dk? Jpiq=k (2n)¢ v (P)P? + 1(0)(@)q?
So(k, p, ¢)C"(q) + Sh(k, p, q) Hk (q)}

10y (P)P? + v0)(9)q?

wheres; defined below can be shown to be zero.

S'(k, p, q) = Pyl (K) Pyt (P)ejarqr =0,
Se(k, p.q) = P;-m k)P, (P)ejarqr =0,
Sg(k, p, q) = P, (K)Pit, (P)emarqi Pin(k) =0,
So(k, p»q) = P}, (k) Pryy (P)€jarqi Pin(k) = 0 .

The argument for the vanishing 8fis follows. Sincesv anddn are proper scalars, arffly k are pseudo-
scalars,S!(k, p, ¢) will be pseudo-scalars. In additiof;(k, p, ¢) are also linear irk, p andg. This
implies thatS! (k, p, ¢) must be proportional tq - (k x p), which will be zero becaude= p 4 g. Hence

all S(k, p, ¢) turn out to be zeroHence helicities do not alter the already calculatedy, n) (k) in
Section7.4.1. Zhoy198] arrived at a similar conclusion while calculating the renormalized viscosity for
helical fluid turbulence.

7.5. RG calculations of MHD turbulence using YO's perturbative scheme

In YO's perturbative scheme for fluid turbulence, corrections to the viscosity, vertex, and noise are
computed on shell elimination. After that recurrence relations are written for these quantities, and fixed
points are sought. The nontrivial fixed point provides us with spectral exponents etc.
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In MHD turbulence there are more variables than fluid turbulence. If cross helicity is zero, we can
manage with corrections to (1) viscosity and resistivity, (2) three vertices corresponding )u,
(b - V)b, and(u - V)b — (b - V)u, and (3) two noise parameters corresponding to the velocity and
magnetic fields respective]$8]. In terms of Elsdsser variables, we get similar terms. These calculations
have been performed by L¢@88], Fournier et al[58], Camargo and Tasg@7], Liang and Diamond
[102], Berera and Hochbel@], Longcope and Suddi05], and Bast4]. Note that in 1965 itself Lee
[98] had written all the Feynman diagrams for dressed Green’s functions, noise, and vertex, but could not
compute the dressed Green’s function or correlation function.

A brief comments on all the above work are as follows. In almost all the following work, cross helicity
is taken to be zero.

7.5.1. Fournier, Sulem, and Pouquet

Fournier et al[58] were the first to perform RG calculation for MHD turbulence in 1982. Different
regimes were obtained depending on space dimension, external driving (noise), and fluid characteristics
like Prandtl number. The trivial and kinetic regimes exist in any space dimension. Here, the dissipative
coefficients, viscosity and resistivity, are renormalized, and they have the same scaling. Turbulent magnetic
Prandtl number depends on space dimension only and tends to ldwheno.

The magnetic regime is found only fdr> d; ~ 2.8. The effect of the small-scales kinetic energy
on the large scales is negligible, and the renormalization of the coupling is only due to the small scales
magnetic energy. The turbulent magnetic Prandtl number is infinitédferd < d; ~ 4.7, while for
d > d(, it has a finite value which tends to 1 &s—~> oo.

No magnetic regime can be computed by the RGdferd.. Also, ind < 3, the contribution of the
magnetic small scales to the turbulent diffusivity is negative and tends to destabilize the magnetic large
scales. Ind = 2 or close to 2, the electromagnetic force produces unbounded nonlinear effects on large
scales, making RG inapplicable.

7.5.2. Camargo and Tasso

Camargo and Tasg4@7] performed RG analysis usirgf variables. They derived flow equations for
the Prandtl number. They showed that effective resistivity could be negative, but effective viscosity is
always positive.

7.5.3. Liang and Diamond
Liang and Diamondi102] applied RG for 2D fluid and MHD turbulence. They found that no RG fixed
point exists for both these systems. They attributed this phenomena to dual-cascade.

7.5.4. Berera and Hochberg

Berera and Hochberg[9] RG analysis showed that Kolmogorov-ligeKlD’s % or any other energy
spectra can be obtained by a suitable choice of the spectrum of the injected noise. They also report forward
cascade for both energy and magnetic helicity.

7.5.5. Longcope and Sudan
Longcope and Sudaji05] applied RG analysis to Reduced Magnetohydrodynamics (RMHD) and
obtained effective values of the viscosity and resistivity at large scales.
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7.6. Callan—Symanzik equation for MHD turbulence

This scheme is equivalent to Wilson’s RG scheme of shell elimination. For details of this scheme, refer
to the book by Adzhemyd[i]. Hnatich et al[76] performed RG analysis based on two parameters: space
dimension and noise spectral index. They showed that the kinetic fixed point is stablexfdt, but
the magnetic fixed point is stable only fdr> d. ~ 2.46. Adzhemyan et a[2] applied quantum-field
approach to MHD turbulence and performed a detailed RG analysis.

7.7. Other analytic techniques in MHD turbulence

Direct Interaction Approximatiofi84] is very popular in fluid turbulence. In fact, some researchers
(e.q.,[87]) argue in favor of DIA over RG. One problem of DIA is that the integral for Green'’s function
diverges (infrared divergence), and one needs to introduce a infrared [ddff In any case, there are
only afew DIA calculations for MHD turbulence. Verma and Bhattachd(j8&] applied DIA to compute
Kolmogorov’s constant in MHD turbulence assumiglganergy spectrum. Note however that their self-
energy matrix is not quite correct, and should be replaced by that given in Section 7.4.2. NakKe3&jma
performed one such calculation based on KID’s scaling for Green'’s function and correlation functions.

There are some interesting work by Montgomery and Hgtt3D], and Montgomery and Chen
[128,129]using scale separation. They computed the effects of small scales on the large-scale magnetic
field, and found that helicity could enhance the magnetic field. They have also computed the corrections
to the transport parameters due to small-scale fields. Note that RG schemes are superior to these scheme
because they include all the interaction terms. For details, the reader is referred to the original papers.

Now let us compare the various results discussed above. One common conclusion is that the magnetic
(dominated) fixed point neat = 2 is unstable, however, authors report different critical dimengion
Both Fournier et al[58] and Verma find that magnetier = 1 asd — oo. For 2D fluid turbulence,

Liang and Diamond’$102] argued that RG fixed point is unstable. This result is in disagreement with
our self-consistent RG (see Appendix D). To sum up, RG calculations for MHD turbulence appears to be
quite involved, and there are many unresolved issues.

In fluid turbulence, there are some other interesting variations of field-theoretic calculations by DeDo-
minicis and Martin47], Bhattacharje€l0], Carati[29] and others. In MHD turbulence, however, these
types of calculations are less.

In the next section we will compute energy fluxes for MHD turbulence using field-theoretic techniques.

8. Field-theoretic calculation of energy fluxes and shell-to-shell energy transfer

In this section we present the calculation of energy fluxes in MHD turbulence. The computation was
carried out by Verm§l81,183,184for theinertial-range wavenumberssing perturbative self-consistent
field-theoretic technique. He assumed the turbulence to be homogeneous and isotropic. Even though the
real-world turbulence do not satisfy these properties, many conclusions drawn using these assumption
provide us with important insights into the energy transfer mechanisms at small scales. Verma assumed
that the mean magnetic field is absent; this assumption was made to ensure that the turbulence is isotropic
The field-theoretic procedure requires Fourier space integrations of functions involving products of energy
spectrum and the Greens functions. Since there is a general agreement on Kolmogorov-like spectrum for



314 M.K. Verma / Physics Reports 401 (2004) 229-380

MHD turbulence, Verma tool€ (k) o k—°/2 for all the energy spectra. For the Greens function, he
substituted the “renormalized” or “dressed” Greens function computed by \[d80%(see Section 7.4).

8.1. Field-theoretic calculation of energy fluxes

The field-theoretic calculation for arbitrary cross helicity, Alfvén ratio, magnetic helicity, and kinetic
helicities is quite intractable, therefore Verma performed the calculation in the following three limiting
cases: (1) Nonhelical nonAlfvénic MHOHy = Hk = Hc = 0), (2) Nonhelical Alfvénic MHD Hy =
Hk =0, oc — 1), and (3) Helical nonAlfvénic MHDKwu # O, Hk # 0, H.=0). Energy flux calculation
for each of these cases is described below.

8.1.1. Nonhelical nonAlfvénic MHDH\ = Hk = H; = 0)
As described in Section 3.6 the energy flux from the inside regiok-sphere of radiugg to the
outside region ot -sphere of the same radius is

v 1 dk’ / .
ko) = ——(S(k 202
HY>( 0) (27‘[)d5(k/+p+q) K =ko (27‘[)d p<ko (Zn)d (S( |p|q)> ) ( )

whereX andY stand foru or b. Verma assumed that the kinetic energy is forced at small wavenumbers.
Verma[184] analytically calculated the above energy fluxes in the inertial range to leading order in
perturbation series. It was assumed tin@t) is quasi-gaussian as in EDQNM approximation. Under this
approximation, the triple correlatiofX X X) is zero to zeroth order, but nonzero to first oder. To first
order(XXX) is written in terms of X X X X ), which is replaced by its gaussian value, a sum of products
of second-order moment. Consequently, the ensemble averad& ofS¥ X), is zero to the zeroth order,
but is nonzero to the first order. The first-order terms{®rX (k| p|¢)) in terms of Feynman diagrams
are given in Appendix C. They are given below in terms of Green'’s functions and correlation functions:

t
(S""(k|plg)) = f dr’ @) [Tu(k, p, )G (k, t —t)C"(p,1,1)C"™(q,1,1)
—00
+ Ts(k, p, ¢)G"" (p,t — 1) C*"(k,t,t)C"(q,1,1")
+ To(k, p, 9)G"" (g, t —t")C*"(k, t,t")C*"(p,t,tH]16(K"+p+ Q) , (203)

t
(S“P(k|plg)) = — / dr’ @) [Ta(k, p, )G " (k, t — t)CP"(p,1,1")C"(q, 1, 1)
—00

+ Ty(k, p, )G (p,t — t)C*™(k,t,1)CP(q, 1, 1)
+ Tk, p, )G"(q,t — t")C*"™" (k, 1, t)C??(p, 1, )16’ +p+Qq) , (204)

t
(SP (k| plg)) = — f dr’ @) [T3(k, p, )G (k, t — ')C*™ (p, t,1')C"(q, 1, 1)

+ Ts(k, p, )G*™(p,t — ' )CPP(k, 1,1 )CP(q, 1, 1)
+ Tia(k, p, )G (g, t —t)CPP(k, 1, ) C"(p, 1, t)]0(K +p+Q) , (205)
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t
(SP° (k| plg)) = f d’ @) [Ta(k, p, )Gk, t — )YCP(p, 1,1 )C"(q,1,1)

+ Tatk, p, )G (p,t —t")CPP (k, 1,1)C""(q,1,1)
+ Tiok, p, )G (q,t — t")CPP (k, 1,1)CP (p, 1, 1) ]o(K +p+ Q) , (206)

whereT; (k, p, g) are functions of wavevectoks p, andg given in Appendix C.
The Greens functions can be written in terms of “effective” or “renormalized” viscosity and
resistivityn(k) computed in Section 7.4.1

G"P (k1 — 1"y = 0(t — 1) exp(—[v(k), n(k)Ik>(t — 1)) .

The relaxation time foiC*“(k,t,1") [C??(k,t,t')] is assumed to be the same as thaGsf (k, 7, 1)
[GY"(k, t,1")]. Therefore the time dependence of the unequal-time correlation functions will be

CUPb (k11" = 0(t — 1) exp(—[v(k), n()IK2(t — ') C PP (k. 1. 1) .

The above forms of Green’s and correlation functions are substituted in the expressiéh pfand the
¢’ integral is performed. Now Eq. (202) yields the following flux formula fgf= (ko):

dk dp 1

115 (ko) = Tak, p, ¢)C* (p)C™

u> (0 /Mo @0’ /p<ko @ VO v(ppZ + gz T P OCERICT@
+ T(k, p, )CH U (R)C () + To(k, p, )CH (R)C (p)] | (207)

The expressions for the other fluxes can be obtained similarly.
The equal-time correlation functio®™“ (k, t, 1) andC??(k, t, t) at the steady state can be written in
terms of 1D energy spectrum as

2(2n)¢

k—(d—l)Eu,b k ,
Sa(d — 1) “

CH Pk, 1, 1) =

whereS, is the surface area @Fdimensional unit spheres. We are interested in the fluxes in the inertial
range. Therefore, Verma substituted Kolmogorov's spectrum [Egs. (139, 140)] for the energy spectrum.
The effective viscosity and resistivity are proportionaktd”’3, i.e.,

[v, 71(k) = (KM 23430 ']

and the parametes$ andy™ were calculated in Section 7.4.1.
Verma nondmensionalized Eqg. (207) by substitufib@l]

k k k
k="0 =20y 4=2Cu. (208)
u u u

Application of Eq. (173) yields

45,1

X< _ KU 3/2 |:
My~ =KD d — 1)2s,

1+v
f dvln(l/v)/ dw(vw)?=2(sin 0)? 3 F¥= (v, w)i| , (209)
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where the integral$}* = (v, w) are

1 —d-2 _4-2 —d—2
Flit>< = V*(1+ U2/3 + wZ/S) I:tl(v’ w)(UU)) 3 4 tS(U, w)w 3 + tg(v’ w)v 3] ) (210)
1 2
b< _ —d-2 -2
Fiz=—3 o023 + w23 [tZ(”’ w)(vw) "3y
(v, wyw S 4 (v, w)v_d_%rA_l] : (211)
1 —d-% -1
F'== — TR BETE) [ts(v, w)(vw) 4731,
+He(, wyw 52 4 1190, w)v*d*%rgl} , (212)
1 2
b< _ —d-2 -1
Fyl = =7 AT [M(v, w)(vw) 473,
~+1g(v, w)w_d_%rA_1 + t10(v, w)v_d_%rA_Z] . (213)

Herer; (v, w)=T; (k, kv, kw)/k?. Note that the energy fluxes are constant, consistent with Kolmogorov’s
picture. Verma computed the bracketed terms (denotelj,"gy numerically using gaussian-quadrature
method, and found all of them to be convergent. Let us dehetd’= + I2= + I}'= + 1P=. Using the

fact that the total fluxT is

M= +mbs + s +1os (214)
constantK“ can be calculated as
K" =(I)"%3 . (215)

The energy flux ratios can be computed using /11=1;= /1. The value of constari can be computed
using Eq. (141). The flux ratios and Kolmogorov’s constantifer3 and variousa are listed iriTable 7

Table 7

The computed values of energy fluxes in MHD turbulence for variguehend = 3 andsc = 0

/ra 5000 100 5 1 0.5 0.3 Trend

ms/i 1 0.97 0.60 0.12 0.037 0.011 Decreases

mis/n 3.4x1074 1.7x1072 025 040  0.33 0.36 Increases then saturates
mbs/n ~1.1x10~% —5.1x1073 -0.05 0.12 0.33 0.42 Increases then saturates
b=/ 2.7x1074 1.3x1072 0.20 0.35 0.30 0.21 Increases then dips

K+t 1.53 1.51 1.55 1.50 1.65 3.26 Approx. constril ~ 0.5

K" 1.53 1.50 1.29 0.75 0.55 0.75 Decrease
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The following trends can be inferred by studyifaple 7 We find that ford = 3, I1%4< /11 starts from 1
for largera and decreases nearly to zero neas= 0.3. All other fluxes start from zero or small negative
values, and increase up to some saturated valuesrfead, all the energy fluxes become significant. All
the fluxes are positive except fol) =, which is negative fora greater than 3 (kinetic energy dominated
state). Hence, both kinetic and magnetic energies flow from large length scale to small length scale.
However, in kinetic energy dominated situations, there is an energy transfer from small-scale kinetic
energy to large-scale magnetic field (Inverse energy cascade). Ne@?ﬁ\ier ra > 3 is consistent with
negative value of?** computed in Section 7.4.1.

The quantity of special interestli]d;; which is positive indicating that magnetic energy cascades from
large length scale to small length scale. The Kolmogorov congfdior ¢ = 3 is listed inTable 7 For
all ra greater than 0.5¢ is approximately constant and is close to 1.6, same as that for fluid turbulence
(rA = OO)

Verma'’s method mentioned above cannot be used to compute energy tiggtsfeom the large-scale
kinetic energy to the large-scale magnetic energy because the forcing wavenumbers (large scales) do no
obey Kolmogorov’s powerlaw. Verna84] attempted to compute these using steady-state assumption

u< __ rpb< b<
Hb< - Hb> + Hu> :

Unfortunately, shell-to-shell energy transfer studies (Section 8.2) reveal that in kinetic regimé.)|
u-shells lose energy t-shells; while in magnetically dominated situations & 1), b-shells lose energy
tou-shells. Hence, steady-state MHD is not possible exceptiaead. Therefore, Verma'’s prediction of
114 based on steady-state assumption is incorrect. HowB{er;+ I75= can still be used as an estimate
for IT;=.

