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I. INTRODUCTION

One of the least understood non-equilibrium statistical mechanical system is a fully de-

veloped turbulent �uid1�3. Kolmogorov4,5 proposed a theory for homogeneous and isotropic

three-dimensional (3D) hydrodynamic turbulence, according to which the inertial-range en-

ergy spectrum E(k) ∼ ε2/3k−5/3. Here ε is the energy dissipation rate that equals the

energy �ux and k is the wavenumber. This theory successfully explains many experimen-

tal and numerical �ndings6�12. Kraichnan13 however showed that the two-dimensional (2D)

hydrodynamic turbulence has further complexities�here the low-wavenumber Fourier modes

exhibit inverse cascade of energy with E(k) ∼ k−5/3, while the large-wavenumber Fourier

modes exhibit forward enstrophy cascade with E(k) ∼ k−3.

The �uid �ows in nature and in laboratory are generally quite complicated. For example,

they may involve strong external magnetic �eld, strong rotation, or buoyancy 6�12. The

aforementioned hydrodynamic turbulence phenomenologies play major role in modelling

these �ows. Researchers have shown that the magnetic �eld14�16 and the rotation11,17,18

typically a�ect the spectral exponent in the inertial range. In this paper we address the

turbulence phenomenology of rapidly-rotating, decaying turbulence.

Rotating �ows are ubiquitous in nature, e.g., in ocean, atmosphere, celestial bodies, as

well as in engineering applications. In a rotating frame of reference, the �ow is a�ected by

the Coriolis and the centrifugal forces. While the centrifugal force may be absorbed into the

pressure gradient term of the Navier�Stokes equation, the Coriolis force, which is perpen-

dicular to the direction of rotation, tends to make the �ow quasi two-dimensional. Taylor�

Proudman theorem12 predicts the formation of Taylor columns and quasi-two-dimensional

(2D) behaviour, but this theorem is applicable in the linear limit of rapidly rotating steady

�ow. The quasi-2D behaviour in the turbulent rotating �uid is however much more sub-

tle and is full of de�ning signatures that are still not fully understood19�22. We revisit the

complexities of such �ows in later part of this section. As mentioned earlier, 2D turbulence

has its own caveats. The velocity component along the rotation axis, although relatively

weaker, plays a signi�cant role in the rotating turbulence. Additionally, one can't ignore the

nonlinear advective term even when the �uid is rotating extremely fast. Thus such �ows are

quite delicate to model, and they are being studied vigorously.

Several turbulence models have been proposed for rotating turbulence. Zeman23 proposed
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a dual spectrum: the large-k modes exhibit 3D hydrodynamic spectrum k−5/3, while small-

k modes show k−11/5 spectrum which is induced by the Coriolis force. Zhou24 proposed

that E(k) ∼ k−2, whereas Smith and Wale�e25 argued that E(k⊥) ∼ k−3
⊥ , where k⊥, k‖

are respectively the components of wavevector k perpendicular and parallel to the rotation

axis. Chakraborty 26 argued that E(k) ∼ km where m ∈ [−2,−3]; the spectral range can

be further con�ned to m ∈ [−2,−7/3] by kinetic helicity. Additionally, in the limit of very

strong rotation, Kraichnan27 proposed that E(k) ∼ exp(−2νk2t), where ν is the kinematic

viscosity and t is the time elapsed. This model is however debatable because of suppression

of the nonlinear and rotational e�ects. Nazarenko and Schekochihin28 employed critical-

balance to rotating turbulence�an idea which is apparentely questionable in the light of

the investigations reported in Baqui et al.29. In passing, it may be mentioned that steeper

energy spectra�e.g., k−4, k−6�is obtained in rotating shallow water models wherein at high

rotation rate, the nonlinear transfer remains ine�ective and shape of energy spectrum is in

accordance with pure viscous decay30�32.

Many researchers have attempted to verify the aforementioned turbulence models using

experiments. Morize et al.33 studied decaying turbulence in a rotating tank and showed that

the energy spectrum steepens from k−5/3 to k−2, or even further as the rotation speed is

increased. Morize et al.33 and Staplehurst et al.34 demonstrated asymmetry between cyclones

and anticyclones. Moisy et al.35 studied decay laws, anisotropy, and cyclone- anticyclone

asymmetry in decaying rotating turbulence. Campagne et al.36 carried out experiments on

rotating turbulence and demonstrated a double cascade of kinetic energy.

A large number of numerical experiments have been performed on rotating turbulence.

Yang and Domaradzki37, Müller and Thiele38, Mininni et al.39, and Biferale et al.40 showed

that the energy spectrum of rotating turbulence is approximately k−2 or k−2
⊥ . However,

Smith and Lee41 and Sen et al.42 argued that the energy spectrum is proportional to k−3
⊥ .

Deusebio et al.43 studied how rotating �ow transitions from three dimensional to quasi two-

dimensional. Mininni44 studied the rotating helical turbulence numerically and found that

energy spectrum exponent becomes −2.2 and the helicity spectrum exponent becomes −1.8

below the Zeman length scale23. They also observed that the system becomes isotropic above

the Zeman length scale; and both the energy spectrum and the helicity spectrum exhibit

k−5/3 scaling. Galtier45 extended the von Kármán�Howarth equation for rotating �ows,

derived an exact vectorial law parametrized by the intensity of anisotropy, and computed
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spectral exponent using this method.

Baqui and Davidson46 and Baqui et al.29 constructed a phenomenological theory of

rotating turbulence and argued that the �ow is anisotropic, having E(k⊥) ∼ k
−5/3
⊥ and

E(k‖) ∼ k
−5/3
‖ . However, what is most intriguing in the investigations by Baqui and cowork-

ers is the fact that the rapidly rotating regime has a quite di�erent behaviour in the sense

that there is complete absence of any power law scaling of the inertial range energy spec-

trum. This phenomenon, to the best of our knowledge, stands unexplained and the true

quantitative nature of the spectrum is unreported.

Inertial waves are linear modes of rotating �ows47. Researchers40,48�51 have studied the

nonlinear interactions among these modes, especially using helical decomposition. These

works show that nonlinear interactions among these waves lead to energy transfers in the

direction perpendicular to the rotating axis. Smith and Lee41 showed that the model of

near resonances produces strong cyclone and anticyclone asymmetry with the dominance of

cyclones.

Rotation leads to strong columnar structures, as predicted by Taylor�Proudman theorem

in the linear limit of rapidly rotating steady �ow12. As described above, nonlinear interac-

tions among the inertial waves too yield quasi-2D behaviour40,48�50, a result more relevant

to the present study of turbulent rotating �ow. Note that two-dimensionalization leads to

an inverse cascade of energy (cf. Biferale et al. 52,53 and Iyer et al. 54) that strengthens

the columnar structures. These features go beyond the linear limit. Using large-scale sim-

ulations on 40963 grid, Biferale et al.40 studied in detail the complex structures of rotating

turbulence, in particular, the vortical structures and 3D anisotropic �uctuations.

For rapidly-rotating �ows, researchers have observed that u⊥ � u‖, yet u‖ 6= 0. Thus

rapidly-rotating �ow is quasi-2D, not 2D. As a result, the properties of rotating turbulence

di�ers from 2D hydrodynamic turbulence. For example, the energy spectrum of rotating

turbulence at low wavenumbers di�ers from k−5/3, in contrast to k−5/3 spectrum observed for

2D hydrodynamic turbulence at low wavenumbers. As we show in the later part of the pa-

per, the columnar structures of strongly-rotating �ows are stronger than the corresponding

ones for 2D hydrodynamic �ows. Note that similar features have been observed for magne-

tohydrodynamic (MHD) turbulence55 and quasi-static MHD turbulence56�58. Interestingly,

there is non-trivial energy exchange between the perpendicular and parallel components of

the velocity 40,48�50,55�58. There have been various attempts to quantify anisotropy in rotat-
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ing turbulence. For example, Delache et al.51 studied scale-by-scale anisotropy using ring

spectrum and showed that the �ow is nearly isotropic for k > kΩ, but strongly anisotropy

for k � kΩ.

It is important to point out that accurate study of resonance condition40,47�51 may not

be possible using direct numerical simulation (DNS). Simulations typically overestimate the

weight of the 2D mode in a fully three-dimensional �ow, with perhaps the only exception of

Smith and Lee41.

Rotation suppresses the energy cascade, hence several researchers have revisited the decay

law of total energy. Thiele and Muller59 observed that the total energy E ∼ t−1.5 for

nonrotating �ows, but the exponent decreases from 1.5 to ≈ 0.5 as the rotation speed

is increased. Baqui and Davidson46 also arrived at similar conclusions. Teitelbaum and

Mininni60 however argued that E ∼ t−1 for nonhelical rotating �ows, but E ∼ t−1/3 for the

helical ones. Here the inverse cascade of energy suppresses the decay of turbulence.

In this paper we investigate the energy spectrum and structures of rapidly-rotating, de-

caying turbulence. Here we focus on the nonhelical �ows (zero kinetic helicity). We perform

high-resolution spectral simulations that help us analyze the asymptotic regime. We go up

to 10243 grid resolution and up to 155 eddy turnover time. In accordance with the earlier

works on rotating turbulence, we observe a strong inverse cascade of energy from small scales

to large scales that strengthens the coherent columnar structures, which are the most dom-

inant structures in the �ow. The kinetic energy trapped in such structures dissipates very

slowly, and hence the Reynolds number of the �ow, which is quite large, is approximately

constant.

However, for rapidly-rotating, decaying turbulence, the energy contents of the interme-

diate and the small scales are quite small. We show that the Reynolds number based on

the rms speed of these modes is of the order of unity. Following the arguments similar

to Verma et al.61, we show that energy spectrum rapidly-rotating, decaying turbulence is

E(k) ∼ k−3 exp(−Dk2), where D is a positive real constant. To best of our knowledge, such

energy spectrum has not been reported for decaying rapidly-rotating turbulence, possibly

because such spectrum occur only in the asymptotic regime when the columnar structures

have become very prominent.

We remark that the above results are for decaying turbulence. It is a priori not obvious

if the statistics of the forced rotating �ow should be same as its decaying counterpart:
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the energy spectrum could in principle considerably dependent on the type and nature of

external forcing; and on the injection of kinetic helicity. However these topics are beyond

the scope of this paper that exclusively deals with the decaying �ow.

We can partially intuit this quasi-static scenario by observing that once the energy is

trapped in a columnar structure at a relatively much larger scale than the dissipation scale,

very slow decay of the kinetic energy is e�ected. In passing, it may be commented that

adding energy to �ow at all scales of motion62,63 is known to disrupt the usual �ux of energy

to higher wavenumbers, but allows for a new equilibrium to be established so that the relative

amount of energy at each wavenumber remains constant during decay. On a similar note,

one �nds that the asymptotic similarity state of turbulent shear �ows is achieved because

mean �ow supplies energies to all the scales of the turbulent �uid64. We may relate rotation

to a similar mean �ow, leading to a new equilibrium.

The structure of this paper is as follows: In Section II, we brie�y review the existing

turbulence phenomenologies of rotating turbulence, and then describe our model for rapidly-

rotating, decaying turbulence. Section III contains the details of numerical simulations. In

Section IV, we describe the emergence of the coherent columnar structures in the �ow. In

this section, we also discuss the inverse cascade of energy that strengthens such structures.

In Section V, we describe the spectra and the �uxes of energy and enstrophy. We conclude

in Section VI.

II. PHENOMENOLOGY OF ROTATING TURBULENCE

The Navier�Stokes equation of an unforced incompressible �uid in rotating reference

frame is

∂u

∂t
+ (u · ∇)u = −∇p− 2Ω× u + ν∇2u, (1)

∇ · u = 0, (2)

where u and p are the velocity �eld and the pressure �eld respectively, Ω = Ωẑ is the

angular velocity of the rotating reference frame, ν is the kinematic viscosity, and −2Ω× u

is the Coriolis acceleration. The centrifugal acceleration has been absorbed in the pressure

gradient term. We assume the rotation to be along the z direction.