We compute total kinetic energy flux‘ =IT;, = +IT;, =, and total magnetic energy flux’ =H§§ +118=

u> u=>"

We find thatE" o (I1*)%/3 and E? o (117)%/° for all ra. Hence,
Eub = gL2(peb)2/3,-5/3 (216)

where the constant§ 12 are somewhat independentaf unlike K“.

Now let us compare the theoretical values with their numerical counterparts reported in Section 6.4.
Debliquy et al[46] computed the energy fluxes for the decaying MHD using DNS data for various values
of Alfvén ratio. InTable 8we compare the numerical and theoretical values for varigiss

We find that the numerical and theoretical values are in qualitative agreement. The differences in the
values are the largest far}~ and I15=. The numerical values of Kolmogorov's constant is close to
2.8-3.0 -20%), which is somewhat close to Muller and Biskanifs] numerical valueK = 2.2), but
double of Verma’§184] theoretical prediction. The reason for the difference is not quite clear, but it may
be due to various assumptions (e.g., Kolmorogorov's spectrum, steady state, etc.) made in the theoretical
calculation.

Using numerical data Haugen et Bi5] reported that folE?/E* ~ 0.5, [1* ~ 0.3 andI1” ~ 0.7.
These numbers are somewhat close to Debliquy et al.’s vadu@sA@ and 0.61, respectively). Note that
" = I4s + m5s + bz andnn® = 9= + m4s — %% . Since we cannot theoretically computé”,
Haugen et al.’$75] numerical values cannot be compared with the theoretical values.

The values of energy flux-ratios and Kolmogorov's constant for various space dimensions{wiBn
are listed inTable 9 In Section 7.4.1 it has been shown thatdot 2.2, the RG fixed point is unstable,
and the renormalized parameters could not be determined. Due to that reason we have calculated fluxes
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Table 8
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The numerical (sim) and theoretical (th) values of energy fluxes in MHD turbulence for vagiausend = 3 andsc = 0. Taken
from Debliquy et al[46]

II/ra 0.75 (sim) 0.75 (th) 0.6 (sim) 0.6 (th) 0.4 (sim) 0.4 (th)
nts/n 0.075 0.078 0.073 0.024 0.066 0.024
my=/m 0.49 0.38 0.49 0.31 0.49 0.31
mbs/n 0.12 0.20 0.13 0.40 0.13 0.40
mbs/n 0.37 0.34 0.36 0.27 0.34 0.27
HZE/H 0.22 — —0.024 — -0.12 —
HZ;/H 0.24 — 0.22 — 0.22 —

Kt 2.8 1.53 3.02 1.51 3.0 151
K" 1.1 0.65 1.2 1.50 1.1 1.50

v¥ — 1.3 — 3.07 — 3.07

n* — 0.63 — 0.40 — 0.40
Table 9

The computed values of energy fluxes in MHD turbulence for various space dimedsidrenra = 1 andsc =0

I1/d 2.1 2.2 2.5 3 4 10 100
nis/n — 0.02 0.068 0.12 0.17 0.23 0.25
Hl’j;/H — 0.61 0.49 0.40 0.34 0.27 0.25
H{,’i/ﬂ — —0.027 0.048 0.12 0.18 0.23 0.25
my=/m — 0.40 0.39 0.35 0.31 0.27 0.25
Kt — 1.4 1.4 1.5 1.57 1.90 3.46
K" — 0.69 0.72 0.75 0.79 0.95 1.73

and Kolmogorov’s constant fal > 2.2 only. For larged it is observed that all the flux ratios are
equal, and Kolmogorov’s constant is proportionaldt®. It can be explained by observing that for
larged

/dp/dq/(

Sa-1

r'q

k/

/

1 d 1/2
(d — 128, ?(§> ’

Vi=n*~d”

1/2

d—2
) (sino)!3. .~ d~V?

(217)

(218)
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Hh=—-t3=—t5=t7=kpd(z+ xy) , (219)

andzg = 111 = 0. Using Eq. (219) it can be shown that Eﬂ‘: are equal for largéd, which implies that
all the flux ratios will be equal. By matching the dimensions, it can be showrkthat/ ~1/3. This result
is a generalization of theoretical analysis of Fournier €]} for fluid turbulence.

In this subsection we calculated the cascade rateg:fer0. In the next subsection we take the other
limit gc — 1.

8.1.2. Nonhelical Alfvénic MHDHy = Hk =0, ¢ — 1)
In z* variables, there are only two types of fluxes, one for thezt cascade and the other for
cascade. These energy fluXé$ can be computed using

1 dk’ dp
H:E ko) = / / S:l: k/ ' 220
0O = oot + pt @) Jisso @0 Syt @t IV (220)

Verma[184] calculated the above fluxes to the leading order in perturbation series. The Feynman diagrams
are given in Appendix B. To first ordefS™* (k’|p|q)) are

(S*(K'Ipl)) = / t dr' (2n)[Taak, p. )Gk, t — ) CFF(p, 1.1)CTE(q, 1, 1)
+ Z4<k, PGk, t —t)C(p, 1,1)CTF(q,1,1)
+ Tus(k, p. )G=F (k. t —t)CF(p, 1,1)CFF(q,1,1)
+ Task, p. )G*F (k. t —t)CTF(p, 1,1)CF(q,1,1)
+ Tark, p. )G (p.t = t)CTF(k, 1,1)CF(q, 1, 1)
+ Tiglk, p. )G (p,t — ) CTE(k, 1,t)CFF (g, 1, 1)
+ Tagk, p. )G=F(p,t — ) CE(k, 1,1)CTF(q, 1, 1)
+ Took, p. )G=F(p,t — ) C*F(k, 1,1)CTF(q, 1, 1)
+ Toak, p. )GTF(q, t — ) CTF(k, 1, 1) CF=(p, 1, 1)
+ Toak, p. )GTF(q, t — ) CTE(k, 1, 1) CF (p, 1, 1)
+ Tos(k, p. )GTF(q, t — ) CTF(k, 1, 1) CF (p, 1, 1)
+ Toak, p. )GTF(q, t — ) CTF(k, t,1)C*(p, 1, N6 +p+q) . (221)

whereT; (k, p, q) are given in Appendix A.

Verma considered the case whea E~ (k) / E™ (k) is small. In terms of renormalizédnatrix, Green’s
function and correlation functions calculated in Section 7.4.2, we obtain the following expressith for
to leading order in:

1+v
= (1177)( +)3/2[(d45”’1); / dvIn(L/v) / dw(vw)d—2<sinoc)d—3Fi(v,w)},
(222)
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Table 10
The computed values of Kolmogorov's constantsdgr 1 andra = 1 limit for variousr = E~/Et (d =2, 3)

d r K+ K~
0.2 0.72 3.1
0.17 1.4 1.4
3 0.10 2.1 1.2
0.07 2.7 1.07
103 45 0.26
0.1 1.2 2.4
0.07 1.5 2.2
2 0.047 1.9 1.9
103 25 0.52
1076 2480 0.052
where the integrand* are
* 1 1
4 —d-2/3 —d-2/3%_ _
FT =130, w)(vw) RIE + t14(v, w) (vw) I {ﬁ*(l—l- w2i3) ﬂ*wz/g}
1 o 1 1
—d—2/3 —d—2/3%" _
+ t15(v, w)w Fwl3 + f16(v, w)w 5 {ﬂ*(v2/3 1+ w2/3) ﬂ*wz/s}
* 1 1
—d-2/3%_ _
+ f17(v, w)v 5 {B*(v2/3 + w2/3) ﬁ*w2/3}
* 1 1
—d—2/3% _
+ o, w2 { e ﬁ*wz/g} , (223)
F~ =130 w)(vw)_d_z/S;—i—t (v w)w_d_z/S; (224)

wherer; (v, w) = T; (k, kv, kw)/ k. Here we assumed tha{ = 1. We find that some of the terms of Eq.
(221) are of higher order, and they have been neglected.

The bracketed term of Eq. (222), denoted I8y, are computed numerically. The integrals are finite
for d = 2 and 3. Also note that* are independent af Now the constank * of Eq. (222) is computed
in terms ofI*; they are listed iTable 10 The constant& * depend very sensitively an Also, there
is a change of behavior neae= (1= /I11)? = r¢; K~ < K for r < r¢, whereas inequality reverses for
beyondre.

Many important relationships can be deduced from the equations derived above. For example

oI

=T (225)

Sincel* are independent af we can immediately conclude that the rafio /11T is alsoindependent
of r. This is an important conclusion derivable from the above calculation. From the above equations one
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can also derive

—\2/3
1 a” (226)
}"2/3 (1+)4/3 ’
+42/3
- 13U™)
K™ =r —(1_)4/3 , (227)
K- I\?
=" (1—_> ) (228)
The total energy cascade rate can be written in ternis'ak) as
1
=1 +117) = %(ﬁ FI)EF ()52 (229)

Sincel * are independent of I1 is a linear function of. As expected the energy flux vanishes whenO.
In this section, we have dealt with strong turbulence. For weak turbulence, Lithwick and Goldreich
[104] have solved Alfvénic MHD equations using kinetic theory.

8.1.3. Helical nonAlfvénic MHDH\ # O, Hk # 0, Hc = 0)

Now we present computation of cascade rates of energy and magnetic helicity for helicalBfiH2
0, Hk # 0)[183]. Hered=3. To simplify the equation, we consider only nonAlfvénic fluctuatiens{0).
We start with the flux formulas of energy (Eq. (202)) and magnetic helicity

1 dk’ o
I g, (ko) = ——(S"™(k . 230
b)) = o /MO o7 | S K0 (230)

The calculation procedure is identical to that of nonhelical nonAlfvénic MHD. The only difference is
that additional terms appear {§¥* (k’|p|q)) (Egs. (203)-(206)) because tertas(k, 1)u (K, t')) and
(bi(k,1)b;(k,t")) contain helicities in addition to correlation functions:

(i(p, Huj(Q, 1)) = [P;(P)C™(p, 1, 1) — ieijiki Hm (k. 1, 1)16(p + @) (2n)3

) Hy(k,t, 1
(bi(p, )b (q, 1)) = [P,-j () C”(p, 1.1") — ue,-ﬂkz%] 3(p+a2m)? .

Substitutions of these functions in perturbative series yield

<S”“(k’|p|q))=/ dr’(2n)3 [Tl(k,p,q)G“”(k,t—t’)C”(p,t,t/)C”(q,t,t’)

Hk(p,t,t") Hk(q,t,t
e

+ Ts(k, p, g)G*"(p,t —t")C"(k,t,t")C"(q,t, 1)
Hy (k,t,t") Hk(q,t, 1)

+ Tgk, p, )G (p.t = 1) =5 p

+ To(k, p, 9)G"™ (g, t —t")C"(k,t,t")C"(p, 1, 1)

Hy(k,t,t") Hc(p,t,t'
+ T4k, p. )G (q. 1 — 1)) K(kz )K(‘;z )]5(k/+p+q>, (231)
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(S“°(K'|plg)) =

(SP“(K'|plg)) =

(SPP (K| plg)) =
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t
- f dr’(2m)® [Tzac, 2. )Gk, t —t)C(p,1,1")Cl(q,1,1)
—0Q

+ Tzl(ka P q)GuM(k’ r— t,)HM (p» tv t,)HM (qv tv t/)
+ T7(k, p, )G (p, t — ) C"(k, 1,)CP(q,1,1)

, Hy (k,t,t
+ Ty(k, p, )G (p, 1t — )MHM(Q t,1)
+ T11<k,p,q>G"“<q,r—t)cu<k t,1)C(p,1,1)
, uu k t, t ,

t
— / dr’(2m)® [T3<k, P, )Gk, t —)YC*(p,t,1)CP(q, 1, 1)
—00

Hx (p,t,t
+ Tjk, p. q)G" (k.1 — ﬂ)#mﬂ (q.1.1)
p
+ Ts(k, p. )G ™ (p,t —t)CP(k,1,)C(q,1,1)
+ Tik, p, 9)G"™ (p,t —t'YHwm(k, t,tYHm(q, t, 1)
+ Tiolk, p, )G (q, t —t)CP Uk, 1, 1) C(p, 1, 1)

Hk(p,t,t ,

dr’ (20 [T4<k, P )Gk, t —YCP(p.1.1)C (g, 1.1

—00

Hk(q,t, 1
+ Tyk, p, )G (k. t — ) Hu(p, 1, z’)%

+ Ta(k, p, )G (p,t — t)CP(k,1,1")C"(q,1,1)

Hy(q,t,t")
+ T4k, p. )G (p.t — 1) Hy (k. 1. r/)Z—Z

+ Tiotk, p, 9)G"(q,t —t)Cl(k,1,")CP(p,1,1')
+ ok, p. q)G* (g, t — t'YHp (k. t, 1Y Hy (p, 1, t’)] K +p+a . (234)

The functiond; (k, p, q) andTi/(k, P, q) are given in Appendix C. Note tha;t'(k, p, q) are the additional
terms as compared to nonhelical flux (see Egs. (203)—(206)).
The quantity(S™™ (k’|p|q)) of Eq. (85) simplifies to

1 kik
(S (K'|p|g)) = m[e,,mu) Kt (PYom (@) — €jim -

w2 (i (q)bm (Kb (p))

+6jlm

ik
2 (bi(q)bm (k )u/(p))} (235)
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which is computed perturbatively to the first order. The corresponding Feynman diagrams are given in
Appendix C. The resulting expression f@™ (k’|p|q)) is

t o
(™ K play = [ dr'@en? [T31<k, P )Gk, 1 — 1y TP by gy
—0 p

+ Tk, p, )G (k,t —)C"(p,t — 'Y Hw(g. t — 1)
+ Tsak, p, )G (p,t —t)VHu(k,t —t)C"(q,t — 1)
+ Taalk, p, )G (p,t —t)C?(k,t —t"YHw(q. 1 — 1)
+ Tss(k, p, )G (q, t — ) Hu(k,t —t)C"(p,t — 1)

+ Taslk, p. )G (q. 1 — 1) CP (k. 1 — f’>w
+ Tartk, p, )G (k. t — )Y Hu(p, 1 — 1) C" (g, 1 — ')
+ Tag(k, p, )G (k. t — 1) C" (p.1 — tﬁw
+ Taolk. p. )G (p.t — ) Hu (k.1 —t')C*"(g.1 — 1)
+ Taotk, p, )G (p,t —YCP (k, 1 — ’/)W

+ Tys(k, p, 9)G"(q.t — Y Hy(k,t —1')C**(p, 1 — 1)
+ Tazlk, p, 9)G"(q,t —t)C?’(k,t — Y Hu(p, t — 1)}

HK(pa r— t/)
2

+ Taz(k, p, )G (k, t — ') g, 1 —1)

+ Taatk, p. )G k.t — )C"™(p,t — 1) Hu(g.1 — 1))
+ Tusk, p.q)G"“ (p,t — ) Hu(k,t —t)CP(q.1 —1)
+ Tas(k, p, )G (p, 1 —t')C* (k,t — 1) Hu(g, 1 — 1)
+ Taztk, p, )G (q.t — 1) Hu(k, t —1)C"(p,1 — 1)
H k) t - t,
p
x k' +p+0q). (236)

For Greens'’ functions and correlation functions the same substitutions were made as in nonhelical case.
For helicities, the following assumptions were made: the relaxation time-scald¥xf@r, z, ") and
Hw(k, t, 1) are(v(k)k?)"tand (y(k)k?)~* respectively, i.e.,

He m(k, t,t") = Hg m(k, £, 1)0(t — 1) exp{—[v, nk2@ — 1"} .

The spectra of helicities are tricky. In the presence of magnetic helicity, the calculations based on abso-
lute equilibrium theories suggest that the energy cascades forward, and the magnetic helicity cascades
backward[62]. Verma did not consider the inverse cascade region of magnetic helicity, and computed
energy fluxes for the forward energy cascade regg)pc(werlaw).
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The helicities were written in terms of energy spectra as

Hy (k) = rckE" (k) , (237)
E(k
Hy (k) =y k( ) . (238)

The ratiosra, rm, andrg were treated as constants. In pure fluid turbulence, kinetic helicity spectrum is
proportional tok—%/3, contrary to the assumption made here. The cascade picture of magnetic helicity is
also not quite clear. Therefore, Verfis83] performed the calculations for the simplest spectra assumed
above.

The above form of correlation and Green’s functions were substituted in the expressions for
(SYX(K'| plg)) and(S™ (k'| p|q)). TheseSs were then substituted in the flux formulas (Egs. (202, 230)).
After performing the following change of variable:

ko ko ko
=—, p=—uv,

k g=—uw (239)
u

u

one obtains the following nondimensional form of the equation ingthegion

¥ = (ko) } 1 [t Lo : <
—|Y(ko)o| = (K"“)¥? [5/0 dv In(1/v) /1_v dw(vw)SInocF;i} , (240)
Hpy(ko) 1 30 1/1 — o iNoFp,
(ko] —ko(K ) [2 A dv(1—v) - dw(vw) sinaFg, | , (241)

where the integranots”f;, Fn,,) are function ofv, w, v*, n*, ra, rk andry [184].

Verma[183] computed the terms in the square bracklgi‘g, using gaussian-quadrature method. The
constantk* was calculated using the fact that the total energy flug sum of aIIH)ij. For parameters
(ra =500Q rk = 0.1, v = —0.1), K* = 1.53, while for fo = 1,rx = 0.1, ry = —0.1), K* = 0.78.
After that the energy flux ratioE’Y‘:/H could be calculatedlable 11contains these values fex = 1
andra = 5000. These ratios for some of the specific values\ofx andry are listed inTable 12 The
energy flux has been split into two parts: nonhelical (independent of helicity, the first term of the bracket)
and helical (dependent e and/orry, the second term of the bracket).

Table 11
The values of{f = (113 /11)/(K*)1® calculated using Egs. (240, 241) fgr = 1 and 5000

ra=1 ra = 5000
s 0.19- 0.10r2 0.53— 0.282
= 0.62+ 0.3r%; + 0.095k ry 1.9x 1074+ 1.4 x 1079 + 2.1 x 10 %y
b= 0.18— 2.04r% + 1.93k 1y —5.6x107° — 1.1 x 10~ 7rZ + 5.4 x 10~ 4 rm
= 0.54— 1.9r% + 2.02krm 1.4x 1074 — 1.02x 10~ 7rZ + 5.4 x 10~k rm
Iy, —25r\ + 0.35k —4.1x 10737 +8.1x 10 2

K 0.78 1.53
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Table 12

The values of energy ratids; /11 for various values ofa., r« andry for k>3 region

(ra. 7K, ™M) e/ mys /1 b=/ mhs/m

(1,0.1, —0.1) (0.13,-6.9x 1074 (0.43 —4.4x 10°%) (0.13, —0.027) (0.37, —0.027)
(1,0.1,0.1) (0.12,—65x 1074  (0.40,8.1 x 10°%) (012, —7.7 x 1074 (0.35,83 x 10°%)
1,1,-1 (0.029, —0.015) (0.095 —9.9 x 1073) (0.028 —0.61) (0.083 —0.60)
11,1 (0.12, —0.064) (0.39,0.079 (0.12, —0.075) (0.34,0.081)
(1,0,1) (0.081, 0) (0.26,0.013 (0.078 —0.86) (0.23,-0.8)

(50000.1, -0.1) (L0,-53x1073) (32x104 —37x1077) (-97x107° -90x 106 (25x107%4 -9.4x 1074
(500Q 0.1, 0.1) (1.0,-53x 1073  (32x10%437x1077) (=9.7x1075,9.0 x 1079 (25x 104,94 x 10°6)

The first and second entries are the nonhelical and helical contributions, respectively.

An observation of the results shows some interesting patterns. The values of nonhelical part of all
the flux-ratios are quite similar to those discussed in Section 8.1.1. All the fluxes eX¢€R} helical
(IT2 = onhetica< O fOr ra > 3 ') are always positive. As a consequence, in nonhelical channel, magnetic
energy cascades from large scales to small scaleg far3.

The sign oflT}, = .iica 1S @lways negative, i.e., kinetic helicity reduces the kinetic energy flux. But the
sign of helical component of other energy fluxes depends quite crucially on the sign of helicities. From
the entries offable 11 we see that

H(b> u>)helical = arf/l + brvr (242)

wherea andb are positive constants. #yrk < 0, the large-scale magnetic field will get positive contri-
bution from both the terms in the right-hand side of the above equation. The EDQNM work of Pouquet et
al.[149] and numerical simulations of Brandenb{2g] with forcing (kinetic energy and kinetic helicity)
typically havergrm < 0. Hence, we can claim that helicity typically induces an inverse energy cascade
via ng andHZ;. These fluxes will enhance the large-scale magnetic field.

The helical and nonhelical contributions to the fluxes{oe 500Q rk = 0.1, ry = —0.1 is shown in
Table 12 The flux ratios shown in the table do not change appreciably as long-a400 or so. The three
fluxes responsible for the growth of large-scale magnetic energy are nonk@ljCak Hﬁj mhsy/m~
2.6 x 1074, and helicalll}=, .o/ 1T ~ —107° and 1125, .o/ 1T & —107°. The ratio of nonhelical to
helical contribution is of the order of 10. Hence, for the large-scale magnetic energy growth, the nonhelical
contribution is comparable to the helical contribution. Note thatin the earlier papers on dynamo, the helical
part is strongly emphasized, and nonhelical component is typically ignored.

From the entries ofable 12we can infer that the for small and moderateandry, the inverse energy
cascade into the large-scale magnetic field is less than the forward nonhelical enerﬁﬁ]l\n{hile for
helical MHD («, rm — 1), the inverse helical cascade dominates the nonhelical magnetic-to-magnetic
energy cascade.

The flux ratioll g, /IT of Egs. (241) can be computed using the same procedure. The numerical values
of the integrals are shown ifables 11and12. Clearly,

1
gy, (ko) = i (—drm +erk) , (243)
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whered ande are positive constants. I%regime, the magnetic helicity is not constant, and is inversely
proportional tokg. The contribution fromHy dominates that fronHk and is of opposite sign. For
positive Hy, the magnetic helicity cascade is backward. This result is in agreement with Frisch et al.’s
[62] prediction of an inverse cascade of magnetic helicity using absolute equilibrium theory. Verma’s
theoretical result on inverse cascadeHy is in agreement with the results derived using EDQNM
calculation[149] and numerical simulatiord51]. Reader is also referred to Oughton and Prii0]
for the effects of kinetic helicity on the decay of magnetic energy.

When the system is forced with positive kinetic helicity & 0), Eq. (243) indicates a forward cascade
of magnetic helicity. This effect could be the reason for the observed production of positive magnetic
helicity at small scales by Brandenb&]. Because of magnetic helicity conservation, he also finds
negative magnetic helicity at large scales. Now, positive kinetic helicity and negative magnetic helicity
at large scales may yield an inverse cascade of magnetic energy (see Eq. (242)). This could be one of the
main reason for the growth of magnetic energy in the simulations of Brandef#&]rg

After completing the discussion on energy fluxes for MHD turbulence, we now move on to theoretical
computation of shell-to-shell energy transfer.

8.2. Field-theoretic calculation of shell-to-shell energy transfer

Energy transfers between wavenumber shells provide us with important insights into the dynamics
of MHD turbulence. Kolmogorov’s fluid turbulence model is based on local energy transfer between
wavenumber shells. There are several quantitative theories in fluid turbulence about the amount of energy
transfer between neighboring wavenumber shells. For examples, Krail@@jamowed that 35% of the
energy transfer comes from wavenumber triads where the smallest wavenumber is greater than one-half of
the middle wavenumber. In MHD turbulence, Pouquet giidRl] estimated the contributions of local and
nonlocal interactions using EDQNM calculation. They argued that large-scale magnetic energy brings
about equipartition of kinetic and magnetic excitations by the Alfvén effect. The small-scale “residual
helicity” (Hx — Hy) induces growth of large-scale magnetic energy. These results will be compared with
our field-theoretic results described below.

In this subsection we will compute the shell-to-shell energy transfer in MHD turbulence using field-
theoretic method186]. The procedure is identical to the one described for MHD fluxes. We will limit
ourselves to nonAlfvénic MHD (both nonhelical and helical). Recall that the energy transfer rates from
themth shell of fieldX to thenth shell of fieldY is

ThX=3"%" s"*Kpla) .

k’en pem

The p-sum is over thenth shell, and thé’-sum is over theith shell (Section 3). The terms 6 X’s

remain the same as in flux calculation, however, the limits of the integrals are different. The shells are
binned logarithmically with theth shell beingkos™ 1, kos™). We nondimensionalize the equations using

the transformatiofil 01]

w, (244)
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wherea = kos" 1. The resulting equation is

TYX 4S §m —n+1 1+v .
hm o — K,f/z = ; / / dv/ dw(vw)??(sinn)? 2 FY X (v, w) , (245)
I (d l) Sd -1 u usm—rn 1—v|

whereFYX(v w) was computed for helical nonAlfvénic MHD flows (see Eq. (240)). It includes both
nonhelical 7%, ica(v. w) and helical i . (v, w) components. The renormalized parametérs.*

and Kolmogorov’s constank’“ required to computd ?X /1T are taken from the previous calculations.
From Eq. (245) we can draw the following inferences:

1. The shell-to-shell energy transfer rate is a function ef m, that is,®,,, = ®(,—;)n—i). Hence, the
turbulent energy transfer rates in the inertial range are all self-similar. Of course, this is true only in
the inertial range.

2. T'b /1= —TP" /11. HenceT " /1T can be obtained fror“? /T by inversion at the origin.

Hi’(; = Zfzo:m—&-l(n o m)Tn);nX' ) o
The net energy gained bysshell from theu-to-u transfer is zero because of self similarity. However,
au-shell can gain or lose a net energy due to imbalance betwéeiy andb-to-u energy transfers.

By definition, we can show that the net energy gained by an inersakll is

Hw

Z(T,;;f; oy 4 b (246)

Similarly, net energy gained bylashell fromb-to-b transfer is zero. However, the net energy gained
by an inertialb-shell due tau-to-b andb-to-u transfers is

Z(Tb” TUby 4 b (247)

We compute the integral of Eqg. (245). We describe the results in two separate parts: (1) nonhelical
contributions, (2) helical contributions.

8.2.1. Nonhelical contributions

We compute nonhelical contributions by turning off kinetic and magnetic heliciti&g th. We have
chosens = 24, This study has been done for various values of Alfvén rafag. 28 contains plots of
TYX /1T vs.n — m for four typical values of-a = 0.5, 1, 5, 100. The numbers represent energy transfer
rates from shelinto shellsm + 1, m + 2, ... in the right, and to shella — 1, m — 2, ... in the left. All
the plots are to same scale. Far= 0.5, maxima ofZ}“> /IT andT.>* /IT occurs ain = n, and its values
are+1.40 respectively. The corresponding valuesAQe= 5 areF0.78. By observing the plots we find
the following interesting patterns:

1. 7,'*/I1 is positive forn > m, and negative forn <m. Hence, au-shell gains energy from smaller
wavenumbeu-shells, and loses energy to higher wavenumbehells, implying that energy cascade
is forward. Also, the absolute maximum occursiice m + 1, hence the energy transfer is local. For
kinetic dominated regime, = 2/2 yields T /11 ~ 34%, similar to Kraichnan’s Test Mean Field
model (TFM) prediction$86].
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Fig. 28. Theoretically calculated values ﬁ,f’mX/H vs. n — m for zero helicities(oc = rk = rm = 0) and Alfvén ratios
ra =0.5,1,4,100.
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Fig. 29. Schematic illustration of nonhelicF},YmX/H in the inertial range for (a) kinetic-energy-dominated regime, and (b)
magnetic-energy-dominated regime. In W/n is positive forn > m — 1, and negative otherwise, while in (B;‘n’;/n is
positive forn > m — 1, and negative otherwis&“* and7”% are forward and local.

2. T'P /1 is positive forn > m, and negative fon < m, and maximum forn = m 4 1. Hence magnetic
to magnetic energy transfer is forward and local. This result is consistent with the forward magnetic-
to-magnetic cascadeﬂﬁjj > 0) discussed in Section 8.1.1.

3. Forra > 1 (kinetic energy dominated), kinetic to magnetic energy transfer®gfgI1 is positive
forn > m — 1, and negative otherwise. These transfers have been illustratéd.i@9a). Using
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Eq. (247)we find there is a net energy transfer from kinetic to magnatid the net energy transfer
rate decreases as we go towatsl = 1. Here, eactu-shell loses net energy teshells, hence the
turbulence is not steady. This phenomena is seen fog al 1.

4. Forra = 0.5 (magnetically dominated), magnetic to kinetic energy transferTi¢11 is positive
forn > m — 1, and negative otherwise (sEey. 28. There is a net energy transfer from magnetic
to kinetic energyits magnitude decreases g§ — 1. In addition, using Eq. (246) we find that each
b-shell is losing net energy t@shells, hence the turbulence cannot be steady. This phenomena is seen
forall ra < 1.

5. The observations of (3) and (4) indicate that kinetic to magnetic or the reverse energy transfer rate
almost vanishes neag = 1. We believe that MHD turbulence evolves towatd~ 1 due to above
reasonsForra # 1, MHD turbulence is not steady. This result is same as the prediction of equipar-
tition of kinetic and magnetic energy due to Pouquet et al.’s using EDQNM calculdd@). Note
however that the steady-state value-©fin numerical simulations and solar wind is around 0.5-0.6.
The difference is probably because realistic flows have more interactions than discussed above, e.g.,
nonlocal coupling with forcing wavenumbers. Careful numerical simulations are required to clarify
this issue.

6. Wherrp isnotcloseto 1y < 0.5 0rrpa > 5),u-to-b shell-to-shell transfer involves many neighboring
shells (seeFig. 28. This observation implies that—b energy transfer is somewhat nonlocal as
predicted by Pouquet et §l.49].

7. We compute energy fluxes usifig X, and find them to be the same as that computed in Section 8.1.1.
Hence both the results are consistent with each other.

The theoretical results presented above are in qualitative agreement with the numerical values reported
in Section 6. The reason for the differences is not quite clear. It may be because of various assumptions
made in the theoretical calculations.

After the above discussion on nonhelical MHD, we move to helical MHD.

8.2.2. Helical contributions

Now we present computation of shell-to-shell energy transfer for helical MHfp # 0, Hx # 0)
[183]. To simplify the equation, we consider only nonAlfvénic fluctuations= 0). In order to compare
the helical contributions with nonlocal ones, we have cheaeal, rx =0.1, ry = —0.1. These are also
the typical parameters chosen in numerical simulations. For these parameters, Kolmogorov's constant
K"=0.78 (Section 8.1.3). Ikig. 30we have plotted" /IT vs.n —m. Our results of helical shell-to-shell
transfers are given below:

1. Comparison ofFig. 30with Fig. 28(ra = 1) shows that helical transfers are order-of-magnitude lower
than nonhelical ones for the parameters chosen hgee {, rk =0.1, r\y = —0.1). When the helicities
are large(rk — 1, rv — —1), then the helical and nonhelical values become comparable.

2. All the helical contributions are negative fer- m, and positive forn < m. Hence, helical transfers
are from larger wavenumbers to smaller wavenumbers. This is consistent with the inverse cascade of
energy due to helical contributions, as discussed in 8.1.3.

3. We find thatr*? ,andr? Jis significant positive values for50 < n —m < 0. This signals

nm—helica ‘nm—helical 0T
a nonlocab-to-u andb-to-b inverse energy transfers. Hence, helicity induces nonlocal energy transfer
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Fig. 30. Theoretically calculated values dfelical contributions to 7YX /11 vs. n — m in helical MHD with
ra=1rk =0.1, ry = —0.1 andsc = 0.

between wavenumber shells. This is in agreement with Pouquet et al.’s [l$Q]tthat “residual
helicity” induces growth of large-scale magnetic field by nonlocal interactions.

With this we conclude our discussion on shell-to-shell energy transfer rates in MHD turbulence.

8.3. EDQNM calculation of MHD turbulence

Eddy-damped quasi-normal Markovian (EDQNM) calculation of turbulence is very similar to the
field-theoretic calculation of energy evolution. This scheme was first invented by Qis3&dor fluid
turbulence. Pouquet et §1.49] were the first to apply EDQNM scheme to MHD turbulence. Grappin et
al. [72,73], Pouque{147], Ishizawa and Hattofi78] and others have performed further analysis in this
area. In the following discussion we will describe some of the key results.

In 1976 Pouquet et a[149] constructed a scheme to compute evolution of MHD turbulence. See
Pouquet et al[149] for details. Here Navier—Stokes or the MHD equations are symbolically written as

d
(E+¢k2)X<k,r>= > X(p,nX(@, 1),
p+g=k

where X stands for the fieldsi or b, X (p, 1) X(q, ¢t) represents all the nonlinear terms, aht the
dissipation coefficientv or n). The evolution of second and third moment would be

d
(d—+2:k2) (X(K.DX(=k, )= Y (X(—k.0)X(p,X(d. 1)
g p+q=k

d
(E + (k% + p* + q2)> (X (=K, DX (p, )X (Q, 1))

= Z (X(@, DX, DX, 0)X(s 1)) .

p-+q-+r+s=0
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If X were gaussian, third-order moment would vanish. However, quasi-normal approximation gives
nonzero triple correlation; here we repla@éX X X) by its gaussian value, which is a sum of prod-
ucts of second-order moments. Hence,

t
(X (—k, )X (p. X (q. 1)) = /0 de exp[— LK% + p? + D)t — )]

x Y UX@ DX (=9, 0) (X, DX (P, D) + -],
p+q=k

where. .. refers to other products of second-order moments. The substitution of the above in Eq. (248)
yields a closed-form equation for second-order correlation functions. Of$238pdiscovered that the
solution of the above equation was plagued by problems like negative energy. To cure this problem, a
suitable linear relaxation operator of the triple correlation (denoted mas introduced (eddy-damped
approximation). In addition, it was assumed that the characteristic evolution titWeXof( X X ) is larger

than (ukpq + v(k? 4 p% + qz))_1 (Markovian approximation). As a result Pouquet et al. obtained the
following kind of energy evolution equation:

(; + zgk2> (X(k, )X (—k, 1))
:/dpekpq(t) Y UX@ DX (=a, D)X P, DX (=P, 1) + -1, (249)
p+a=k

where

Okpq (1) = (1 — expl— (i + 1y + u 1D/ Gy + 1y + 11g)
with

X k ) X 1/2 1 k ) 1/2
—(v+mk?+C /d E'(q)+ E ) +k(2f dgE ) . (249
= () s(o a (E"@+E"@)q k2 @ (249)

The first, second, and third terms represent viscous and resistive dissipation rate, nonlinear eddy-distortion
rate, and Alfvén effect respectively. Pouquet efH49] also wrote the equations for kinetic and mag-
netic helicities, then they evolved the equations for appropriate initial spectra and forcing. Note that
homogeneity and isotropy are assumed in EDQNM analysis too.