The ratio of the magnitudes of (u ·∇)u and the Coriolis acceleration is called the Rossby
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number, i.e.,

Ro =
U

ΩL
, (3)

where U and L are the large scale velocity and the corresponding length scale respectively.

Coriolis force drives the perpendicular component of the velocity �eld, u⊥ = uxx̂+uyŷ; this

is one of the reasons why the rapidly-rotating �ows tend to be quasi two-dimensional (quasi-

2D) with u⊥ � u‖
19�22,65,66. In the present paper we focus on rapidly-rotating decaying

�ows, i.e. for very small Ro.

Owing to the quasi-2D nature of the �ow, the Kolmogorov's phenomenology for the 3D

hydrodynamic turbulence does not apply to rotating turbulence. Researchers have proposed

di�erent models for rotating turbulence; some of these models are described below. Zeman23

argued that the Coriolis force dominates the nonlinear advection term for k < kΩ, and vice

versa for k > kΩ, where kΩ is called Zeman scale. The Kolmogorov's k−5/3 spectrum is

expected to hold for k > kΩ. Zeman23 derived an expression for kΩ by equating the advection

term and the Coriolis acceleration at k = kΩ, i.e.,

kΩu
2
kΩ
∼ ΩukΩ . (4)

Here, uk denotes the typical velocity associated with wave number k. The Kolmogorov's

phenomenology for hydrodynamic turbulence yields uk ∼ ε1/3k−1/3, where ε is the energy

dissipation rate. Substitution of this uk in Equation (4) yields

kΩ =

√
Ω3

ε
. (5)

According to the Zeman's phenomenology, in the turbulent regime, E(k) ∼ k−5/3 for k > kΩ.

For k < kΩ, Zeman23 employed scaling arguments and argued that E(k) ∼ ε2/5Ω4/5k−11/5.

This phenomenology resembles the energy spectrum of stably-strati�ed turbulence with

buoyancy 67�69.

In another phenomenology, Zhou24 modelled rotating turbulence in a spirit similar to the

Iroshnikov's14 and Kraichnan's15 model of magnetohydrodynamic turbulence and derived

that E(k) ∼ (εΩ)1/2k−2; here the relevant time scale was taken to be Ω−1. Smith and

Wale�e25 equated the nonlinear advection term with the Coriolis force and obtained E(k) ∼
Ω2k−3

⊥ , where k⊥ is the horizontal wavenumber. Using perturbative approach, Chakraborty
21

showed that for weakly rotating turbulent systems, E(k) ∼ k−2.87. In later part of this

section we show that for rapidly rotating turbulence (Ro � 1), the energy spectrum tends
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to be of the form k−3 exp(−Dk2), where D is a positive real constant. It is important to

note that the Coriolis force does not do any work on the �uid.

Since the rapidly-rotating �ows tend to be quasi-2D, it is important to keep in mind

the phenomenology of 2D hydrodynamic turbulence. Kraichnan13 had reported that the

two-dimensional hydrodynamic turbulence has dual spectrum�the energy exhibits inverse

cascade for k < kf , while the enstrophy E
(2D)
ω =

∫
drω2/2 =

∫
dr|∇×u|2/2 exhibits forward

cascade for k > kf , where kf is the forcing wavenumber. Kraichnan
13 showed that for k < kf ,

E(2D)(k) = K ′KoΠ2/3k−5/3, (6)

Π(2D)(k) = const < 0, (7)

whereas for k > kf ,

E(2D)
ω (k) = KωΠ2/3

ω k−1, (8)

Π(2D)
ω (k) = const > 0. (9)

Here Π(2D)(k) and Π
(2D)
ω (k) are respectively the energy and the enstrophy �uxes for the �ow

in a 2D cross-section, K ′Ko is Kolmogorov's constant, Kω is the proportionality constant for

the constant enstrophy �ux regime. Some of the models of rotating turbulence are inspired

by the aforementioned phenomenology of Kraichnan13. We revisit this phenomenology in a

latter part of this section.

Researchers have attempted to verify the above phenomenologies using experiments and

numerical simulations. Some of the these works have been described in Section I, and we do

not repeat them here. In the following discussion we derive a model of E(k) based on the

�ux variation with k.

For rapid rotation, the �ow tends to be strongly quasi two-dimensional, i.e., uz � |u⊥|.
This follows from Taylor�Proudman theorem12 in the linear regime; and due to the non-

linear interactions among inertial waves and the inverse cascade of energy (see Section I).

The later features are relevant for the present study. Therefore we study u⊥ by taking a

horizontal cross-section of the �ow pro�le. It is best to relate the 2D-sectional �eld with

2D hydrodynamic theory of Kraichnan13. It is important however to keep in mind that the

rotating �ow is more complex due to uz component that couples with u⊥.

External forcing is absent in decaying turbulence, but small wavenumber modes supply

energy to the large wavenumber modes. Hence, for a rapidly-rotating, decaying turbu-

lence, it is convenient to assume that kf ≈ (2π)/LB, where LB is the box size. Hence, the
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inverse energy cascade regime is usually not observed in decaying turbulence, but the for-

ward enstrophy-cascade regime is seen70. Therefore, in this paper we focus on the forward

enstrophy-cascade regime of rapidly-rotating turbulence.

As described earlier, for rotating �ows, we take a horizontal cross-section of the �ow

(perpendicular to the rotating axis) and study the spectral properties. Complete E(k) is

the sum of energy of all the horizontal planes, which are equivalent to each other. Now, we

will describe a formula for the energy spectrum and �ux for 2D and 3D hydrodynamic �ows

that are applicable to the inertial and dissipation ranges. These formulas are extended to

the rotating �ows in this paper.