The right-hand side of Eq. (248) is very similar to the perturbative expansid(kdp|g) (under
t — 00). The termy, of Eq. (249) is nothing but the renormalized dissipative parameters. Thus, field-
theoretic techniques for turbulence is quite similar to EDQNM calculation. There is a bit of difference
however. In field theory, we typically compute asymptotic energy fluxes in the inertial range. On the
contrary, energy is numerically evolved in EDQNM calculations.

To obtain insights into the dynamics of turbulence, Pouquet §148] computed the contributions of
local and nonlocal mode interactions. In their convention local meant triads whose largest wavenumber



332 M.K. Verma / Physics Reports 401 (2004) 229-380

is less than double of the smallest wavenumber. In a thiag, ¢) with £ < p < ¢, alocality parameter
ais defined using inequalitigs > p/a andg < ap. Also note that Pouquet et al.’s flow is nonAlfvénic
(O'C = 0)

The main results of Pouquet et a[119] are as follows:

8.3.1. Pouquet et al. on nonhelical flong = HX = 0)

In these flows an inertial-range develops with a cascade of energy to small scales. To the lowest order,
the energy spectra WaS:—;’ powerlaw with an equipartition of kinetic and magnetic energy. There was a
slight excess of magnetic energy with spectral index equalto

Pouquet et al. studied the local and nonlocal interactions carefully. Local interactions cause the energy
cascade, but the nonlocal ones lead to an equipartition of kinetic and magnetic energies. They obtained
the following evolution equations for energies:

O Ef |l ==k (Ef — E}Y), 8, E | =kIW(EL — EY)

wherer, ~ (EM)1/2 ~ Ca. Herenl stands for nonlocal effect. The above equations clearly indicate that
kinetic and magnetic energy get equipartitioned.

Note that equipartition of kinetic and magnetic energy is also borne out in our field-theoretic calculation
(based on shell-to-shell energy transfer). However, field-theoretic calculation shows that nonhelical MHD
has predominantly local energy transfer.

8.3.2. Pouquet et al. on helical flows

When kinetic helicity is injected, an inverse cascade of magnetic helicity is obtained leading to the
appearance of magnetic energy and helicity at larger scales. At smaller wavenumbers magnetic helicity
converges to a quasi-stationary spectrum with spectral index2oPouquet et al. derived the following
evolution equations:

0, EM|y = oRk?HM, 0, HM |,y = oREM |
with

afz_ffoo Okpg (HS — g?HM) dg .
3Ji/a q q

«R is called residual helicity. Pouquet et al. provide the following argument for magnetic energy growth at
smaller wavenumbers. They argue that the inverse-cascade process results from the competition betweel
helicity and Alfvén effect. The residual helicity in the energy range {say kg) induces a growth of
magnetic energy and helicity at smaller wavenumber, say-atkg/2, due to helicity effect. However,
growth of helicity neakg/2 tends to reduce residual helicity due to Alfvén effect. As a combined effect,
the inverse cascade advances further to smaller wavenumbers.

Our field-theoretic calculation predicts inverse magnetic-energy cascade due to helicity. The depen-
dence of growth rate of magnetic energymg v are qualitatively similar, however, there are quantitative
differences (see Eq. (242)). Our field-theory calculation shomlocalenergy transfer for helical MHD
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similar to those obtained in EDQNM calculations. However, the present field-theoretic calculation cannot
take into account helicities with both signs (e.g., positive at large scale and negative at small scales); this
feature needs further examination.

Brandenburg22] studied the above process using direct numerical simulation. His results are in
qualitative agreement with the EDQNM calculations.

8.3.3. Grappin et al. on Alfvénic MHD flows

Grappin et al[72,73] applied EDQNM scheme to Alfvénic MHDs # 0). They claimed that the
spectral exponents deviate strongly from KI@’@xponent for strongly correlated flowa{ — 3 and
m~ — 0). Also refer to Section 4.2.3 for some of the phenomenological arguments of Grappin et al.

Let us compare Grappin et al.’s energy evolution equafi@ble 2of [72]) with our field-theoretic
analysis of Alfvénic MHD (see Eq. (221)). Clearly, Grappin et al.’s relaxation time-scale is much more
simplified, and all the terms of expansion are not included. Also, choice of @ﬁ)iswerlaw for energy
spectrum is erroneous. These assumptions lead to inconsistent conclusions, which do not appear to agre
with the numerical results and the solar wind observations.

8.3.4. EDQNM for 2D MHD flows

Pouquef{147] applied EDQNM scheme to 2D MHD turbulence. She found a forward energy cascade
to small scales, but an inverse cascade of squared magnetic potential. She also claimed that small-scals
magnetic field acts like a negative eddy viscosity on large-scale magnetic field.

Ishizawa and Hattorj78] also performed EDQNM calculation on 2D MHD and deduced that the
eddy diffusive parameteré* < 0, v** > 0, andv’* < 0 (see Section 7.4.1 for definition). Howeve?, is
positive if E?(p) decays faster thap~1 for largep, which would be the case for Kolmogorov-like flows.
The above results are consistent with Dar et 3 numerical findings for 2D MHD. Thus Ishizawa and
Hattori’s[78] and Dar et al[45] results that”” > 0 are inconsistent with the Pougseatiove conclusions.

Here we close our discussion on EDQNM and energy fluxes. In the next section we will discuss spectral
properties of anisotropic MHD turbulence.

9. Field theory of anisotropic MHD turbulence

In Section 4 we had a preliminary discussion on anisotropy in MHD turbulence. In this subsection,
we will apply field-theoretic techniques to anisotropic turbulence. The main results in this area are (1)
Galtier et al.’s weak turbulence analysis whété) « k2, and (2) Goldreich and Sridhar’s theory of
strong turbulence where

10/3 2/3
/ 8(k\|/kL/ ) -

Eky, ky) ~ Hz/akl
Here we will describe their work. For consistency and saving space, we have reworked their calculation
in our notation. In fluid turbulence, Carati and Brefig§] applied renormalization-group method for
anisotropic flows.
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9.1. Galtier et al.’s weak turbulence analysis

We start with Eq. (220). To first ordés* (k’|p|q)) has many terms (see Eq. (221)). However, we take
(IzH12) = (173 and(zt (k) - z(k)) = 0, which yields the following two nonzero terms:

1
(S*K'Iplop) = —Sf dt’fdp/dq/
o0

x [kf(—iM_/ab(k'))G++(k/, =)z (@ 0z, (A O)F (. Dz (1)

+ k(=iMjap ()G (p, 1 — 1%

x(z; (@, Dz @', ") (] (K, Dz (P, ;’))] , (250)
Note thatk’ = —k, and($™* (K'|p)) = (S~ (KIpIa)-

Because of Alfvénic nature of fluctuations, the time dependence of Green’s function and correlation
function will be

Gk, r —1t")=0(r — ') exptik - Bo(t — )] ,
(2" (K, 0z (K, 1) = 0 — )C5 (K, 1, 1) expitik - Bo(t — )] .

The anisotropic correlation correlatioﬁ%i(k, t, 1) is written as

Ci k. 1,0 = 20?3k + K)HP; (K C1(k) + P (K', M) Ca(k)] (251)

, n-k n-k
Pij(k’ n)= (l’li — k—zkl) (n] — 7/(]) . (252)

Heren is the unit vector along the mean magnetic field. Alopgndt, of Fig. 1, the correlation functions
areC11 = C1(k) + Ca(k)sin? 0 and Cao = Cy(k) respectively. These functions are also called poloidal
and toroidal correlations respectively, and they correspond to Galtier et al.'s fungtiand ¥. The
substitutions of the above expressions in Eq. (250) yie§dgk’|p|q)) in terms ofCy 2(k).

The d’ integral of Eq. (250) is

with

1 —exp i(—qj Bo + ie)t
i(—2q)Bo + ie)

+ 76(2g) Bo) , (253)

/l dr’'o(t —tyexpi(—=k +p—q) -Bo(t —t')] =

=iPr

2q,Bo

wherePr stand for principal value, and> 0. In the above calculation we have taker- oo limit. Note
that the above integral makes sense only whismonzero. Whendintegral is substituted in Eq. (250),
(ST (k'Iplg)) will be nonzero throughs(2g Bo) of Eq. (253). The terma(g))) in (S*(k’|p|q)) indicates
that the energy transfer in weak MHD takes place in a plane formeul bgndk , , as seen irrig. 7.
Energy transfer across the planes are not allowed in weak MHD turbulence.

Galtier et al.[63] correct KID phenomenological model, and Sridhar and Goldreich’s argument
discussed in Section 4. The'dntegral provides inverse of the effective time-scale for the nonlinear
interaction. KID’s model assumes it to leBo) 2, differing from the corrected expressioly) Bo) of
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Galtier et al. If we wrongly set to zero in Eq. (253), therdintegral will be zero, and from Eq. (250)
(ST(Kk|plg)) will become zero; this was the basic argument of Sridhar and Goldr¢i@8$claim that the
triad interaction is absent in weak MHD turbulence. Galtier efgdl] modified Sridhar and Goldreich’s
argument by correctly performing the’dntegral.

Galtier et al[63] also observed that since the energy transfer is in a plane perpendicular to the mean
magnetic field, the perpendicular components of interacting wavenumbers are much larger than their
corresponding parallel component. Geometrically, the wavenumber space is pancake-like with a spread
alongk (k;/k1 — 0). This simplifies Eq. (252) to

Pi,j(n’ k) =nin; ,
and yields
0
(ST(KIplq)) = ”z(g('))kia — )14 22 4 C2(p)/ C1(IC1[C1(pr) — Ca(k)] . (254)

Now we substitute the above expression in Eq. (220) and obtain the following expression for the flux:

o
1~ / dk / dq”z(go)kia — [+ 2+ Co(p)/ CL@ICL@IC1(P) — Co(K)]

0
=k| { [ [ dQLdCIIInz(go)ki(l_}’z)[1+ZZ+C2(P)/Cl(Q)]Cl(Q)[Cl(p)—Cl(k)]} .

The above energy transfer process has cylindrical symmetry, and the term within the curly bracket
represents the energy flux passing through circles in the perpendicular planEgy(s@eUnder steady

state, the energy flux passing through any circle should be independent of its radius. This immediately
implies that

T ~ kyk® C2(k)/Bo .

The correlation function€’; »(k) is essentially cylindrical, henc€y2(k 1, k) = E12(k1)/(2nk k).
Therefore,

Y22 (255)

E1a(ky) ~ (ITBo)" %k,

This was how Galtier et a[63] obtained thdclz energy spectrum for weak turbulence. The above
derivation differs from Galtier et al. on one count. Here we have used constancy of flux rather than
applying Zakharov transform. Both these conditions ensure steady-state turbulence.

Now let us look at the dynamical equation once more. In one Alfvén time-scale, the fractional change
in zx, induced by collision i§69]

0Ty kizky

. 256
Zk,  kyBo (258)

Wheny is small (orozx, is small), we have weak turbulence theory. However, wign > zi (x > 1),
the fluctuations become important; this is called strong turbulence limit, which will be discussed in the
next subsection.
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9.2. Goldreich and Sridhar’s theory for strong anisotropic MHD turbulence

Goldreich and Sridhar (G3%9] have studied MHD turbulence under strong turbulence limit. From
Eq. (255) we can derive that, ~ kll/z. Therefore, according to GS theopwill become order 1 for
large enougtk | . However, when the energy cascades to highef > 1), k| also tends to increase from
its initial small value ofL ! because of a “nonlinear renormalization of frequenc[€§]. Hence, the
parametey, approaches unity from both sides withz,, ~ k| Bo; this was termed as “critical balanced
state”.

For strong turbulence, Goldreich and Sridi@®] included a damping term with the following eddy
damping rate:

n(K) = nok? [ky E (k, 1)]¥?

wherey is a dimensionless constant of order unity. Then they attempted the following anisotropic energy
spectrum for the kinetic equation

C(k) = Ak £k /AKS)

Here we state Goldreich and Sridhar’s re$68] in terms of energy flux,

. 1
I (ko) ~ /dk//dpff [(—l)kin(v, w)C@(C(p) — C(k))—]

—iw®) + (k)
1 k k
~ f f dk dky dp 1 dpyk? p1C@(CP) — C)~ f(;()k/)(j;(f))z : (257)

Sincew ~ k|| Bo, the constraint thaj(k) /w (k) is dimensionless yields
E=2—p/2 . (258)

Now constraint thatl(kg) is independent ofg provides

6—-3—-2u=0. (259)

The solution of Egs. (258, 259) is
8 - 2

:u_ 39 - 3 .

Therefore,
_ ky LY/3
C(k) ~ H2/3kl10/3L_1/3f< ”2/3 ) '
Ky

HereL is the large length scale. The factors involvifigand L have been deduced dimensionally. Note
that the exponer&39 appears because bIS/s/(klkH).

The damping termy(k) has been postulated in GS model. Velh@9] attempted to deduce a similar
term using RG procedure in “random mean magnetic field” (see Section 7.3). Extension of Verma’s model
to anisotropic situation will shed important insights into the dynamics. The “critical balanced state” in the
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inertial range is based on phenomenological arguments; it will be useful to have analytic understanding
of this argument.

Let us contrast the above conclusions with the earlier results of Kraid@&and Iroshniko{77]
where effective time-scale is determined by the mean magnetidfiekhd the energy spectrunmiis®/2.
Kraichnan’s and Iroshnikov’s phenomenology is weak turbulence theory under isotropic situations. This
is contradictory because strong mean magnetic field will create anisotropy. This i% wigory is
inapplicable to MHD turbulence.

There are many numerical simulations connected to anisotropy in MHD turbulence. Matthaeus et al.
[115] showed that anisotropy scales linearly with the ratio of fluctuating to total magnetic field strength
(b/ Bg), and reaches the maximum valuedgBg ~ 1. Hence, the turbulence will appear almost isotropic
when the fluctuations become of the order of the mean magnetic field. In another development, Cho et
al. [35,37]found that the anisotropy of eddies depended on their size: Along the “local” magnetic field
lines, the smaller eddies are more elongated than the larger ones, a result consistent with the theoretica
predictions of Goldreich and Sridhg9,165]

After studying anisotropic turbulence, we move on to the problem of generation of magnetic field in
MHD turbulence.

10. Magnetic field growth in MHD turbulence

Scientists have been puzzled by the existence of magnetic field in the Sun, Earth, galaxies, and other
astrophysical objects. It is believed that any cosmic body that is fluid and rotating possess a magnetic
field. Itis also known that the cosmic magnetic field is neither due to some permanent magnet, not due to
any remnants of the past. Scientists believe that the generation of magnetic field is due to the motion of
the electrically conducting fluid within these bodies such that the flow generated by the inductive action
generates just those current required to provide the same magnetic field. This is a positive feedback or
“bootstrap” effect (until some sort of saturation occurs), technically known as “dynamo” mechanism.
Larmer[97] was the first scientist to suggest this mechanism in 1919.

A quantitative implementation of the above idea is very hard and still unsolved because of the nonlinear
and dynamic interactions between many scales. There are many important results in this challenging area,
but all of them cannot be discussed here due to lack of space. In this paper we will focus on some of
the recent results on dynamic dynamo theory. For detailed discussion, refer to books by M2att
Krause and Radlg®1], and recent review article by Gilb€i@7], and Brandenburg and Subramanian
[25]. The statements of some of the main results in this area are listed below.

1. Larmer (1919])97]: He was first to suggest that the self-generation of magnetic field in cosmic bodies
may be possible by bootstrap mechanism: magnetic field driving currents, and then currents driving
the magnetic field.

2. Cowling (1934)[42]: The above idea of Larmer was shaken by Cowling who showed that steady
axisymmetric magnetic field could not be maintained by axisymmetric motions. The above statement
is called “anti-dynamo” theorem. It has been shown that dynamo action is absent in 2D flows and
other geometries as well. Therefore, for dynamo action, the field and flow have to be sufficiently
complicated, breaking certain symmetries.
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3. Elsésser (1946)650]: He considered conducting fluid within a rigid spherical boundary with a
non-axisymmetric velocity field. He emphasized the importance of differential rotation and non-
axisymmetric motion for dynamo action.

4. Parker (1955)143]: He showed that in the Sun, buoyantly rising or descending fluid will generate
a helical flow under the influence of Coriolis force. Helicity and differential rotation in a star can
produce both toroidal and poloidal magnetic field.

5. Steenbeck et al. (1966)67], Braginskii (1964)[20,21} They separated the fields into two part,
the mean and the turbulent, using scale separation. The evolution of the mean magnetic field was
expressed in terms of mean EMF obtained by averaging the turbulent fields. In this model, known
askinematic dynamathe random velocity field generates magnetic field, but the “back-reaction”
of the magnetic field on the velocity field was ignored. Here the growth rate of magnetic field is
characterized by a parameter called “alpha” parameter, which is found to be proportional to kinetic
helicity. See Section 10.1.1.

6. Pouquet et al. (1976¢)149]: They solved full MHD equations using EDQNM approximation, hence
keeping the effect of back-reaction of the magnetic field on the velocity field. Thus, their model is
dynamic. Pouquet et al. found that the growth of the magnetic field is induced by “residual helicity”,
which is the difference of kinetic helicity and magnetic helicity.

7. Kulsrud and Anderson (199@4]: They solved the equation for energy spectrum when kinetic energy
dominates the magnetic energy (kinematic dynamo). They claimed that the small-scale magnetic
energy grows very fast, and get dissipated by Joule heating. This process prevents the growth of
large-scale magnetic field.

8. Chou[40] and recent numerical simulations 000): Chow[40] and others have performed direct
numerical simulations of dynamo-like situations, and studied the growth of magnetic field. For small-
scale seed magnetic field, the numerical results are in agreement with those of Kulsrud and Anderson
in early phase, but differ widely at later times. For large-scale seed magnetic field, the magnetic
energy grows with the time-scale of the largest eddy.

9. Brandenburg (2001[22]: Brandenburg investigated the role of magnetic and kinetic helicity in
dynamo mechanism. He found a buildup of negative magnetic helicity and magnetic energy at large
scales. He has also studied the fluxes of these quantities.

10. Recent theoretical development2000): Field et al[53], Chou[39], Schekochihin et a[158] and
Blackman19] have constructed theoretical models of dynamics dynamo, and studied their nonlinear
evolution and saturation mechanisms. Vefi&8] used energy fluxes in nonhelical and helical MHD
to construct a dynamic model.

The items (6,8,9,10) are based on dynamic models.

In dynamo research, there are calculations of magnetic field growth in specific geometry of interest,
e.g., solving MHD equations in a spherical shell to mimic solar dynamo. In addition there are papers
addressing fundamental issues (e.g., role of helicity), which are applicable to all geometries. Most of the
calculations of the later type assume turbulence to be homogeneous and isotropic, and use turbulence
models for predictions. This line of thinking is valid at intermediate scales of the system, and expected
to provide insights into the dynamics of dynamo. In this paper we will focus on calculations of the
later type.

We divide our discussion in this section on two major parts: Kinematic dynamo, and Dynamic
dynamo.
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10.1. Kinematic dynamo

In MHD velocity and magnetic field affect each other. The early models of dynamo simplified the
dynamics by assuming that a fully developed turbulent velocity field amplifies a weak magnetic field,
and the weak magnetic field does not back-react to modify the velocity field. This assumption is called
kinematic approximationand the dynamo is callekinematic dynamoln this subsection, we discuss
kinematic dynamo models of Steenbeck ef8.7]and Kulsrud and Anderso84]. Note that kinematic
approximation breaks down when the magnetic field has grown to sufficiently large value.

10.1.1. Steenbeck et al.’s model feeffect

Steenbeck et a[167] separated the magnetic field into two paBson large scalé., andb at small
scalel (B =B + b), and assumed thak L. They provided a formula for the growth rate®funder the
influence of homogeneous and isotropic random velocity field.

Steenbeck et al. averaged the fields over scales intermediate bétardh the averages are denoted
by (.). Now the induction equation can be separated into a mean and a fluctuating part,

B _

5 =V x &+ 2B, (260)
ob = 2
a:Vx(uxB)—i—Vx(uxb—(uxb))—i—nVb, (261)

where the mean electromotive force (EMH$ given by
e={(Uuxb) .

Steenbeck et al. assumiedo be small, hence neglected the second term of Eq. (261). Eq. (261) is linear,
with a source term proportional 8. For a given random velocity field, is linear inB. Therefore, the
mean EMF will also be linear iB, and is written in the form

& = 0 Bj + ;3 0, B; .

Hereo;; andp; ;, are pseudo-tensors. For homogeneous, isotropic, and ramgom) field varying with
time scaler, it can be shown thdi25]

_ luvxw, gl
a——Sr v X, /3—37<||>-

See Moffat125], Krause and Radld®1], and Gilber{67] for the growth rate as a function efandg.
This model has been used to study the evolution of large-scale magnetic field in the Sun and other cosmic
bodies (see Gilbef67] for details).

In this kinematic dynamo theory, the magnetic field does not react back to affect the velocity field. In
reality, however, when the magnetic field has grown to some level, it affects the velocity field by Lorentz
force. Therefore, alpha is modified to

1
wn————————— ,
1+ c|BJ2/BZ,

whereBgq is the saturation value of the magnetic field, @nsl a constant.



340 M.K. Verma / Physics Reports 401 (2004) 229-380

Kulsrud and Andersof94] studied the evolution of energy spectrunbafnder the influence of random
velocity field using analytical technique. We will describe their results in the next subsection.

10.1.2. Kulsrud and Anderson’s model for the evolution of magnetic energy spectrum
The equations for magnetic energy spectrum were derived in Section 3.7 as

Gl 2 dp
— +20k2 ) CPP(k, 1) = shu k! + SPP (K’ .

In Section 8 we computet§Y X (k, p, ¢)) using field-theory technique. Substitution$$ in the above
yields an equation of the following form:

<§ + anz) CcP (k, 1) = Constf dr’ / dp(T (k, p, )G’ (k,t — I)C?? (p, 1, 1)C*™(q, 1, 1)
+ Tk, p, )G (k,t —t')CP’(p,t,1)C" (g, 1, 1)) . (262)

Kulsrud and Anderson (KA94] made the following assumptions to simplify the above equation:

1. The second term of Eq. (262) was dropped becaliée;) < C*“(q).
2. The velocity field was assumed to uncorrelated in time, i.e.,

(ui(k, Hu k', 1)) = |:P,~j(k)C”“(k) i€ jrk i( )] Sk + ko —1') .

3. g <k, so thatthe integral of Eq. (262) could be performed analytically. Note that this is an assumption
of nonlocality and scale separation.

Under the above assumptions, KA could reduce the Eq. (262) to

b
= a(k : /K (k. p)E"(p.1) dp — 262 TLE (o) — 2P 2L EP (k1) (263)

where
“”(q)

Kn(k, p) ~k4/desm 0(k? + p? — kp cosb)

o~ —/quK(CI)

with ¢ = (k2 + p? — 2kp cost)Y/?.
Using the definition that the total magnetic enefgfy= [ E”(k) dk, KA deduced that

OEL (1)
ot

=2Eb(1) ,
where

V"’—/quK(C])-
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By assuming; <k, KA expanded neark, and obtained (by integrating by parts)

ot 5 k2 ok
From the above equation KA deduced that

E® (k) ~ K32 f (k/ k) expl(3/H)1]

b \ b b
0E(k D) _ v (k2 OB R0 +6Eh(k)> - 2k24lE”(k, oF
T

for k much less than the resistive wavenumbegr~ (4ry/n)Y/?. The fluctuating magnetic energy will
flow to small scales, and thenkg, and get dissipated by Joule heating. Thus, according to KA, magnetic
energy at large length scale does not build up.

Chou [40] performed numerical simulation to test KA's predictions. He finds that in early phase,
E(k) « k%2, and that energy grows exponentially in time, thus verifying KA's model prediction as
described above. However, at later phase of evolution, the magnetic field back-reacts on the velocity field.
Consequently, the energy growth saturates, and the energy spectrum also evolves differerity?rom
Clearly these discrepancies are due to the kinematic approximation made by KA.

10.2. Dynamic dynamo

The kinematic approximation described above breaks down when the magnetic field becomes compa-
rable to the velocity field. Imynamic dynamothe back-reaction of the magnetic field on the velocity
field is accounted for. There are several analytic theories in this area, but the final word is still awaited.
Researchers are trying to understand these types of dynamo using direct numerical simulations. Here we
will present some of the main results.

10.2.1. Pouquet et al.'s EDQNM calculation

Pouquet et a[149] solved the MHD equations with large-scale forcing under EDQNM approximation.
For details, refer to Section 8.3. Pouquet et al. observeddahaonhelical flowsthe magnetic energy
first grows at the highest wavenumbers, where equipartition is obtained. After that the magnetic energy
at smaller wavenumbers start to grow.

Pouquet et al. analyzed the helical flows by forcing kinetic energy and helicity at forcing wavenumber.
They find that the magnetic helicity has an inverse cascade, and negative magnetic helicity and magnetic
energy grow at wavenumbers smaller than the forcing wavenumber.

Pouquet et al. estimated the contributions of helicities to the growth of magnetic energy, and concluded
that

1
oz%ocu—i-oc;,:ér[—u-w—i—b-(VXb)], (264)

wherer is a typical coherence time of the small-scale magnetic energy. The second term of the above
equation is due to the back-reaction of magnetic field.

10.2.2. Direct numerical simulation

Choul[40] performed direct numerical simulation of 3D incompressible MHD turbulence using pseudo-
spectral method (see Section 6), and analyzed the growth of (a) initial weak, large-scale seed magnetic
field, and (b) initial weak, small-scale seed magnetic field. In both the cases the magnetic energy grows at
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Fig. 31. Evolution of kinetic energyA®) and magnetic energy?) for initial weak, large-scale seed magnetic field. Initially
E" grows ag’?, then exponentially, after which it saturates. Adopted from CH6L

all scales. For the initial condition of type (a), the magnetic energy growssfasthe first few turbulence

eddy turnover times, followed by an exponential growth, in which the growth time-scale is approximately
the large-scale eddy turnover time. After sometime the magnetic field saturatdsds&4). For the

initial condition of type (b), initial growth of magnetic energy is determined by the eddy turnover time of
the smallest scale of turbulence, as predicted by KA, and then by the eddy turnover time of inertial range
modes (se€&ig. 32; finally the growth saturates.

When the initial seed magnetic energy is at narrow bandwidth of large wavenumbers, the magnetic
energy quickly gets spread out, extending to both larger and smaller wavenumbers. The evolution of
energy spectrum is shown kig. 33 In the early phase, the magnetic energy spectrum is proportional to
k32, confirming KA's predictions. However, at a later time, the energy spectrum is very different, which
is due to the dynamic aspect of dynamo.

Recently Cho and Vishniac (CV38] performed numerical simulation of nonhelical MHD turbulence
and arrived at the following conclusion based on their numerical results. In our language, their results for
largera can be rephrased as ()= ~ U; (2) Y-, ~ UB? (3) I} ~ (U — ¢B) B, whereU
andB are the large-scale velocity and magnetic field respectivelycas@ constant. These results are
somewhat consistent with the field-theoretic flux calculations of V4ir&4].

10.2.3. Brandenburg’s calculations
Brandenburg[22] performed direct numerical simulation of compressible MHD (Mach number
around 0.1-0.3) on maximum grid of 128He applied kinetic energy and kinetic helicity forcing in the
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Fig. 32. Evolution of kinetic energyA") and magnetic energyE?) for initial weak, small-scale seed magnetic field.
EPexponentially, then it saturates. Adopted from CHtaj.

wavenumber ban.5, 5.5). He obtained many interesting results, some of which are given below.

1. Magnetic helicity grows at small wavenumbers, but it has a negative sign. Brandenburg explains this
phenomena by invoking conservation of magnetic helicity. For a closed or periodic system the net
magnetic helicity is conserved, except for dissipation at small scales. Thus, for magnetic helicity to
be conserved, it must have equal amount of positive and negative helicity. The helicity at small scales
will get destroyed by dissipation, while magnetic helicity at large scales will survive with negative
sign.

2. Brandenburg computed the magnetic-helicity flux and found that to be positive. Note that injection of
kinetic helicity induces a flux of magnetic helicity (see Eq. (243)).

3. Brandenburg argued that most of the energy input to the large-scale field is from scales near the forcing.
He claimed the above process to be alpha effect, not an inverse cascade (local). Now the built-up energy
at large-scales cascades to neighboring scales by forward cagé&degion). Once the large-scale
fields have grown, Kolmogorov’s direct cascade will take place. Above observations are illustrated in
Fig. 34

Brandenburg has done further work on open boundaries, and applied these ideas to solar dynamo. Fot

details, refer to review paper by Brandenb{ig].
Verma[183,184]has computed energy fluxes and shell-to-shell energy transfers in MHD turbulence
using field-theoretic calculations. Below we show how Verma’s results are consistent with Brandenburg’s

results.
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10.2.4. Dynamo using energy fluxes

In Section 8 we discussed various energy fluxes and shell-to-shell energy transfer in MHD turbulence.
Here we will apply those ideas to estimate the growth rate of magnetic energy. These calculations are
based on homogeneous and isotropic turbulence, so the predictions made here are probably valid for
galactic dynamo, or at small scales in solar and planetary dynamo.

Verma has calculated energy flux for both nonhelical and helical MHD. It has been shown in Section
10.1.1 that wherE“ (k) > E”(k), kinetic energy gets transferred to magnetic energy, hence turbulence
is not steady. Now we compute the energy transfer rate to the large-scale magnetic field. In absence of
helicity, the source of energy for the large-scale magnetic fidl is When helicity is present, the fluxes
1197 siical+ 147 heiica) PTOVide additional energy to the large-scale magnetic field (see Section 8). Hence,
the growth rate of magnetic energy is

dEL (1)
dr

Since there is no external forcing for large-scale magnetic field, we assume

b
= IT,,= + Iy Zpelical + MhZhelical - (265)

u< ~ ypb< b<
Hb< ~ Hb> + Hu> .

In typical astrophysical situations, magnetic and kinetic helicities are typically small, with negative
magnetic helicity and positive kinetic helicity. For this combination of helicities, both the helical fluxes
are negative, thus become a source of energy for the growth for large-scale magnetic field.
Since the magnetic energy starts with a small value (lakgkémit), all the fluxes appearing in Eq.
(265) are proportional toA_l [cf. Egs. (233, 234)], i.e.,
Eb
4= + 11} petigar + 1T~ helical = cll— (266)

whereE" is the large-scale kinetic enerdy,is the kinetic energy flux, andis the constant of order 1.
Hence,

i (267)

Using E* = K*IT1?/3L2/3, whereL is the large length-scale of the system, we obtain

1 dE’ 1
~ ) 268
/EuEb dt L(K)3/2 (268)
We assume that” does not change appreciably in the early phase. Therefore,
b~ b VE"
E°(t) ~ E°(0) eXp(L(K—“)3/2 t) . (269)

Hence, the magnetic energy grows exponentially in the early periods, and the time-scale of growth is of
the order ofL (K*)%?//E*, which is the large-scale eddy turnover time.
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In Section 8.1.3 we derived the following expression (Eg. (243)) for the flux of magnetic helicity:
1
My (ko) = ko (—=drm +erk) (270)

whererg = Hy (k) /(kE*(k)), rm = kHwm (k)/E"(k), andd ande are positive constants. When kinetic
helicity is forced(rk > 0) at forcing wavenumber, magnetic helicity flux will be positive. But the total
magnetic helicity is conserved, so positidg will flow to larger wavenumber, and negatif&, will flow

to smaller wavenumber. The negatif#, (rk < 0) will further enhance the positive magnetic helicity
flux, further increasing negativéy atlower wavenumbers. The above observation explains the numerical
findings of Brandenbur{2] discussed above.

The negative magnetic helicity described above contributes to the growth of magnetic energy. Note
that for small wavenumbetly and Hkx have opposite sign, and according to formula (242) derived in
Section 8.1.3

b

di = ar%,l — bryrk (271)

dt
(aandb are positive constants) magnetic energy will grow. This result is consistent with the numerical
simulation of Brandenbui@2] and EDQNM calculation of Pouquet et Hl49]. Itis important to contrast
the above equation with the growth equation of Pouquet g149]) (cf. Eq. (264)), and test which of the
two better describes the dynamo. The direct numerical simulation of Pouquet and P4ttgt$ordicate
that Hy helps the growth of magnetic energy considerably, but that is not the casé&litone. This
numerical result is somewhat inconsistent with results of Pouquet et al. and [d#@}FEEq. (264)), but
it fits better our formula (271) @”/dr = 0 if ry = 0). Hence, formula (271) probably is a better model
for the dynamically consistent dynamo. We need more careful numerical tests and analytic investigations
to settle these issues.