In Fourier space, one-dimensional energy spectrum is de�ned as

E(k) =
∑

k−1<k′≤k

1

2
|u(k′)|2, (10)

whose evolution equation is

∂

∂t
E(k, t) = T (k, t)− 2νk2E(k, t), (11)

where T (k, t) is the energy transfer to the shell k due to nonlinearity at time t. Note that

the Coriolis force does not contribute to the energy equation since [Ω × u(k)] · u∗(k) = 0.

The term T (k, t) is related to the energy �ux Π(k), which is the energy emanating from a

sphere of radius k due to nonlinear interactions, as

T (k, t) = − ∂

∂k
Π(k, t). (12)

Thus, Equation (11) can be rewritten as

∂

∂t
E(k, t) = − ∂

∂k
Π(k, t)− 2νk2E(k, t). (13)

Under steady or quasi-steady state, ∂E(k)/∂t ≈ 0, hence

d

dk
Π(k) = −2νk2E(k). (14)

The energy �ux and the spectrum, Π(k) and E(k), are two unknown functions whose

solution cannot be obtained from a single equation, Equation (14). For 3D hydrodynamic

turbulent �ows, Pao71 assumed that E(k)/Π(k) is independent of ν, and depends only on ε

and k, thus obtained the following solution for the above:

E(k) = KKoε
2/3k−5/3 exp

(
−3

2
KKo(k/kd)

4/3

)
, (15)

Π(k) = ε exp

(
−3

2
KKo(k/kd)

4/3

)
, (16)
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where ε is the energy dissipation rate, KKo is the Kolmogorov's constant, and kd = (ε/ν3)1/4

is the Kolmogorov's wavenumber. We remark that Pope72 also provided a model to de-

scribe turbulent �ow, but here we present only Pao's model since it needs fewer number of

parameters.

For 2D hydrodynamic �ows, the energy spectrum and �ux for k < kf are given by

Equations (6), (7). Also, for k > kf the enstrophy spectrum and enstrophy �ux are given by

Equations (8), (9) respectively. Note however that for Re� 1, the viscous term is expected

to be signi�cant for k > kf , hence we expect viscous correction to the energy spectrum in

the k > kf , similar to that predicted by Pao71 [see Equations (15), (16)].

For k > kf , following the similar lines of arguments as the derivation of Equation (13),

the evolution equation for the enstrophy spectrum is

∂

∂t
E(2D)
ω (k, t) = − ∂

∂k
Π(2D)
ω (k, t)− 2νk2E(2D)

ω (k, t). (17)

Under steady or quasi-steady state, ∂E
(2D)
ω (k, t)/∂t ≈ 0,

d

dk
Π(2D)
ω (k) = −2νk2E(2D)

ω (k). (18)

For the inertial range (kf < k < kd, where kd is the dissipation waveumber), E
(2D)
ω (k)

and Π
(2D)
ω (k) of Equations (8, 9) are the solutions of Equation (18) because ν → 0 in this

regime. However for the inertial and dissipative range, we derive the following forms of

E
(2D)
ω (k) and Π

(2D)
ω (k) following similar lines of arguments as that of Pao71, with assuming

E
(2D)
ω (k)/Π

(2D)
ω (k) to be independent of ν and only depends on the enstrophy dissipation

rate and k:

E(2D)
ω (k) = Cε2/3ω k−1 exp

(
−C(k/kd)

2
)
, (19)

Π(2D)
ω (k) = εω exp

(
−C(k/kd)

2
)
, (20)

where

kd =
ε

1/6
ω√
ν
, (21)

and εω is the enstrophy dissipation rate.

For the rotating turbulence discussed in this paper, Re � 1, and the �ow is quasi-

2D. However there are subtle di�erences between the 2D hydrodynamic turbulence, and

the rotating turbulence being investigated in this paper. Yet, Equations (19), (20) match
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quite well with our numerical results apart from prefactors. These results are discussed in

Section V.

We also remark that the linear regime for which T (k) = 0 yields

∂

∂t
E(2D)
ω (k, t) = −2νk2E(2D)

ω (k, t), (22)

which has solution of the form

E(2D)
ω (k, t) = E(2D)

ω (k, 0) exp(−2νk2t). (23)

More importantly, the enstrophy �ux must be zero for this case. These predictions do not

match with the numerical results that indicates non-negligible presence of the nonlinear

interations, however weak, in the �ow.

In the following section, we compare the phenomenology developed in this section with

numerical results.

III. NUMERICAL SIMULATION

In order to investigate the dynamics of decaying rotating non-helical turbulent �ow, we

have performed direct numerical simulation (DNS) using pesudo-spectral code Tarang73,74.

We have solved Equations (1) and (2) in a 3D periodic and cubic box of size (2π)3. We have

used the fourth-order Runge�Kutta scheme for time stepping, Courant�Fredricks�Lewey

(CFL) condition to obtain optimal time step (∆t), and 2/3-rule for dealiasing. We have

choosen the nondimensional ν = 10−3 and Ω = 16. The time unit for our simulation is

LB/U0, where U0 is the characteristic velocity of the system, and LB is the box size. For our

simulations we have employed grid-resolutions of 5123 and 10243 that yield similar results,

thus verifying grid-independence of our results. For all our runs, kmaxη > 1, where η is the

Kolmogorov's length, and kmax is the highest wavenumber represented by the grid points.

Hence all our simulations are well-resolved.

First we generate a fully-developed hydrodynamic turbulence with ν = 10−3 and Ω =

0. The hydrodynamic �ow has been generated for 5123 grid with random forcing in the

wavenumber band of (11, 12). Our forcing is such that it supplies a constant energy and

zero kinetic helicity to the �ow. This is achieved by a force �eld

f(k) = αku(k), (24)
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FIG. 1. For 5123 grids simulation with Ω = 16, variation of characteristic system parameters

with time t: (a) the total energy E(t), (b) the integral length scale, L, (c) the Reynolds number,

Re, (d) the Rossby number, Ro, (e) the Zeman wavenumber, kΩ, (f) the Kolmogorov dissipation

wavenumber, kη, and (g) anisotropy of the system A. The inset in sub�gure (a) is log-log plot

showing E(t) ∼ t−0.33.
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where

αk =
ε

Nf |u(k)|2 . (25)

Here ε is the energy supply rate, and Nf is the total number of wavenumber modes in the

forcing band where f is employed75.