In Section 8 we studied the shell-to-shell energy transfer in MHD turbulence assuming powerlaw
energy spectrum for all of wavenumber space. Since magnetic helicity changes sign, and its spectrum
does not follow a powerlaw, the above assumption is not realistic. However, some of the shell-to-shell
energy transfer results are in tune with Brandenburg’s numerical results. For example, we found that
helicity induces energy transfers across distant wavenumber shells, in the same lireffeas More
detailed analytic calculation of shell-to-shell energy transfer is required to better understand dynamo
mechanism.

10.2.5. Theoretical dynamic models

Field et al.[53] and ChoU39] constructed a theoretical dynamical model of dynamo. They use scale
separation and perturbative techniques to compute the effects of back-reaction of magnetic field on
o. Schekochihin et al[158] and Blackmar]19] discussed various models of nonlinear evolution and
saturation for both small- and large-scale dynamo. Belduas applied field-theoretic methods to compute
o. For details refer to the original papers and review by Brandenburg and Subrarfghjian

In summary, dynamo theory has come a long way. Early calculations assumed kinematic approxima-
tions. For last 15 years, there have been attempts to construct dynamic dynamo models, both numerically
and theoretically. Role of magnetic and kinetic helicity is becoming clearer. Yet, we are far away from
fully consistent dynamo theory.
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11. Intermittency in MHD turbulence

The famous Kolmogorov’s turbulence model assumes a constant energy flux or dissipation rate at all
scales, i.e.Ji(k) ~ [ dkv(k)k?E (k) is independent ok. The renormalized viscosity(k) ~ k=43 and
E (k) ~ k—°/3 are consistent with the above assumption. Larjéi&]pointed out that the dissipation rate,
which is proportional to the square of vorticity, is singular and quite inhomogeneous. Thus Kolmogorov’s
theory of turbulence needs modification. The above phenomena in which strong dissipation is localized
both in time and space is called intermittency.

11.1. Quantitative measures of intermittency

There are several quantitative measures of intermittency. Consider the increment of the velocity, or
some other field, between two points separatet] by

SuX, D =uXx+1 —ux) .
The longitudinal component olu(x, 1) will be given by
Suy () = du(x, .1/,

and the transverse componendis (/) = ou(x, |) — ou (/)l/1. Here we have assumed homogeneity and
isotropy for turbulence, so that the increment in velocities depend only ot onx. Now we define
longitudinal and transverse structure functions using

Sy = (w1, U = ([ur D),

respectively. The structure functigi¥”) (/) is expected to have a power-law behaviorlfor the inertial
range,

SW 1y = a,lbn (272)

where(,, is a universal number called the intermittency exponent.
Moments and probability density function (pdf) are equivalent description of random variables. Note
that if P(ou (/)) were gaussian, i.e.,

1 duy(1))?
P(ou (1)) = - ﬁexp—( ”!g))

then, it is easy to verify that

((Suy (1)) o a7

Kolmogorov’s model of turbulence predicts that

o, ~ /313

For constant, we obtain

S (1) oc 137/3
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Systems with gaussian probability distribution or equivalesti) (/) o« " (¢ = constant) are called
nonintermittent system. For intermittent systems, the tails of pdf decays slower that gaussian, and could
follow a powerlaw.

Structure function can be written in terms of local dissipation j[E38]

ouy ~ 611/311/3 .

Kolmogorov[83] introduced thaefined similarity hypothesi®lating structure function tg as

3
S{V () = dy (13

<67> ~ l/—‘n ,

then
n

Cn:3

+ Hny3 -
Many researchers have attempted to megdel

In any numerical simulation or experiment, the power-law range is quite limited. However, when
we plot S™ (1) vs. S@ (1), we obtain a much larger scaling range. This phenomena is called extended
self-similarity (ESS). Sinces® (/) « [ [82], {, measured using Eq. (272) or ESS are expected to
be the same.

There have been some ingenious attempts to theoretically compute the intermittency exponents (e.g.,
see series of papers by L'vov and Procaddi@6]). Yet, this problem is unsolved. There are several
phenomenological models. Even here, phenomenological models have been better developed for fluid
turbulence than MHD turbulence. We will describe some of them in the following discussion, first for
fluids and then for MHD turbulence.

11.2. Results on intermittency in fluid turbulence

In fluid turbulence, the pdf of velocity increment deviates from gausgah In experiments and
simulations one finds th&f vs.nis a nonlinear function af. Hence, fluid turbulence shows intermittency.
Note that/, ~ 0.71, which yields a correction of approximately 0.04 to Kolmogorov’s spectral index of
g. However, the correction for largeis much more. See Fris¢f1] for further details.

Remarkably, starting from Navier—Stokes equation, Kolmog@ay obtained an exact relation

4
S‘(‘S) (h=—zd

underv — 0 limit (also se€g61,96). Note thate is the mean dissipation rate. Unfortunately, similar
relationship could not be derived for other structure functions. In the following discussion we will discuss
some of the prominent intermittency models for fluid turbulence.
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Fig. 35. Plots of,, vs.n for various intermittency models in fluids and MHD. She-Leveque’s log-Poisson model fits best with
the experimental data in both fluid and MHD. For MHD turbulence, Kolmogorov-like models are in better agreement than KID’s
like model.

11.2.1. Kolmogorov's log-normal model
Obukhov[138] and Kolmogoroy83] claimed that the dissipation rate in turbulent fluid is log-normal.
As a consequence,

- no nn —23)
n=3 K 18 )
where

(e(X)e(X + D) ~17H .

Numerical simulations and experiments gjve: 0.2.
The predictions of this model agree well with the experimental resultsuptd 0, but fails for higher
values ofn. In Fig. 35we have plotted the abovg along with other model predictions given below.

11.2.2. Thes-model

Novikov and Stewarfl137] and Frisch et al60] proposed that smaller scales in turbulent fluid is less
space filling. In each step of the cascade an edgyf scald, splits into 2’ s eddies of scalg, . 1 =1,/2,
whereD is the space dimensionality, afids a fixed parameter with Q@ g < 1. In this model

g=f—gm—$,

3
wherep =279,
Note that(, is linear inn, and it does not match with experimental and numerical data for large
(seeFig. 35.
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11.2.3. The multifractal models

Parisi and Frischil42] developed a multifractal model of turbulence. Maneveau and Sreenpasgn
constructed an intuitive model. Here the energy cascade; rédenot distributed equally into smaller
eddies, say, in each cascade it gets divided jnfaand (1 — p)¢;. After several cascades, one finds that
energy distribution is very skewed or intermittent. The intermittency exponent in this model is

n
911:<§_1>Dn+1,
with
D, =logy(p" + (L — pyH/" .
Forp near 0.7¢,, fits quite well with the experimental data. The deficiency of this model is that it requires

an adjustable parametgrFor more detailed discussion, refer to Stolovitzky and Sreenijd&ai

11.2.4. The log-Poisson model
She and LevequEl59] proposed a model involving a hierarchy of fluctuating structures associated
with the vortex filament. In their model

{y = %(1 —x) + Co(1— /3, (273)

whereCy is co-dimension of the dissipative eddies, arahdf are parameters connected by

_ X

(see Biskampl4] for details; also see Politano and Poudqué#]). For Kolmogorov scalingy = ff = %
In hydrodynamic turbulence, the dissipative eddies are vortex filaments, i.e., 1D structures. Therefore,
the co-dimension i€y = 2. Hence, for fluid turbulence

/3
.SL n 2 n
=—4+2|1-|= . 275

The above prediction fits remarkably well with experimental results. All the above functions have been
plotted inFig. 35for comparison.

After the above introductory discussion on intermittency in fluid turbulence, we move on to intermit-
tency in MHD turbulence.

Co (274)

11.3. Results on intermittency in MHD turbulence

In MHD turbulence, the pdf of increment of velocity, magnetic, and Elsésser variables are all nongaus-
sian. Thef, vs.nis a nonlinear function o, hence MHD turbulence also exhibits intermittency. The
theoretical and phenomenological understanding of intermittency in MHD turbulence is more uncertain
than that in fluid turbulence because the nature of energy dissipation rates in MHD turbulence is still quite
obscure.
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Following the similar lines as Kolmogord82], Politano and Pouqut45] derived an exact relation-
ship:

4
(&ﬁ&?&f%:—éeﬁ.

This result is consistent with Kolmogorov-like model (Eg. (105)) that
5Zl:|: ~ (G:I:)Z/3(€:F)_l/3ll/3 .

There are more than one set of exponents in MHD because of presence of more number of variables.
For z* variables we have

vt
SEW) = (0" ~ 150

In the following, we will discuss log-Poisson model and numerical results on intermittency in MHD
turbulence.

11.3.1. The log-Poisson model

Politano and Pouqugi44] extended She and Leveque’s formula (273) to MHD turbulence. They
argued that smallest eddies in fully developed MHD turbulence are micro-current sheets, hence the
codimension will beCy = 1. Kolmogorov's scaling yields = % andp = % Therefore

n/3
.MHD _ 7 1
=—4+1—-= .
o =y (3)

If KID's scaling were to hold for MHD, thenr = 5 and8 = 3. Consequently,

n/3
KID n 1\"
=—4+1—|(= .
o=ty (2)

For details refer to Biskamfd4]. Now we compare these predictions with the numerical results.

11.3.2. Numerical results

Biskamp and Miille{15] have computed the exponerits for 3D MHD, and they are shown in
Fig. 36 In the same plotM*Pand{X'P have also been plotted. Cleart}f!HP agrees very well with 3D
MHD numerical data. This again shows that Kolmogorov-like phenomenology models the dynamics of
MHD turbulence better that KID’s phenomenologyHig. 36 She—Leveque'’s predictions for fluid (solid
line) and KID’s model (dotted line) are also shown for reference. Two-dimensional MHD appears to be
more intermittent than 3D MHD. A point to note that the plotd=afs. 35 36 are for small cross helicity
(oc — 0); the equality of;F and¢, may not hold for higher cross helicity.

Muller et al.[133] numerically computed the intermittency exponents in the presence of mean magnetic
field. They found that a mean magnetic field reduces the parallel-field dynamics, while in the perpendicular
direction a gradual transition toward 2D MHD turbulence is observed.

Biskamp and Schwarfl6] computed the intermittency exponents for 2D MHD turbulence (see
Table 3of Biskamp and Schwarfl6]). The exponents are much lower th@M"D. The exponent,
is close to 0.5, which prompted Biskamp and Schwarz to infer that 2D MHD follows KID’s phenomenol-
ogy with E (k) ~ k=%2=1 ~ k=3/2 power spectrum. Howevel, is much below 1, which makes the claim
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Fig. 36. Numerically computed intermittency exponefjt{diamond) and;, (square) for 3D MHD turbulence, ar{jﬁ/(ér (tri-
angle) for 2D MHD turbulence. The numerical values matches quite well with the She—Leveque model based on Kolmogorov-like
spectrum (dashed line). Adopted from Biskamp and Mijll&j.

less certain. Earlier, using flux analysis Verma ef1] had shown that Kolmogorov-like phenomenol-
ogy is a better model for 2D MHD than KID’s phenomenology (see Section 6). Hence, Biskamp and
SchwarZ416] and Verma et al.'§191] conclusions appear contradictory. It may be possible that 2D MHD
turbulence is highly intermittent, Witg exponent still applicable. In any case, further work is required
to clarify these issues. Refer to Verma et{4B88] and Biskam13] for further details.

Basu et al[6] numerically computed the intermittency exponents for velocity and magnetic fields.
They showed that’ > (* > (#, i.e., magnetic field is more intermittent than the velocity field. They also
find that® ~ (St. For theoretical arguments regarditigand® we refer to Eq. (216), which implies
that

Sby ~ (ITP)Y31Y/3
wherelT" = [1“< + I14< is the total kinetic energy flux, and” = 112 = + I1%< is the total magnetic energy
flux. Clearly,

S“O (1) = ((Gup)") = ()M ~ 1o

SPO @) = (b)) = (1Y Ry ~ 1
Hence/* and? depend on the small-scale propertiegifandI1”. From the numerical results of Basu
et al.[6] it appears thafl” is more intermittent thafr*. Note that Basu et al.’s result was derived from

magnetically dominated run, So we need to test the above hypothesis for various ratios of kinetic and
magnetic energies.



M.K. Verma / Physics Reports 401 (2004) 229-380 353

Some of the earlier work on intermittency in MHD turbulence has been done by Ca@inélis
work is based on KID’s model, and he alludes that the spectral index of solar wind is close to 1.7
because of intermittency correction of approximately 0.2 @vé’rhere is also an extensive investigation
of intermittency in solar wind data. Refer to Burlg@®], Marsch and Ty111], and Tu et al[175].

It is evident from the above discussion that physical understanding of intermittency is quite weak. We
need to better understand dissipation mechanisms in MHD turbulence. With these remarks, we close our
discussion on intermittency.

12. Miscellaneous topics

In this section we will briefly discuss the following topics connected to the spectral theory of MHD
turbulence: (a) large-eddy simulations of MHD turbulence, (b) energy decay of MHD turbulence, (c)
shell model of MHD turbulence, and (d) compressible turbulence.
12.1. Large-eddy simulations (LES) of MHD turbulence

Basic idea of LES is to resolve only the large scales of turbulent flow. The effect of smaller scale

interactions are modeled appropriately using the existing theories., L ahdb; represent the filtered
fields at filter width ofl. The filtered MHD equations are

ou~ << <R\ < < 2,,<
Fz_v'(u us —b~b=+1) —Vp=+1Veu
ob= b 2,.<
F:—V‘(u<b<—b<u<—i-r)—|-vvu

V.u"=V.b~=0,

wherer* = (uu)< —u=<u=<—(bb)<+b<b<, andt’ = (ub) < —u=<b=< — (bu) < +b<u= are the filtered-scale
stress tensors. Main task in LES is to model these tensors. A class of models assug)&3hht

= —2y,S%, S*=(Vu<+[vu<]")/2,
=235, J= (Vb= +[Vb ]2,

where “T” denotes the transposed matrix, ap@ndn, are the eddy-viscosity and eddy-resistivity re-
spectively. Agullo et al[3] and Miller and Carafil34] prescribed, andy, using two different models
M1 andMo:

My v =Ci)I¥3, = D)3,
My v, = Co(0)I2(2S< : SHY2,  y, = Da(1)I%]j <] .

Both models contain two unknown paramet€fsand D;. Agullo et al.[3] and Miller and Carafil34]
determined these parameters using dynamic LES, in which a test filter ifa@gedfter determiningy,

andp,, the velocity and magnetic fields were updated using DNS. Their evolution of kinetic and magnetic
energy using model&f; and M» agree quite well with DNS. The decay of the magnetic energy in DNS
and M3 » are quite close, but there is a slight discrepancy. NoteMhat t*-> = 0 fares quite badly.
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Verma and Kumaf189] employed DNS to MHD equations, with viscosity and resistivity replaced by
renormalized viscosity and renormalized resistivity given below

v (ko) = (K™)Y2mY3k 43y (276)
n, (kC) — (Ku)l/2H1/3kE4/3n* ) (277)

Here K" is Kolmogorov's constant for MHDII is the total energy flux, and', #* are the renormalized
parameters. The parametetsy™, andK “ depend on the Alfvén ratig, . In our decaying MHD turbulence
simulation, we start with unit total energy angd= 100.0. The ratio of magnetic to kinetic energy grows
as a function of time, as expected. Therefore, we need to compute the renormalized parameters for various
values ofra. The energy cascade rates are computed following the method described in Section 6. We
take v, (kc) andy,(kc) from Egs. (276, 277). The energy flux changes with time; we computeé
dynamically every @1 time unit. We carried out LES for MHD up to 25 nondimensional time units.
McComb et al[122] had done a similar LES calculation.

The evolution of kinetic energy using LES is quite close to that using DNS. However, the evolution of
magnetic energy does not match very well. Comparatively, LES of Agullo &]alnd Muller and Carati
[134] yield a better fit to the temporal evolution of magnetic energy. Hence, refinements are required in
our modeling.

In summary, LES of MHD turbulence is in its infancy, and more work is required in modeling of
eddy-viscosity and resistivity.

12.2. Energy decay of MHD turbulence

The models of energy decay in MHD turbulence are motivated by the decay laws of fluid turbulence.
In these models, the energy loss is due to Kolmogorov's energy flux. In addition, conservation laws are
used to close the equation. Biskamp and Mjlié] first proposed that

E’ly=Hy , (278)

wherelg is the integral scaleE? is the total magnetic energy, atly is magnetic helicity. The corre-
sponding equation for fluid turbulenced *t1 = const, withs = 4. Assuming advection term to be the
dominant nonlinearity for energy flux, Biskamp and Muller suggested that the dissipatierigate

e:-ti—f ~U-VE ~ (E”)l/zg .