Now we use the steady-state data of the hydrodynamic turbulence as an initial condition

for the simulation of our rapidly-rotating turbulence with Ω = 16. We carry out simulation

of the rotating �ow with the same forcing as hydrodynamic simulation for 6 nondimensional

time units, after which the forcing is turned o�. The decaying simulation starts at this stage.

We set t = 0 here. The decaying rotating simulation is carried out till t = tfinal = 155. We

also carry out simulation of the rotating �ow on 10243 grid with the same set of parameters

and initial conditions. Since 10243 simulation is much more expensive, we end this simulation

at t = 49.

In Figure 1 we show temporal evolution of various quantities for 5123 grid simulation.

Figure 1(a) exhibits the evolution of total energy, according to which the nondimensional

kinetic energy, E =
∫
dru2/2, decays from 0.8 to approximately 0.08, and it follows a power

law E ∼ t−0.33, which is in general agreement with the results of Thiele and Muller59 and

Baqui and Davidson29. In Figure 1(b) we plot the integral length scale de�ned by

L = 2π

∫
dkk−1E(k)∫
dkE(k)

. (26)

We observe that beyond t = 100, L ≈ 5.43, which is close to the box size (2π), thus

signalling formation of large scale structures. As shown in Figure 1(c), the Reyonds number

Re = ULB/ν ≈ 1895, which is signi�cantly large.

We compute the Rossby number of the �ow using Equation (3) and plot its temporal

variation in Figure 1(d). The �gure shows that Ro varies from 10−2 to 3 × 10−3. Thus,

Rossby number at large times is quite small for our simulations. Hence we claim that

the Coriolis force dominates the nonlinear term of Equation (1). We remark that some

researchers, for example29, report Ro based on the initial velocity of decaying turbulence.

However our de�nition is based on the instantaneous velocity, thus Ro of Figure 1(d) is that

of instantaneous �ow.

We also compute the Zeman wavenumber kΩ and the Kolmogorov's wavenumber kη =

(ε/ν3)1/4 and plot them in Figure 1(e,f) respectively. We observe that kΩ ≈ 4350 � 1

indicating dominance of Coriolis force, which is consistent with the fact that Ro � 1. In
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TABLE I. Parameters of our direct numerical simulations (DNS): total energy E; integral length

scale L; Reynolds number Re; Rossby number Ro; Zeman wavenumber kΩ; Kolmogorov dissipation

wavenumber kη ; and anisotropy ratio A at di�erent time t = 148 for 5123 and t = 49 for 10243

grid resolutions.

Parameters t = 148 t = 49 (10243)

E 0.08 0.13

L 5.40 3.10

Re 1918 2300

Ro 0.003 0.005

kΩ 4300 1900

kη 21 32

A 596 241

Figure 1(g) we plot the anisotropy parameter

A =
E⊥
2E‖

(27)

as a function of time. Here, E⊥ = Ex + Ey, and E‖ = Ez [with Ex =
∫

(u2
x/2)dr, Ey =∫

(u2
y/2)dr, and Ez =

∫
(u2

z/2)dr]. We observe that A ≈ 557� 1 indicating quasi-2D nature

of the �ow. We have also tabulated the values of E, L, Re, Ro, kΩ, kη, and A in Table I at

time t = 148 for 5123 grid simulations and at t = 49 for 10243 grid simulation respectively.

We now show in the next section that the �ow is dominated by the columnar structures,

which are the prominent �ow structures of the rotating turbulent �ow.

IV. COLUMNAR STRUCTURES AND ASSOCIATED FOURIER MODES

In the earlier section we have shown that the global parameters like the integral length

scale and the anisotropy parameter indicate presence of large scale structures. In this paper

we describe these structures along with their associated Fourier modes.

We investigate the large scale structures by studying the �ow pro�le in real space. In Fig-

ure 2(a,b,c), we exhibit the contour plots of the magnitude of the vorticity �eld, |ω|, (which
directly corresponds to the enstrophy density �eld, ω2/2 = |∇×u|2/2) at t = 49, 98, and 148.

14
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FIG. 2. For the rapidly-rotating, decaying turbulence on 5123 grid: The top panel exhibits the

isosurfaces of the magnitude of vorticity |ω| at (a) t = 49, (b) t = 98, and (c) t = 148. The

bottom panel shows velocity vector plot superposed with the density plot for ωz for the horizontal

cross-section at z = π at (d) t = 49, (e) t = 98, and (f) t = 148.

We observe vertical vortex columns. To decipher the �ow pro�les of these columns, we make

horizontal cross-section of the �ows at z = π, and present the density plots of ωz superposed

with the vector plot of u⊥ = uxx̂+uyŷ. At t = 49 we observe four cyclonic vortices that have

anticlockwise sense of rotation (see Figure 2(a,d)). Note the periodicity of the box. Subse-

quently these vortices merge and form a single cyclonic vortex, as shown in Figure 2(c,f).

In a periodic box these vortices reside on a lattice along with weak anti-cyclonic vortices.

The cyclonic and anti-cyclonic vortices are separated by a saddle, which is symbolised by a

cross in Figure 2(f). Morize et al.33 and Staplehurst et al.34 observed cyclonic/anti-cyclonic

asymmetry in experiments, while van Bokhoven et al.76 quanti�ed the asymmetry between

cyclonic and anti-cyclonic by studying skewness of vertical vorticity. Smith and Lee41 ar-

gued that the cyclonic/anti-cyclonic asymmetry arise due to nonlinear interactions of near

15



TABLE II. For rapidly-rotating, turbulence on 5123 grid at t = 148, the energy contents of the

dominant modes in percentage of the total energy. Note that u⊥(−kx,−ky, 0) mode, not listed in

the table, has the same energy contents as that of u⊥(kx, ky, 0). In the table, Emode = |u(k)|2/2.

Mode Emode/E

(kx, ky, kz) (%)

(1, 1, 0) 1.88

(−1, 1, 0) 1.66

(2, 1, 0) 0.47

(−2, 1, 0) 0.44

(1, 2, 0) 0.41

(1,−2, 0) 0.40

(2,−2, 0) 0.11

(2, 2, 0) 0.10

(−1,−3, 0) 0.05

(3, 1, 0) 0.05

(−3, 1, 0) 0.05

(3,−2, 0) 0.02

(−2,−3, 0) 0.02

(−3,−2, 0) 0.02

Total %: 5.67

resonance.

When we compare the �ow structures of Figure 2(e,f) with those found in two-dimensional

Hamiltonian dynamics, the cross and the centres of the vortices of Figure 2(f) correspond

to the saddle and the centres. This similarity is due to the divergence-free condition of the

velocity �eld that yields

∇ · u⊥ = 0 =⇒ ∂ẋ

∂x
+
∂ẏ

∂y
= 0, (28)

which is analogous to the equation for the conservation of phase space area of a two-

dimensional Hamiltonian system77. Note that uz � u⊥, hence we treat our system as
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two-dimensional for the above discussion.

The emergence of large scale structures in the �ow can be quanti�ed using the energy

contents of small wavenumber Fourier modes, which are listed in Table II. Evidently Fourier

mode (kx, ky, kz) = (1, 1, 0) is the most dominant with the other strong Fourier modes being

(−1, 1, 0), (2, 1, 0) , (−2, 1, 0), (1, 2, 0), and (1,−2, 0). Note that the energy contents of mode

(−kx,−ky, 0) is exactly same as that of (kx, ky, 0), and they have not been listed in the table.

At t = 148, the fraction of the energy contents of 14×2 Fourier modes is 2×5.67 = 11.34%,

which is signi�cant fraction of the total energy. The factor 2 takes into account the negative

k⊥ modes. Thus, we show that the energy of the �ow is concentrated in the columnar

structures.

In the following discussion we argue why these modes become strong. The strong vortical

structures of the �ow indicate quasi-2D nature of the �ow. This observation is reinforced by

the fact that A = E⊥/(2E‖)� 1 (see Figure 1(g)). The large value of A indicates that the

�ow is very anisotropic at large t. The �ow become quasi-2D because of the Coriolis force

that is active in the perpendicular plane (x, y), as well as due to the inverse cascade of the

kinetic energy from small scales (large k) velocity �eld to large scales (small k) velocity �eld.

This is in contrast to the emergence of the Taylor columns in the linear limit, as predicted

by Taylor�Proudman theorem.

Let us now quantify the above observations using the mode-to-mode energy transfers and

the energy �ux. First we describe the energy transfers among the large scale Fourier modes.

Dar et al.78 and Verma16 showed that for an interacting triad of �uid �ow (k′,p,q), which

satis�es the relation k′ + p + q = 0, the rate of energy transfer from mode u(p) to mode

u(k′) with mode u(q) acting as a mediator is

S(k′|p|q) = −Im[(k′ · u(q))(u(p) · u(k′))]. (29)

To investigate the growth of the large scale structures, we study the energy transfers among

the low wavenumber modes listed in Table II. We compute these transfers using the above

formula. Figure 3 exhibits some of the interacting triads involving small k Fourier modes,

as well as energy transfers among them. Note that a complete graph with N modes would

contain approximately N(N − 1)/2 edges, which is quite large for N ∼ 10. Hence we show

only some of the representative energy transfers. The numbers above the arrows represent

the S(k′|p|q) × 10−8. For example, for the triad with Fourier modes [k′ = (1, 1, 0),p =
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(−2, 1, 0),q = (1,−2, 0)], S(k′|p|q), the energy transfer from the mode p to mode k′ with

mode q acting as a mediator is 1620×10−8. The �gure indicates signi�cant energy transfers

among the small wavenumber modes. The strongest modes (1, 1, 0) receives energy from

some of the secondary modes, and it also gives energy to some other secondary modes.

The rms speed of the large scale structures is quite large; the Reynolds number Re =

UL/ν at t = 148 is approximately 1918, which is quite signi�cant. Also the Rossby number,

Ro = U/(ΩL), is quite small due to large L and it reaches around 10−3 at large t, as shown

in Figure 1(d). Alternatively we could de�ne Rossby number based on initial velocity Uinit,

i.e., Ro = Uinit/(ΩL). However, the decaying rotating turbulence is better described by the

variable Rossby number. Using Equation (5) we compute Zeman wavenumber kΩ and plot

it in Figure 1(e) as a function of time. We observe that the kΩ is very large, and it is beyond

kmax. In some sense, since E(k) for k > kΩ is not proportional to k−5/3 (as shown in the

next section), the phenomenology leading to Equation (5) for computing kΩ is questionable

for our system.

After the aforementioned discussion on the large scale structures and their associated

Fourier modes, in the next section we present the energy spectrum and �ux of our system.

(-2,1,0)

(-1,1,0)

(3,-2,0)

(-1,-3,0)

(2,2,0)

(1,1,0)

(1,-2,0)
(1,2,0)

(-2,-3,0)

(2,1,0)

(-3,-2,0)
(2,-2,0)

(-3,1,0)
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21
3570
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385
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41
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205

547

341
379

151
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FIG. 3. For the rapidly-rotating, decaying simulation on 5123 grid, the energy transfers S(k′|p|q)

for some of the dominant triads at t = 148. See Equation (29) for the de�nition. The numbers

above the arrows are S(k′|p|q) × 10−8 (for convenient description). The most dominant velocity

mode (1, 1, 0) receives and gives energy from/to other velocity modes.
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V. ENERGY SPECTRUM AND FLUX

The energy spectrum and �ux provide valuable information about the �ow. In this section

we compute these quantities and study their features.