A substitution oflg of Eq. (278) into the above equation yields
E®/2 A
eHw (14 rp)%/?

This phenomenological formula was found to be in very good agreement with numerical result.
Alfvén ratio rp itself is varies with time; Biskamp and Muller numerically found its variation to be
ra =~ 1.5(E/Hy). Using this result and taking the limig <1, they obtained

= const.
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with the similarity solutionE ~ +~1/2. The relationshipa ~ 1.5(E/Hy) yields E* ~ (E?)? ~ 71,
For finitera, the evolution is expected to be somewhat steeper.
For nonhelical MHD Hy = 0), Biskamp and Mdller found a different decay law

de __,

— E~“ =const

dr
yielding E ~ ¢~1; this result was verified in numerical simulations. Note that all the above arguments are
valid for zero or vanishing cross helicity. When cross helicity is finite, it decays with a finite rate. Galtier
et al.[64] reached to the similar conclusions as Biskamp. Note that similar arguments for fluid turbulence
shows that kinetic energy decaysras?’.

In the light of current results on evolution of kinetic and magnetic energy discussed in Section 8.2,
some new deductions can made regarding the energy evolution in MHD turbulence. Since the energy
fluxes IT* are not coupled (seEig. 6), we expectE® to decay in the same way as fluid turbulence.
However, the evolution of kinetic and magnetic energy is more complex because of cross transfers of
energy between velocity and magnetic fields (Sige 5).

IT}, is the net energy transfer from kinetic to magnetic. Therefore,

Eb =1 — D",
Ev= — % — D",

whereD"-* are dissipation rates of magnetic and velocity fields, respectively. Olivier{d6itomputed
1T, numerically and found that (see Section 6.4)

1y {oc(rA —0.4) forra>04,

N7d 0 for ra < 0.4

with x=0.57. We can tak®” ~ pII, andD* ~ (1— p)II, wherell is the total energy. Haugens et[d5]
numerically found thag ~ 0.6. We model = yEt?’o/tZ(y =1) based on Kolmogorov’'s phenomenology of

turbulence. With the above ansatz we obtain the following equations4et fy < 1:

Eb =[a(ra — 0.4) — BI(E® + E")¥?
E* = [—a(ra — 0.4) — 1.0 + BI(E” + E*)¥/? .

We solve the above equations with initial conditif = E? = % (ra = 1). The evolution ofE*,E?,

total energy, and Alfvén ratio are shownhig. 37. Note that magnetic energy decays slower than the
kinetic energy. The decay rates typically depends on the initial phases, so strictly speaking, the model
calculations should be compared with ensemble averages (expensive numerical calculation). So far, some
of the decay laws have been tested using numerical calculations, e.g., Biskamp and[M{uI&till

further work is required specially for turbulence with close to 1.

12.3. Shell models of MHD turbulence

Shell models of turbulence were introduced as an attempt to solve hydrodynamic equations using much
fewer degrees of freedom. In these models, one variable is used to represent all the modes in wavenumbe
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Fig. 37. Plot of evolution of kinetic energy (solid line), magnetic energy (dotted line), total energy (long dash), and Alfvén ratio
(short dash).

shell (k,, k,+1). The shell radius is given by, = kos” with s as a parameter, typically taken to be 2.
The coupling between shells is local with constraints of preserving conserved guantities. One type of
shell-model for MHD turbulence is given belda9]:

€

d ., .
(g5 +42) U =it (0710712~ B a8 2) = 5 (0 U7~ B 4B51)

(10
SO U BB ) |+ 5 @79)
d | n
<E + ”k2> By = lkn [(l —e—an) (UiaBiiz = BiaUnio) + 5 (Un_aBiia — Bio1Usia)
1- m
x C U o8- BU) |+ (280)

wheref, andg, are kinetic and magnetic forcing, respectively. The above equations conserve total energy
and cross helicity for any;,,. However, conservation of the third integral imposes conditiogisohn 3D,
this integral is

Hu =) (=1"k B,

which is conserved if = 3 ande,, = 3 in 2D, the choice of = 3 ande,, = —3 leads to conservation of

a=Y k% Bal*.
n

Frick and Sokoloff59] numerically solved Egs. (279, 280), with 30 shellsi(< n < 27). The sys-
tem was forced near the = 0 shell. The time integration was done using fourth-order Runge—Kutta
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method. Frick and Sokoloff studied energy spectrum, fluxes, and the structure functions. They obtained
Kolmogorov-like energy spectrur‘rglfor nonAlfvénic MHD (¢ &~ 0); this state is independent of mag-

netic helicity Hy. However, when the magnetic and velocity fields are correlated, Kolmogorov state is
not established, and the result depends on the magnetic helicity. High ledgl sdfippresses any cascade

of energy, and KID’s spectra was obtained.

Frick and Sokoloff59] and Basu et al6] studied the structure functions of MHD. They found that
intermittency in MHD turbulence is slightly higher than in the hydrodynamic case, and the level of
intermittency for the magnetic field is slightly higher than the velocity field. Bisk@t@phas studied
the effect of mean magnetic field using shell model. For reference, Gloaguefiéé] alonstructed one
of the first shell models for MHD turbulence.

Shell models are based on an assumption of local energy transfer. This assumption appears to be suspe
in the light of our results on shell-to-shell energy transfer described in 8.2, where we showed that there
are significant amount of nonlocal energy transfer in MHD turbulence, specially in presence of magnetic
helicity. This issue requires a closer look.

12.4. Compressible turbulence

Terrestrial MHD plasmas are incompressible because plasma velocities are typically much smaller
compared to sound speed or Alfvén speed. However, astrophysical plasmas are typically compressible.
Currently the energy spectrum of incompressible (infinite sound speed) and fully compressible (zero
sound speed) turbulence are reasonably well understood. Fully compressible fluid is described by Burgers
equation

ou

u-vyu=rva.
6t+( ) v

for which shocks are exact solution in 1D under> O limit. It can be easily shown tha (k) ~ k2
and intermittency exponentg = 1 for g > 1. Shocks are present in higher dimensions as well, and the
spectral index is expected to be 2. Fully compressible MHD turbulence, modeled by generalized Burgers
equation[65], also show shocks. For properties of shocks, refer to Biskddhjpand Pries{152]. For
the other limiting case, incompressible fluid turbulence as well as MHD turbulence are well described by
Kolmaogorov's theory of turbulence. The difficulty is with finite Mach number.

The velocity in compressible fluids is decomposed into compressiblaiparid solenoidal pamS.
In Fourier spacey® is perpendicular t&, andu€ is parallel tok. Corresponding to these fields, we have
solenoidal and compressive velocity spectruifick) and E€(k). Porter et al[146] showed that in the
supersonic turbulencéfa > 1), ES(k) ~ k2, which is similar to the spectrum in Burgers turbulence.
However for subsonic turbulencéf@ < 1), bothE® and ES have% spectral index.

Pressure spectrum is defined usipg) = i EP(k) dk. Assuming% spectrum for velocity and using

Dk ™~ pou,f, Batchelor{7], and Monin and Yaglonil26] obtained

iz EP(k) ~ /3k/3
Po
The above law is expected to be valid for subsonic flows. For polytropic flowsp”, or

3p=CZdp,
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using which we can immediately derive the density spectrum for subsonic flows
4/3 ~—4,—7/3
NP(k)y =¥3c% 3 .

Note that(p?) = [ N”(k) dk.

For nearly incompressible MHD turbulence Montgomery efE27] argued thatEP(k) ~ N? (k) ~
k=5/3. Their argument is based on quasi-normal model. For detail refer to Montgomenjk2@land
Zank and Matthaeud 95,196] Lithwick and GoldreicH103] also obtained Kolmogorov’s spectrum for
the density fluctuations in the ionized interstellar medium. They calculated the above density spectrum by
extending the theory of incompressible MHD given by Goldreich and Sri@8at65] Cho and Lazarian
[34] found similar results in their computer simulation.

It is interesting to note that the Burgers equation is local in real space, contrary to the incompressible
turbulence which is nonlocal in real space. Also, “mode-to-mode” energy transfer formulas of Dar et al.
[45] cannot be applied to Burgers equation becadse = 0 is not applicable to Burgers equation. We
need some kind of generalized theory which will continuously vary the energy spectrum as we change
the Mach number.

13. Conclusions and future directions

Here we summarize the main results in statistical theory of MHD turbulence. In this paper, we focussed
on the energy spectrum, fluxes, and the shell-to-shell energy transfers in homogeneous turbulence. Wher
the mean magnetic field is applied, turbulence is naturally anisotropic. When the mean magnetic field
is much greater than fluctuations (weak turbulence), the energy cascade is planar, perpendicular to the
mean magnetic field; In this limit Galtiers et 3] showed that

Ex (k1) ~ (11Bo)Y?ki %k 2. (281)

When the fluctuations become comparable to the mean magnetic field (strong turbulence), Goldreich
and Sridhaf69,165]showed thak (k) ~ k15/3, thus establishing Kolmogorov-like dynamics for MHD
turbulence. Vermd179] showed that the nonlinear evolution of Alfvén waves are affected by “effec-
tive mean magnetic field”, and showed that Kolmogorcgl’powerlaw is a valid spectrum for MHD
turbulence. The effective mean-magnetic field turns out to be |&eddpendent) field, and can be in-
terpreted as the field due to the next largest eddy. The above theoretical result is seen in the numerical
simulation of Cho et al.35]. The renormalization group calculations (e.g., Veft0]) also favor Kol-
mogorov’sg energy spectrum for MHD turbulence. All the above results have been discovered in the last
10 years.

Let us contrast the above conclusions with the earlier results of Kraid@&dmand Iroshniko77]
where effective time-scale is determined by the mean magnetidsijelthd the energy spectrumiis®/2.
Kraichnan'’s and Iroshnikov’'s phenomenology is weak turbulence theory under isotropic situations. This
is contradictory because strong mean magnetic field will create anisotropy. This i% wigory is
inapplicable to MHD turbulence.

Recently studied energy fluxes and shell-to-shell energy transfers in MHD turbulence are providing
important insights into the energy exchange between velocity and magnetic fields, and also among var-
ious scales. These calculations have been done using “mode-to-mode” energy transfers in MHD triads.
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For 3D nonhelical flows iy = Hk = 0), all the fluxesu-to-u, u-to-b, b-to-u, b-to-b are positive except

b-to-u, which is negative for large Alfvén ratio. In kinetic-energy-dominated regime, kinetic energy flows

to magnetic energy, and the reverse happens in magnetic-energy-dominated regime. Hence, steady-stat
situation is possible only wheB* ~ E’: we believe this to be the reason for the equipartition of kinetic

and magnetic energy in MHD turbulence. The shell-to-shell energy transfer also suggests that nonhelical
transfers are local. The-to-u and b-to-b transfers are forward, butto-b and b-to-u are somewhat
complex. Helicity induces inverse cascade of magnetic energy, but their magnitude is smaller than the
nonhelical counterparts for small magnetic and kinetic helicities, which is typical. We also find a forward
cascade of magnetic helicity.

Many of the above analytical work have been motivated by the clues obtained from numerical sim-
ulations, e.g.[15,40,45,108,132,191High-resolution simulations, which can test spectrum as well as
energy fluxes, have been made possible by recent powerful computers. In turbulence research, numerica
simulations have become synonymous with experiments. Similarly, observational results from the solar
wind data have been very useful in understanding the dynamics of MHD turbulence.

Amplification of magnetic field in MHD turbulence, commonly known as dynamo, has been of interest
for almost a century. Earlier theories were of kinematic origin where given velocity spectrum induces
growth of magnetic field, but the magnetic field cannot affect the velocity field. In the last 10 years,
there have been a surge of attempts to solve the full MHD equation including the back-reaction of the
magnetic field to the velocity field. Pouquet et [d49] performed EDQNM calculations and showed
that “residual helicity” (difference of kinetic helicity and magnetic helicity) induces growth of large
scale magnetic field. Some of the recent models are motivated by the numerical results. Brandenburg
[22] finds that kinetic helicity induces growth of negative magnetic helicity at large scales, which in turn
enhances the large-scale magnetic field. Jdélihas shown growth of large-scale magnetic field with
small-scale or large-scale seed magnetic field. Verfi83] analytical findings are in agreement with the
above-mentioned numerical results. Field ef%8], Chou[39], Schekochihin et a[158] and Blackman
[19] have constructed theoretical models of dynamics dynamo, and studied their nonlinear evolution and
saturation mechanisms.

Intermittency exponents have been computed numerically by Miller and BisKeBhand others.
Generalized She and LevequiL$9] theoretical model based on log-Poisson process fits quite well with
the numerical data. Note however that theoretical calculation of intermittency exponents from the first
principles is still alluding turbulence researchers.

There are many unanswered questions in MHD turbulence. We list some of them here:

1. Goldreich and Sridhar'§9] argument for% spectral index for strong MHD turbulence is semi-
phenomenological. Generalization of Verma'’s field-theoretic calculation for mean magnefitigjd
to anisotropic situations will be very useful. It will help us in quantifying the effects of mean magnetic
field on energy fluxes, etc.

2. Effects of magnetic and kinetic helicity on energy spectrum and fluxes, is known only partially through
numerical simulations and absolute-equilibrium theories.

3. Good understanding of compressible fluid and MHD is lacking. Theoretical studies of coupling of
solenoidal, compressible, pressure modes, etc. will advance our understanding in this area.

4. There are only a couple of large-eddy simulations (LES) of MHD turbulence, and they are not com-
pletely satisfactory. Considering the importance of LES in modeling large-scale practical systems,
e.g., Tokomak flows, dynamo, etc., further investigation of LES of MHD is required.
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5. Application of field-theoretic calculation of MHD turbulence to electron magnetohydrodyniiiics
active scalaf156], drift wave turbulencg136], etc. could help us in better understanding of these
models.

6. Role of turbulence in corona heating, accretion disks, and other astrophysical objects are active area
of research.

With these remarks we conclude our review.
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Appendix A. Fourier series vs. Fourier transform for turbulent flows

In the statistical theory turbulence we typically assume the flow field to be homogeneous. Therefore,
Fourier transform is not applicable to these flows in strict sense. However, we can define these quantities
by taking the limits carefully. This issue has been discussed by Batd&land McComi119]. We
briefly discuss them here because they form the basis of the whole paper.

A periodic functionu(x) in box L¢ can be expanded using Fourier series as following:

ue) = > a(k) explik - x) .
R 1 .
ak) = ﬁ/dxu(x) exp(—ik - X) ,

whered is the space dimensionality. When we take the lilmit> oo, we obtain Fourier transform. Using
u(k) = a(k)L4, it can be easily shown that

ux) = / (;;du(k)exp(ik-x),
uk) = /dxu(x) exp(—ik - x) ,

with integrals performed over the whole space. Note however that Fourier transform (integral converges)
makes sense wher(x) vanishes asx| — oo, which is not the case for homogeneous flows. However,
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correlations defined below are sensible quantities. Using the above equations, we find that
(i (Ku (k") = /dxdx’(ui(x)uj(x/)) expl—i(k-x + Kk’ - x)]

= /drc,-,-(r)exp(—ik-r)/dxexp[—i(k+k/)-x]

=Ci;(K)2m)?o(k +K') . (A1)
We have used the fact thatk) ~ L¢/(2n)?. The above equation holds the key. In experiments we
measure correlation functiofi(r) which is finite and decays with increasinghence spectré& (k) is

well defined. Now the energy spectrum as well as the total energy can be written in tefitls) @fs the
following:

dk
/qu =Ykl =75 [ o )d Ju?)

=d-1)

We have used the fact thétk) ~ L¢/(2m)¢. Note that(|u(k)|?) = (d — 1)C (k) L? [see Eq. (A.1)] is not
well defined in the limitL. — oo.

In conclusion, the measurable quantity in homogeneous turbulence is the correlation function, which
is finite and decays for large Therefore, energy spectra, etc. are well defined objects in terms of Fourier
transforms of correlation functions.

We choose a finite box, typicallg2z)¢, in spectral simulations for fluid flows. For these problems
we express the equationmgompressibleMHD) in terms of Fourier series. We write them below for
reference.

(& —i(Bo-k) + vk2> uj(K, 1) = —ik; prot(k, t) — ik; Z [u;(q, Hu;(p, 1)
+bj(q,0)bi(p. D],

(5 - n(Bo-k>+nk2) bitk.1)y = —ik; > [i;(q. 0bi(p. 1) — bj(g. i (p. )] .

The energy spectrum can be computed usirg, ):

f E(k)dk =) |0(k)[*/2= / dnjak)|?/2= f dk|a(k)[?/2 .
wheren is the lattice vector im-dimensional space. The above equation implies that

E(k) = 'u(k)| Sk,

A natural questlon is why the results of numerical simulations or experiments done in a finite volume
should match with those obtained for infinite volume. The answer is straightforward. When we go from
size Zu to L, the wavenumbers should be scaled®y) /L. The velocity and frequency should be should
be scaled by2r)/L and[(2r)/L]? to keep dimensionlessfixed. The evolution of the two systems will
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be identical apart from the above factors. Hence, numerical simulations in a box of:siae 2apture
the behavior of a system with — oo, for which Fourier transform in defined.