We compute the energy �ux at t = 4, 49 and 148 using the following formula16:

Π(k∗) =
∑
k′>k∗

∑
p≤k∗

S(k′|p|q). (30)

These quantities are plotted in Figure 4(a)-5(a) for t = 4 (magenta), and 148 (red) for the

grid resolution of 5123, and t = 4 (blue dashed) and 49 (cyan) for the grid resolution of

10243. We observe that the inverse cascade of kinetic energy is predominant at an early

time. As time progresses the inverse kinetic energy �ux becomes weaker and concentrated

in the wavenumber band k ∈ [1, 8]. Note that k = −k
′
. This feature is compatible with the

strongly vortical quasi-2D structure of the �ow. Note that in 2D hydrodynamic turbulence

with forcing at wavenumber k = kf , E(k) ∼ k−5/3 with inverse energy cascade for k < kf ,

but E(k) ∼ k−3 with forward enstrophy cascade for k > kf . Ours is a decaying �ow, so we

expect the inverse energy cascade regime to be narrower, and the forward enstrophy cascade

regime to be e�ective for a larger wavenumber range. For this reason, it is more appropriate

to study the enstrophy spectrum and �ux, for which we take horizontal cross-sections of the

�ow at z = π/2, π, and 3π/2.

We compute the enstrophy �ux of the 2D velocity �eld u⊥ at the planes z = π/2, π, and

3π/2 using

Π(2D)
ω (k∗) =

∑
k>k∗

∑
p≤k∗

Sωω(k|p|q), (31)

where

Sωω(k|p|q) = Im[(k · u⊥(q))ωz(p)ω∗z(k)] (32)

with

ωz(k) = [ik× u(k)]z (33)

represents the enstrophy transfer from mode ωz(p) to mode ωz(k) with mode u(q) acting

as a mediator. In Figure 4(b)-5(b), we represent the plots of Π
(2D)
ω (k) vs. k for the cross-

section at z = π plane at t = 4, 148 for the grid resolution of 5123, and at t = 4, 49 for

the grid resolution of 10243. The enstrophy �ux is positive de�nite, but it is not constant.

The steepening of Π
(2D)
ω (k) is primarily due to the viscous e�ects, as in Equation (20).
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FIG. 4. Kinetic energy and enstrophy �ux for rapidly-rotating, decaying turbulence at time t = 4.

Subplots, (a) exhibit the kinetic energy �ux Π(k) of 3D velocity �eld, and (b) the enstrophy �ux

Π
(2D)
ω (k) for the 2D velocity �eld on the horizontal cross-section at z = π for the grid resolutions

of 5123 (magenta) and 10243 (blue dashed curve).

It could also be due to energy transfer from u⊥ to uz, analogous to that in quasi-static

MHD reported by Reddy et al.58,79; this is in contrast to constant Π
(2D)
ω (k) in hydrodynamic

two-dimensional turbulence for k > kf .

Now let us focus on the time frames t = 49, 148 when the coherent columnar structures

are well developed and stronger. At these times, in Figure 6, we plot Π(k) and Π
(2D)
ω (k)

vs. k in semi-log scale for z = π/2, π, and 3π/2 planes. The enstrophy �ux Π
(2D)
ω (k) for

rotating turbulence is not quite the same as 2D hydrodynamic turbulence for which Π
(2D)
ω (k)

is constant in the inertial range and then it decreases after k = kd [see Equations (9), (20)].

In rotating turbulence, Π
(2D)
ω (k) starts to decrease at small k itself. Therefore, we estimate

kd in such a way that Equation (20) �ts with numerical results. We estimate εω from the

numerical data of Π
(2D)
ω (k) at k∗, where k∗ is the wavenumber from where we start the �t of

Equation (20) with the numerical results. Thus,

εω = Π(2D)
ω (k∗) exp(C(k∗/kd)

2). (34)

We compute kd using Equation (21) and C using linear regression. The values of k∗, εω, and

C are tabulated in Table III.

The aforementioned observations on Π
(2D)
ω (k) tempt us to �t numerically-computed

kE
(2D)
ω (k) with the model of Equation (19) [Cε

2/3
ω exp(−C(k/kd)

2)]. As shown in Figure 6,
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FIG. 5. Kinetic energy and enstrophy �ux for rapidly-rotating, decaying turbulence at time t =

49, 148. Subplots (a) exhibit the kinetic energy �ux Π(k) of 3D velocity �eld, and (b) the enstrophy

�ux Π
(2D)
ω (k) for the 2D velocity �eld on the horizontal cross-section at z = π for the grid resolutions

of 5123 (red) and 10243(cyan).

we observe the numerical results to be in very good agreement with model. The red curve of

the Figure 6 represent kE
(2D)
ω (k) and Π

(2D)
ω (k) for 5123 resolution at t = 148, while the cyan

curve represents the corresponding plots for 10243 resolution at t = 49. We remark that we

adjusted the prefactor of Equation (19) to match with the numerical results. This is justi�ed

since E
(2D)
ω (k) of rotating turbulence is somewhat di�erent from that of 2D hydrodynamic

turbulence. Also note that as expected, E
(2D)
ω (k) and Π

(2D)
ω (k) decrease with time due to

decaying nature. Thus we claim that the enstrophy spectrum and the enstrophy �ux for the

rapidly-rotating, decaying turbulence are described by Equations (19), (20).

We now model the energy spectrum. Since ω = ∇× u,

E(2D)(k) =
1

k2
E(2D)
ω (k)

= Cε2/3ω k−3 exp
(
−C(k/kd)

2
)
. (35)

For the full cubical geometry,

E⊥(k) = Ex(k) + Ey(k). (36)

Though E⊥(k) is not strictly equal to
∑

kz
E(2D)(k), we observe that E⊥(k) has similar

scaling as E(2D)(k), i.e.,

E⊥(k) = C ′′ε2/3ω k−3 exp
(
−C(k/kd)

2
)
. (37)
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FIG. 6. For the rapidly-rotating, decaying simulation, we take u⊥ at horizontal cross-sections at

z = π/2, π, 3π/2. Two-dimensional enstrophy spectrum kE
(2D)
ω (k) for (a) z = π/2, (b) z = π,

(c) z = 3π/2 at t = 148 (red) for 5123 grid simulation, and at t = 49 (cyan) for the 10243 grid.

The best �t curves for Equation (19) with parameters of Table III are also plotted as black dashed

curves. (d,e,f) The corresponding plots of the 2D enstrophy �ux Π
(2D)
ω (k) following the same color

convection as above. The best �t curves however are of the form of Equation (20).

where C ′′ is another constant. This is evident from Figure 7(a) in which we plot k3E⊥(k)

vs. k along with the best �t curve Cε
2/3
ω k−3 exp (−C(k/kd)

2) at t = 49 and 148. We observe

that C ′′ ≈ C because of the fact that Ez(k)� E⊥(k). The red curve represent the spectra

for the 5123 resolution (at t = 148), while the cyan curve is for the 10243 resolution (at
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TABLE III. For the rapidly-rotating, decaying turbulence, we take the instantaneous 2D velocity

�eld on the horizontal cross-sections at z = π/2, π, and 3π/2. We estimate εω from Π2D
ω (k) at

k = k∗. The best �t of the data yields C. These parameters are listed in the table at time t = 49

and t = 148.

Grid t z k∗ εω × 104 C × 102

10243 49 π/2 52 1.7 (3.87± 0.03)

10243 49 π 52 1.7 (3.89± 0.03)

10243 49 3π/2 52 1.6 (3.80± 0.03)

5123 148 π/2 23 2.1 (4.41± 0.07)

5123 148 π 23 2.2 (4.45± 0.07)

5123 148 3π/2 23 2.2 (4.50± 0.07)

t = 49).

In rapidly-rotating �ows, the velocity component along z direction is strongly suppressed,

hence Ez(k)� E⊥(k). This observation is supported by the plot of the anisotropy parameter

of Figure 1(g). Hence

E(k) = Ex(k) + Ey(k) + Ez(k) ≈ E⊥(k)

≈ Cε2/3ω k−3 exp
(
−C(k/kd)

2
)
. (38)

In Figure 7(b) we plot k3E(k) following the same convention as Figure 7(a). We observe that

the Equation (38) �ts with the numerical data quite well with the same C as of Figure 6

because Ez(k) � E⊥(k). Thus, we claim that E(k) ≈ Cε
2/3
ω k−3 exp (−C(k/kd)

2) for the

rapidly-rotating, decaying turbulence.

As described in Section I, many researchers have reported dual spectrum for E(k), with

larger wavenumbers exhibiting Kolmogorov's spectrum. There is no unanimity on the spec-

tral index for low wavenumber modes (k < kΩ), with spectral exponents as −2, −3, −5/3

and others29,37�42,44,46. In fact, Morize et al.33 argue that the spectrum steepens with the

increase of rotation speed. For details refer to Section I. We did attempt to �t a power law

(E(k) ∼ k−α) with our data and observed that the spectral indices are −8 or lower for very

small range of low wavenumbers. These observations yield stronger con�dence in the model

of Equations (19), (20) that evidently spans over a much longer range of wavenumbers.
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FIG. 7. For the rapidly-rotating, decaying turbulence: (a) 3D energy spectrum k3E⊥(k) vs. k at

t = 148 (red) for 5123 grid simulation, and at t = 49 (cyan) for 10243 grid. The best �t curves

following Equation (38) with εω and C of Table III are also plotted as black dashed curves. (b)

The corresponding plots of k3E(k), where E(k) = E⊥(k) + E‖(k).

VI. CONCLUSIONS AND DISCUSSION

In this paper we have performed numerical simulation of rapidly-rotating, decaying tur-

bulence. In the asymptotic regime, the Rossby number of the �ow is quite small, and the

Reynolds number is quite large. Strong rotation causes quasi two-dimensionalization of the

�ow and formation of coherent columnar structures. Most of the kinetic energy is concen-

trated in these structures, and the �uctuations in the inertial and the dissipative ranges

have very small amount of energy leading to small Reynolds number for the �uctuations.

Thus, rapidly-rotating, decaying turbulence has strong �ow structures embedded in a sea of

�uctuations of small magnitudes.

We have shown that the columnar structures are formed due to strong inverse cascade

of energy. Since the �ow is not forced, the e�ective forcing length scale is of the order of

the box size, i.e., kf ≈ 1. The vortex columns are quasi-2D with uz � u⊥, so we study

the 2D energy and enstrophy spectra and �uxes of u⊥ of a horizontal cross-section. We

observe that the kinetic energy �ux is quite small for k > 8, but the enstrophy �ux, Π
(2D)
ω

is signi�cant in this regime. Further, we deduce the expression for the enstrophy spectrum

and the enstrophy �ux (see Equations (19), (20)). Since uz � u⊥, E(k) ≈ E
(2D)
ω (k)/k2, thus

E(k) ∼ Cε2/3ω k−3 exp
(
−C(k/kd)

2
)
. (39)
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The anisotropy induced by intense rotation has strong similarities with those induced

by strong mean magnetic �eld in MHD and quasi-static (QS) MHD turbulence55,58,80. The

�ows in the rotating turbulence, as well as in MHD and QS MHD turbulence with strong

mean magnetic �eld, are quasi-2D with u⊥ � u‖. Also, the spectra of QS MHD and rotating

turbulence for large k have exponential behaviour58. Further quanti�cation of anisotropy in

these systems would yield interesting insights.

The aforementioned form of the spectrum is due to the strong rotation. Weaker rotation

(larger Rossby numbers) is likely to yield energy spectrum with power laws (E(k) ∼ k−α).

In addition, forced rotating turbulence may yield di�erent energy spectrum, as shown by

earlier researchers. Also, kinetic helicity plays a major role in rotating �ows. Thus, a detailed

comparative study of the present work with forced and helical rotating �ow is in order, that

will be carried out in future.
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