Appendix B. Perturbative calculation of MHD equations: z* variables
The MHD equations in terms af* can be written as
(zmz)) _ (G++(z§) G+—(/§>) (—i%m(k) Jdplzy (P k — 13)]) 6.)
z ) \GTTR) G0 )\ =iy (k) [ dplz] (P)zyk — p)1.) '

The Greens functiof is related to self-energy using

Sl -yt xr ) . (B.2)

—1 .
Gk o) = < D
We solve the above equation perturbatively keeping the terms upto the first nonvanishing order. The
integrals are represented using Feynmann diagrams. To the leading order,

o
o

»* o°°+
ooooooooooo:,wm '4]' +f'¢/@f‘.}/‘f2j"¢¢. Zj +

S e .
2z <t
........... = V', J +IV\M/\A. J +
z; G™T % G __.
1 Z;; °o Zm . (B4)

The variableg™ andz~ are represented by double-dotted and dotted line, respectively. The quantity
Gtt, G, G, G~ T arerepresented by thick double-zigzag, thin double-zigzag, thick zigzag, and thin
zigzag, respectively. The square represent¥; ;,, vertex. These diagrams appear in the renormalization
calculations as well as in the energy flux calculation.

B.1. “Mean magnetic field” renormalization

The expansion of ™ in terms of Feynman diagrams are given below

>% <% >%% <% (B.5)
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We illustrate the expansion of one of the above diagrams

>>

><
>

>.< >.>
T ORET R e me
>< >< >> >>
TR B BRT BEs

+similar diagrams for GT~ + higher-order terms (B.6)

Equation forz~ can be obtained by interchangirgand —. In the above diagramgz+(k)z*(k')),
(z=(k)z~(k")), and (z£(k)zT (k")) are represented by double-dotted, dotted, and dotted arrow lines,
respectively. All diagrams except fourth and eighth ones vanish due to gaussian nattrevafiables.

In our calculations, we assume fourth and eighth diagram to vanish. For its evaluation, refer to Zhou et
al.[202,203] As a consequence, the second termiofs zero. Similar analysis shows that the third term
also vanishes.

The fourth term of/ T is diagramatically represented as

I = n
<°°°°
(B.7)
(B.8)
(B.9)

(B.10)
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<

—(d—=1)0n"F = l ' + * "
%,Mé << (B.11)
<< %Mlv%i
—(d—-1)0x7" = %ng + l° o' T ikw%
¥ o< (B.12)

In Egs. (B.9)—(B.12) we have omitted all the vanishing diagrams (similar to those appearing in Eq.
(B.6)). These terms contribute #s.

The algebraic expressions for the above diagrams are given in Section 7.3. These expressions have
Green'’s functions, correlation functions, and algebraic factors resulting from the contraction of tensors.
The algebraic factors for(d — 1)6=**, denoted bys1—4)(k, p, ¢), are given below.

S1(k, P, q) = Mpjm (k) Mab () Pja(q) = kp(d — 2+ 2%)(z + xy) ,

Sa(k, P, @) = Majm(K)Muap(p) Pin(q) = kp(—z + 2> + y?z + xyz%) |

S3(k, p, q) = Mpjm (K)M jup(p) Ppa(q) = kp(—z + B4+ x%+xyd)

Sak, p, @) = Majm (&) Mjap(p) Pup(q) = kp(—z + 23 + xy + x%2 + y?x + xyz?) .

Here,x, y, z are direction cosines defined as

p-q=—-pgx, Qq-K=gky, p-k=pkz. (B.13)

B.2. Renormalization of dissipative parameters

The Feynman diagrams for renormalization9f , v+~ are identical to the given above except that in
the renormalization of dissipative parameteranodes are averaged insteadomodes.

B.3. Mode-to-mode energy transfer in MHD turbulence

In Section 3, we studied the “mode-to-mode” energy tranSfaik’|p|q) from z*(p) to z* (k') with
the mediation ok (q). The expression for this transfer is

S*(K'Iplag) = =3(K" - ZF(@)1[z"(K) - Z°(P)]) (B.14)
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In perturbative calculation @we assume the field variable$ to be quasi-gaussian. HenS&vanishes
to zeroth order. To first ordes;™ is

k "k k
S+ k’pq — % + 1 ‘ —+ /oioooooooo'.
q q
k k k
+ ©0000000 —+ W + :. [ .
D i E
q q q

+ 900000000 +
p
q
" .

+ % |
p
q (B.15)

where the left vertex denotés, and the right vertex (square) representd/;;,,. The diagrams fo§~
can be obtained by interchangingand—. Some of the diagrams may vanish depending on the form of
correlation function.

The corresponding expressions to each diagram would involve two correlation functions, one Green'’s
function, and an algebraic factor. For isotropic flows, these factors, denot&g g (k, p, q), are
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given by

T1z1s(k, p, q) = kiMjap (k') Pja(p) Pip(q) = —kpyz(y + x2) ,
Tia16(k. p. q) = kiMjap () Pjp(p) Pia(q) = k*(1 — y?)(d — 2+ %)
T1719(k, p,q) =kiM jqp(p) Pja(k) Pip(q) = kpxz(x + yz) ,

Tig 20k, p,q) = — Tk, p,q) ,

To1.23(k. p. q) = ki Miap(q) Pja (k) Pjp(p) = —kpxy(1— 2%) |
T2224k, p,q) = — T1s(k, p,q) .

Appendix C. Perturbative calculation of MHD equations: u, b variables

The MHD equations can be written as

wi® _ (G &) Gk ((~3Pin®) [ dbluj(Byumk — p) — bj(P)owk — p)]
G" (k) ;

bik) ) G" (k) —i P, () [ dplu;(p)bm(k — p)]
(C.1)
where the Greens functida can be obtained frorG—l(IG)
- —iw — x" zub

We solve the above equation perturbatively keeping the terms upto the first nonvanishing order. Feyn-
mann diagrams representing various terms are

/
B Uj_w\(’bj+ (ﬁ“r
— q,

U; Guu Um, Guu \bm " Om
\ G \ (C.3)
//
U5 . U5
_______ _ u] — 000 23 n bj+"
bi Gbu m Gbu \\m G \\m

(C.4)

The solid and dashed lines represent fieldadb, respectively. The thick wiggly (photon), thin wiggly,
thick curly (gluon), and thin curly lines deno@“, G**, G*?, andG"*, respectively. The filled circle
denotes-(i/2) Pi}?m vertex, while the empty circle denotes P vertex. These diagrams appear in the

renormalization calculations as well as in the energy flux calculations.
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C.1. Viscosity and resistivity renormalization

The expansion of, b in terms of Feynman diagrams are given below:

7/ / 7/
< 7 > > > >
I = — + 2 — 2 + —
< (\< << (\< > (\>
\ \ v (C.5)
< > < >
I’ = + </ + </ + </
< < > >
\ \ \ \ (C.6)

A factor of 2 appears ii* because ok > symmetry in the corresponding term. To zeroth order, the
terms with< > are zero because of quasi-gaussian natute miodes. To the next order in perturbation,
the third term ofr* is

<>

2675 - es o e 288

<> << <<

Qo+ Qo+ Q Os+ Q9+
<> << <<

<>

® o=+ ® 0=+t ® 0=+ e o
<> <> << <<
+higher oder diagrams C.7)

In the above diagrams solid lines dendigk)u(k’)), and the dashed lines denotek)b(k’)).
As mentioned earlier, the wiggly and curly lines denote various Green'’s functions. All the diagrams
except 4,8,12, and 16th can be shown to be trivially zero using Egs. (148)—(154). We assume that 4,8,12,
and 16th diagrams are also zero, as usually done in turbulence RG calcul[aid®nt93,202,203]
Hence, the term is zero. Following the similar procedure we can show that the 4th tefth of
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and the 2nd and 3rd terms 6t are zero to first order. Now we are left with> terms (5th and 6th of
1*, and 4th term of ®), which are

> 7>
T — o
3 > (\>
\
< <
= N (k) )————— — §5 (k) == == - - c.8)
>
I-b —
3 >
\
< <
= — 0" (k)—— 02" (k)- == - -- (C.9)
where
>> >> >>
B
—(d —1)65"" = 4{} - 2%& + 26 Q — 46 @
(C.10)
>> >>
B
—(d—1)6x" = — 4 +20/\o + 44 ‘o —2@
u I (C.11)
>> >>
,Px\ ) )
—(d—1)6x™ = 2 + 6 o + @ o —20/\0
N o0y -
>> >> (C.12)
>>
BN
—(d—1)65" = 26,‘«% @ + 9 o - 6 o
53 = (C.13)

In Egs. (C.10)—(C.13) we have omitted all the vanishing diagrams (similar to those appearing in Eq.
(C.7)). These terms contribute s.
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The algebraic expressions for the above diagrams are given in Section 7. For isotropic flows, the alge-
braic factorsS; (k, p, ¢) resulting from tensor contractions are given below. The factors for the diagrams
areS, Se, S5, S, S, Ss, S, S5, Ss, S10, S12, S7, S8, So, S11, Sg in sequential order.

Sk, p.q) = P, (k) Prt (D) Pia(g) = kp((d — 3z + 22° + (d — Dxy)

Ss(k, p,q) = P, (D) Pia(q) = kp((d — D)z 4 (d — xy — 2y%7) ,

bjm
Se(k, P, @) = Pyl (k) Pr (D) Pjn (@) = —S5(k, P, q)
S7k, Py @) = P, () Py (P) Pia(q) Pip (k) = S5(p, k. q)
Se(k, Py @) = P, (K) P, () Pua(q) Pip (k) = —Ss5(p, k. q)
So(k, p, @) = P}, (k) Prryy () Pja(q) Pip(k) = kp(d — 1)(z + xy)
S1o0(k, p. q) = P, (K) P, ., (P) Pjp(q) Pia(k) = =So(k, p. q) ,
S1k, p, @) = P, (K) P}, (p) Pua(q) Pip(k) = =So(k, p, q)

S12(k, p. q) = P, (k) P; .1, (P) Pup(q) Pia (k) = So(k, p. q) .

k)P,

a

C.2. Mode-to-mode energy transfer in MHD turbulence

In Section 3, we studied the “mode-to-mode” energy transtér(k’|p|q) from the modep of field X
to the modek’ of field Y, with the modeg acting as a mediator. The perturbative calculatioBiof/olves
many terms. However when cross helicity is zero, then many of them vanish and yield

k k k
(S"“(K'plq)) = @ 2+ @ 92 + @ 2,
q q q

k

(C.14)

(C.15)
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(C.16)

(S"(K'|plq)) =

(C.17)

In all the diagrams, the left vertex denokgswhile the filled circle and the empty circles of right vertex
represent—i /2)Pl.+.m and—iPi]fm respectively. For isotropic nonhelical flows, the algebraic factors are
given below. The f]actors for the diagrams @ieTs, Tg, 1>, Ts, T10, T3, T7, T11, T4, Tg, T12 In Sequential
order.

Ti(k, p, q) = ki P}, (k) Pja(p) Pin(q) = kp((d — 3z + (d — 2)xy + 22° + 2xyz® + x%2)
T3(k, p, q) = ki P}, (k) Pja(p) Pip(q) = —k*((d — 2(1 = y?) + 2% 4+ xy2) ,

Ts(k, p, q) = —ki P}, (P)Pja (k) Pip(q) = —kp((d — 3)z + (d — 2)xy + 22° + 2xyz° +y%2) |
Tk, p, q) = —ki P, (P) Pja (k) Pip(q) = —kp((2 — d)xy + (L — d)z + y*2)

To(k, p, 9) = —ki P}, (9) Pja(K) Pjp(p) = —kq(xz — 2xy%z — y°)

Ti1(k, p, q) = —ki P, ,,(q) Pja(k) Pjp(p) = —kqz(x + y2) ,

Ton(k, p,q) = —Ton—1(k, p,q) forn=1...6.

For helical flows, we get additional terms involving helicities. We are skipping those terms due to lack
of space.
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Following the similar procedure, we can obtain Feynman diagrams for mode-to-mode magnetic-helicity
transfer, which is

k

(C.18)

where empty, shaded, and filled triangles (vertices) repregg,nt—eijmkikl/kz ande,-jmkik,/kz, respec-
tively. The algebraic factors can be easily computed for these diagrams.

Appendix D. Digression to fluid turbulence

Many of the MHD turbulence work have been motivated by the theories of fluid turbulence. Therefore,
we briefly sketch some of the main results on the statistical theory of fluid turbulence.
1. McComb and coworkerfl19,124,201]have successfully applied self-consistent renormalization
group theory to 3D fluid turbulence. The RG procedure has been described in Section 7.4.1. They
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Fig. 38. Plot ofv* (k") vs.k’ for 2D and 3D fluid turbulence. In 2B} is negative.

showed that

E(k) = KxolI?*k—>/3 | (D.1)
vk = kok') = K2 T35, 3 (1) (D.2)

is a consistent solution of renormalization group equation. Hégg,is Kolmogorov’s constanty is
the energy flux, and* (k") is a universal function that is a constast 0.38) ask’ — 0. SeeFig. 38
for an illustration.

2. Energy flux for 3D fluid turbulence can be computed using field-theoretic technique described in Sec-
tion 8.1.1. This technique is same as Direct Interaction Approximation of Kraichnan. The computation
yields Kolmogorov’s constari to be close to 1.58.

3. The above analysis can be extended to 2D fluid turbulenc§ fegime, we find that Egs. (D.1, D.2)
are the solution of RG equations, btitk’) is negative as shown ifig. 38 The functionv* is not very
well behaved a&’ — 0. Still, the negative renormalized viscosity is consistent with the negative eddy
viscosity obtained using Test Field Mod8b] and EDQNM calculations. We estimaté~ —0.60 .

The energy flux calculation yieIdE,%g ~ 6.3.

4. Incompressible fluid turbulence is nonlocal in real space due to incompressibility condition. Field-
theoretic calculation reveals that mode-to-mode tranSféfp|q) is large whenp <k, but small
for k ~ p ~ g, hence Navier—Stokes equation is nonlocal in Fourier space too. However, in 3D
shell-to-shell energy transfer rafg X is forward and most significant to the next-neighboring shell
[49,199,185] Hence, shell-to-shell energy transfer rate is local even though the interactions appear
tobe nonlocal in both real and Fourier spdeig. 39shows the shell-to-shell energy transfer computed
using field-theoretic methdd 85]. These results are in close agreement with the numerical results of
Verma et al[185]. For comparison refer tbigs. 39and40.

5. In 2D fluid turbulence, energy transfer to the next neighboring shell is forward, but the transfer
is backward for the more distant shells (d€g. 39. The sum of all these transfers is a negative
energy flux, consistent with the inverse cascade result of Kraicli®@h For details refer to
Verma et al[185].

6. Kinetic helicity suppresses the energy flux. Field-theoretic calculation discussed in Section 8.1.3 yields

1= K%?11(0.53— 0.282) ,

whererk = Hk (k)/(kE (k)) (see the entry of7%< in Table 11.
7. Allthe above conclusions are for large Reynolds numberer0 limit. The behavior of Navier—Stokes
equation for viscosityy = 0 (inviscid) is very different, and has been analyzed using absolute
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t

10

Fig. 39. Plots of shell-to-shell energy transfer raré’,gx/n vs.n —m for 3D and 2D fluid turbulence. In 3D energy transfer is
forward and local. In 2D energy transfer is forward for the nearest neighbors, but is backward for fourth neighbor onward; these
backward transfers are one of the major factors in the inverse cascade of energy. Taken from Verfh8t al.
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Fig. 40. Plot of normalized shell-to-shell energy trangfgy, /I1 vs.n — m for d = 3 obtained from numerical simulations on
512 DNS. Thenth shell is(kgs", kgs" 1) with s = 21/4. The energy transfer is maximum for= m + 1, hence the energy
transfer is local and self-similar. The energy transfer is also forward. Taken from Verm§l&5l.

equilibrium theory (see Section 4.3). It can be shown using this theory that under steady state, en-
ergy is equipartitioned among all the modes, resulting (k) = const[139]. Using this result we

can compute mode-to-mode energy transfer r&§€%(k|plq)) to first order in perturbation theory

(Eqg. (203)), which yields

(Ti(k, p,q) + Ts(k, p, q) + To(k, p, q))const: 0
v(k)k? 4+ v(p) p? + v(q)q?

becaus&i(k, p, ¢)+Ts(k, p, g)+To(k, p, g)=0.Hence, under steady state, theiris no energy transfer
among Fourier modes in inviscid Navier—Stokes. In other words “principle of detailed balance” holds

(" (klplg)) o
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here. Note that the above result holds for all space dimensions. Contrast this result with the turbulence
situation when energy preferentially gets transferred from smaller wavenumber to larger wavenumber.
This example contrasts equilibrium and nonequilibrium systems.
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